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Final Exam

Exercise 1 (./08pts)

i) Compute the following integral (2pts) ∫
2x− 1

x2 − 4x+ 13
dx.

ii) Using the integration by parts compute the following integral (3pts)∫
sin (αx) cos (βx) dx, with α, β ∈ R∗.

iii) Using definite integrals and their properties, determine the area of the triangle shown in the following figure.
(3pts)
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Exercise 2 (6pts = 1pt+4.5pts+0.5pts) Consider the following first-order ordinary differential equation.

y′ −
(

2 + x

x

)
y = x2

√
y. (1)

1. Show that if we take u = y/x2, then we can rewrite equation (4) as follows:

u′ − u = x
√
u. (2)

2. Solve the equation (5).

3. Deduce the solution of the equation (4).

Exercise 3 (6pts = 1pt+5pts) Consider the following second-order ordinary differential equation.

y′′ + y′ − 2y = 4x− 3e−2x − 2x2 ln(x)− x+ 1

x2
. (3)

1. Verify that y = ln(x) is a solution of the equation (7), specify the type of this solution.

2. Find the global solution yg of (7).

Good luck
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Solution of the Final Exam

Solution of the Exercise 1

i) Using the decomposition technique of the rational function we get:∫
2x− 1

x2 − 4x+ 13
=

∫
(2x− 4) + 3

x2 − 4x+ 13
dx

=

∫
(x2 − 4x+ 13)′

x2 − 4x+ 13
dx+

∫
3

(x− 2)2 + 32
dx

= ln(x2 − 4x+ 13) + arctan

(
x− 2

3

)
+ c

ii) We note that S = s1 + s2 (see the figure below) where s1 and s2 are delimited by the lines (∆1) and (∆2)
respectively.
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• The equation of the line passed on the points (0, 0) and (3, 3) is given by

(∆1) : y = x.

• The equation of the line passed on the points (4, 0) and (3, 3) is given by

(∆1) : y = −3x+ 12.

Consequently,

S =

∫ 3

0

|x|dx+

∫ 4

3

| − 3x+ 12|dx =

∫ 3

0

xdx+

∫ 4

3

−3x+ 12dx

=
1

2
x2
∣∣∣∣3
0

+
−3

2
x2 + 12x

∣∣∣∣4
3

=
9

2
+

3

2

= 6.

iii) Let us note

I(x) =

∫
sin (αx) cos (βx) dx, with α, β ∈ R∗.

For the current integral, we distinguish two cases, namely: the case where α = β and the case where α 6= β.

2



Case α = β: In this case, we have

I(x) =

∫
sin (αx) cos (βx) dx =

∫
sin (αx) cos (αx) dx.

If we take the following: {
u = sin(αx)
v′ = cos(αx)

=⇒
{
u′ = α cos(αx),
v = 1

α sin(αx),

then we obtain:

I(x) =
1

α
sin2(αx)− I(x) =⇒ 1

2α
sin2(αx) + c, with c ∈ R.

Case α 6= β: In this case, we must use integration by parts twice in succession to obtain the expression for
the integral in question. If we choose, for the first integration by parts{

u = sin(αx)
v′ = cos(βx)

=⇒
{
u′ = α cos(αx)
v = 1

β sin(βx)
,

and for the second integration by parts{
u = cos(αx)
v′ = sin(βx)

=⇒
{
u′ = −α sin(αx)
v = − 1

β cos(βx)

then,

I(x) =
1

β
sin(αx) sin(βx)− α

β

∫
cos(αx) sin(βx)dx

=
1

β
sin(αx) sin(βx)− α

β

[
−1

β
cos(αx) cos(βx)− α

β
I(x)

]
=

1

β
sin(αx) sin(βx) +

α

β2
cos(αx) cos(βx) +

α2

β2
I(x)

=⇒ I(x) =
β sin(αx) sin(βx) + α cos(αx) cos(βx)

β2 − α2
+ c with c ∈ R.

Solution of the Exercise 2 Consider the following first-order ordinary differential equation.

y′ −
(

2 + x

x

)
y = x2

√
y. (4)

1. We have
u = y/x2 =⇒ y = x2u and y′ = x2u′ + 2xu.

Thus, by substituting y and y′ into equation (4), we obtain:

(
x2u′ + 2xu

)
−
(

2 + x

x

)(
x2u

)
= x2

√
x2u =⇒ u′ − u = x

√
u.

