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Final Exam

Exercise 1 (./08pts)

1) Compute the following integral (2pts)
/ 2z — 1 d
——dx.
22 —4x + 13
i) Using the integration by parts compute the following integral (3pts)

/sin (ax) cos (Bzx) dx, with o, € R*.

i7i) Using definite integrals and their properties, determine the area of the triangle shown in the following figure.
(3pts)
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0,0) 4,0)

Exercise 2 (6pts = 1pt+4.5pts+0.5pts) Consider the following first-order ordinary differential equation.

v (B ) u=av 1)

T

1. Show that if we take u = y/22, then we can rewrite equation (4) as follows:

u —u=x/u. (2)
2. Solve the equation (5).
3. Deduce the solution of the equation (4).

Exercise 3 (6pts = 1pt+5pts) Consider the following second-order ordinary differential equation.

222 ln(x)z— z+1 . 3)

1. Verify that y = In(z) is a solution of the equation (7), specify the type of this solution.

Yty —2y=da—3e " —
T

2. Find the global solution y, of (7).

Good luck
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Solution of the Final Exam

Solution of the Exercise 1

i) Using the decomposition technique of the rational function we get:
/ 22 — 1 B /(2x—4)+3d$
22 —4dx+13 ) 2?2 —4z+13
(2% — 4w + 13)’ / 3
= ~—d —d
/ x? —4x 413 v (x—2)2—|—32x

-2
In(z? — 4x + 13) + arctan (963) +c

i) We note that S = s1 + s3 (see the figure below) where s; and sy are delimited by the lines (A;) and (As)
respectively.

3,3)

2 kb\\
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(0,0 (4,0)

4 0 1 2 3 3 5

e The equation of the line passed on the points (0,0) and (3, 3) is given by
(Ay) :y==.

e The equation of the line passed on the points (4,0) and (3, 3) is given by

(A1) 1y = -3z +12.

Consequently,

3 4 3 4
S = / |x\dx+/ |—3x+12|dx:/ xdx—i—/ —3x + 12dx
0 3 0 3

3 4
1 -3 9
5:102 + 7162 +12z| = -+
6.

N W

2

0 3

17i1) Let us note
I(z) = / sin («wz) cos (Bz)dz, with «, 8 € R*.

For the current integral, we distinguish two cases, namely: the case where a = 8 and the case where o # 3.



Case o = f3: In this case, we have
I(x) :/ sin (ax) cos (Bz) dx :/ sin (ax) cos (ax) dz.

If we take the following:

u = sin(ax) v = acos(ax),
/ — 1 .
v = cos(ax) v = Zsin(ar),
then we obtain: ) 1
I(x) = —sin’(az) — I(z) = % sin?(ax) + ¢, with ¢ € R.
a !

Case « # (: In this case, we must use integration by parts twice in succession to obtain the expression for
the integral in question. If we choose, for the first integration by parts

{u — sinfaz) _ { W = acos(ax)

v = cos(Bx) v %sin(ﬁw) ’

and for the second integration by parts

u = cos(ax) v = —asin(ax)
{ v = sin(Bz) — { voo= —% cos(fx)
then,
I(zx) = %Sm(ax) sin(fzx) — %/ cos(ax) sin(fBz)dx
= %sm(am) sin(fBx) — % {_ﬁ cos(au) cos(fx) — BI( )
= %Sin(al‘) sin(fzr) + @ cos(aux) cos(Br) + EI( )
— I(z) = Bsin(ox) sin(Bz) + a cos(az) cos(fe) | iy o R,

627042

Solution of the Exercise 2 Consider the following first-order ordinary differential equation.

y’—(2+x)y=m2\/§. (4)

T

1. We have
u=y/2*> =y = 2?u and y' = 2%u’ + 2zu.

Thus, by substituting y and y’ into equation (4), we obtain:

(2% + 2zu) — <2J;x> (z%u) = 2°Va2u = v’ —u = zv/u.

2. Now, let’s consider the following equation

u —u=z\u. (5)

We note that equation (5) is a Bernoulli equation with n = 1.

To solve this problem, we take z = u%, so 2z =/ u%, and the equation becomes a linear differential equation.

/
uu

[T

—ut = =2 —z=u. (6)

To solve equation (6), we first determine its homogeneous solution z,. Then, using the constant-variation
technique, we can determine its global solution z,.



Zh

27 —z2=0 = Z—

1
= / —dz = / —dx
z=Ke?, with K € R,.
zg =! To find the global solution we use the variation of the constant technique.

z=K(z)e? = 2/ = K'(x)e? + K( Jez.

thus,

x

2K (z)'e? + K(z)e? — K(x)e? =1 = K(z) = /xe*Z .

To compute K (z), we use integration by parts. For this, we choose the following;:

{ u = x { u = 1
/ z = 1 _z
v = € 2 v = —3€ 2
then
K(:v):fxeferi/e*? de = —— <x+> e 2+4c¢

Thus, the global solution of the equation (6) is given by:

O O S DS S SR O G
Z—2$2€ C€—C€2£C2.

Consequently, as z = u? the global solution of the original equation (5) is given by:

uy = 22 = ce%—1 x—i—} i
9T 2 2)) "

3. From the first and second question we deduce that

2
u=az = cxe%—g att—l—1
2 2 '

Solution of the Exercise 3 Consider the following second-order ordinary differential equation.

M)

I(x) = da,
Yy =2 = (@) + J(@) + K(@), with { J@) = -3¢, 7)
K({E) _ 2z ln(;;)warl.

1. We have y = In(z) then y' = 1 and y” = =}. Substituting y, y’ and y” with their expressions into the left-hand
side of equation (7), we obtain

1 1
'y -2y = ?+5—2ln(fﬂ)=K(év),

this means that y = In(z) is a particular solution of the equation under consideration.

2. Find the global solution y, of (7).



yn =7 Note that the characteristic equation associated with the given differential equation is :

R2+R-2=0.

Furthermore, it admits two distinct solutions, indeed,

2
|

R = =1

Ry =

L
[SIEEEN]
S
—

A:9>0:>{

so, the homogenous solution of the equation is expressed as follows:
yp = Cre” 4 Cre™ .
yp, =! Form the expression of I(x) we conclude that the form of the particular solution associated with is

Yp, = ax +b.
as Yp, = ax + b then y’ = a and y"” = 0. So,

O—|—a—2aa:—|—2b:4x:>—2ax+(a+2b)=4a:+0=>{ Z i 1

Consequently, the particular solution of the equation associated with 4x is

Yp, = —2ax + 1.

Yp, =7 The general form of J(x) = —3e~2% is ae 2%, but as this last is already a solution (see the homogeneous
solution) so the particular solution that associated with J(z) will be y,, = aze™?®.

Yp, = aze 2" =y = (a — 2az)e”** and y" = (—4a + daz)e .
hence,
((—4a + daz)e ") + ((a — 2az)e™ ") = 2 (awe ™) = =3¢ > = —3a= -3 = a = 1.
This means that the particular solution of the equation associated with —3e=2%% is

Yps = we” 207,

Yps =! According to the first question, we have already shown that the particular solution associated with K (z)
is y = In(z); so this last one therefore represents the third particular solution i.e.
Yps = In(x).

According to the previous results, we conclude that the global solution of the differential equation under consid-
eration is expressed as follows:

Yo = Un + Yps + Yps + Ups = Y = C1€" + Coe™** — 21 — 1 + ze~>* +In(x).