2. Now, let’s consider the following equation
u′ − u = x

√
u. (5)

We note that equation (5) is a Bernoulli equation with n = 1
2 .

To solve this problem, we take z = u
1
2 , so 2z′ = u′u

1
2 , and the equation becomes a linear differential equation.

u′u
1
2 − u 1

2 = x =⇒ 2z′ − z = x. (6)

To solve equation (6), we first determine its homogeneous solution zh. Then, using the constant-variation
technique, we can determine its global solution zg.
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zh

2z′ − z = 0 =⇒ z′

z
=

1

2

=⇒
∫

1

z
dz =

∫
1

2
dx

=⇒ z = Ke
x
2 , with K ∈ R+.

zg =? To find the global solution we use the variation of the constant technique.

z = K(x)e
x
2 =⇒ z′ = K ′(x)e

x
2 +

1

2
K(x)e

x
2 .

thus,

2K(x)′e
x
2 +K(x)e

x
2 −K(x)e

x
2 = x =⇒ K(x) =

∫
xe−

x
2 .

To compute K(x), we use integration by parts. For this, we choose the following:{
u = x
v′ = e−

x
2

=⇒
{
u′ = 1
v = − 1

2e
− x

2

then

K(x) = −xe− x
2 +

1

2

∫
e−

x
2 dx = −1

2

(
x+

1

2

)
e−

x
2 + c.

Thus, the global solution of the equation (6) is given by:

z =

(
−1

2

(
x+

1

2

)
e−

x
2 + c

)
e

x
2 = ce

x
2 − 1

2

(
x+

1

2

)
.

Consequently, as z = u
1
2 the global solution of the original equation (5) is given by:

ug = z2g =

(
ce

x
2 − 1

2

(
x+

1

2

))2

.

3. From the first and second question we deduce that

u = x2z =

(
cxe

x
2 − x

2

(
x+

1

2

))2

.

Solution of the Exercise 3 Consider the following second-order ordinary differential equation.

y′′ + y′ − 2y = I(x) + J(x) +K(x), with


I(x) = 4x,
J(x) = −3e−2x,

K(x) = − 2x2 ln(x)−x+1
x2 .

(7)

1. We have y = ln(x) then y′ = 1
x and y′′ = −1

x2 . Substituting y, y′ and y′′ with their expressions into the left-hand
side of equation (7), we obtain

y′′ + y′ − 2y =
−1

x2
+

1

x
− 2 ln(x) = K(x),

this means that y = ln(x) is a particular solution of the equation under consideration.

2. Find the global solution yg of (7).
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yh =? Note that the characteristic equation associated with the given differential equation is :

R2 +R− 2 = 0.

Furthermore, it admits two distinct solutions, indeed,

∆ = 9 > 0 =⇒

{
R1 = −1−

√
9

2 = −2;

R2 = −1+
√
9

2 = 1;

so, the homogenous solution of the equation is expressed as follows:

yh = C1e
x + C2e

−2x.

yp1 =? Form the expression of I(x) we conclude that the form of the particular solution associated with is
yp1 = ax+ b.

as yp1 = ax+ b then y′ = a and y′′ = 0. So,

0 + a− 2ax+ 2b = 4x =⇒ −2ax+ (a+ 2b) = 4x+ 0 =⇒
{
a = −2
b = 1

Consequently, the particular solution of the equation associated with 4x is

yp1 = −2ax+ 1.

yp2 =? The general form of J(x) = −3e−2x is ae−2x, but as this last is already a solution (see the homogeneous
solution) so the particular solution that associated with J(x) will be yp2 = axe−2x.

yp2 = axe−2x =⇒ y′ = (a− 2ax)e−2x and y′′ = (−4a+ 4ax)e−2x.

hence, (
(−4a+ 4ax)e−2x

)
+
(
(a− 2ax)e−2x

)
− 2

(
axe−2x

)
= −3e−2x =⇒ −3a = −3 =⇒ a = 1.

This means that the particular solution of the equation associated with −3e−2ax is

yp2 = xe−2ax.

yp3 =? According to the first question, we have already shown that the particular solution associated with K(x)
is y = ln(x); so this last one therefore represents the third particular solution i.e.

yp3 = ln(x).

According to the previous results, we conclude that the global solution of the differential equation under consid-
eration is expressed as follows:

yg = yh + yp1 + yp2 + yp3 = yh = C1e
x + C2e

−2x − 2x− 1 + xe−2x + ln(x).
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