
Mathematics Department, University of Biskra
Module: Analysis 2

Solution of the Final Exam

Solution of the Exercise 1

i) Using the d.ecomposition technique of the rational function we get:
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y the lines (A1) and (Az)
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ii) We note that S
respectively.

i,ii,) Let;s note

For the current

: s1 * sz (see the figure below
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The equation of the line passed on the points (0,0) and (3' 3)

(Ar) iU:æ'

15

is given by

'o The equation of the line passed on the poi

Consequently,

s:

nts (4,0) and (3,3) is given bL

(Ar), A:-3r+12.6)

I(x) - / ,io(er) cos (Bfld,r, wirh a, B e IR'*'
J

integral, we distinguish two caÉres, namely: the case where a: 0 and the ca"se where ot * P'

'r 3-Jryd"

oid



Case a: 0l In this case, we have

then,

I(r) -,/ ,t"(ar) cos (\r)d,n- 
/ 

,ir(er) cos (aæ)d,r.

.-T\If we take the following: 
{ u, _ sin(az) a { u, : cvcos(or) , (e r\ o,I o' _ cos(ar) - [ u _ jsin(az), \_-/ -r'F\

{-'( )
thenweobtain: 

I@)-lrinr(or)-I(*) 
-*sin2(or) *c,wirhc€rR. Io $ ,/,

\--l
Case a * fu In this case, we must use integration by parts twice in succession to obtain the expression for

the integral in question. If we choose, for the first integration by parts

I u _ sin(ar) _^, I u' _ cr cos(aæ)

\ r' : cos(Br) -\ o - f sin(Br) '

and for the second integration by parts

{: = 
:,ï,,Ë;i :* {

'l.t' :
ol

-osin(ar)
-tu cos(Bæ)

_ 
|sin(*")sih(Br) -i I cos(ar) sin(pn)d,æ

: 
I sin(o") sin(Bz) - il+cos(az) 

cos(Br) - irll
= f "io1o"1riot 

Bù+ fi cos(aæ)c*1pæ:+f;rp: tÇ\
+ r(r) - Êst\(ar)e''D'(Fù!z?a(as)coe(Br) + 

" 
*itr, 

" 
e n. Q!

Solution of the Exercise 2 Consider the followiug firsGorder ordinary difierential equation.

I(n)

,-(ry)r:*,,/a 
..Ç\

u - A/*' + y: fr2'tt, and, y' : fr2'tlt *2ru. 
\|y'

(4)

1.. We have

Thus, by substituting y and yt into equation (4), we obtain:

(*ru, * 2æu) - (ry) ('r,r) - n2\6t j 11, - u - n{u.'\r)
2' Now' let's consider the following equation 

LL, -,tL - rt/u.

We note that equation (5) is a Bernoulli equation with n: l.
Tlo solve this problefr, w9 - uÈ, so 2zt - u'uà, and the equation becomes a linear differential equation.

(5)

(6)

To solve equation (6), we fi.rst determine its hoTnogeneous solution 21. Then, using the constant-variation
technique, \ry'e can determine its global solution zr.



2zt-z:o ==+ l:i
f L. f L> J to": J ;0,

-+ z -- Keâ, urith K e IR...

zc :? To find the global solution we uÉie the variation of the constant technique.

z - K (n)st a z' : K' (s1ei + |X6'1"2 qg)

2K(æ)tei + K(u)ei - K(æ)ei : s Q K(*) : | *"-e.

Tio compute K(æ),11re use integration by parts. For this, we choose the following:

{ï, = 
î-, *{i,'= '-L.r Q.D

then 
K@):-ue-t.ile-r du:-;(,* î)rr.".@

Thus, the global solution of the equation (6) is given by: 6.o
' 
: (-t(' * i)'* * I eâ : sei - * (.. ;) qJ

Consequently, as , : uÈ the global solution of the original equation (5) is given by:

3. Flom the first and second question we deduce that

Solution of the Exercise 3 Consider the following second-order ordinary differential equation.

,,
\ t(') _ 4æ,

y" + a' -2y : /(o) + J(a) + K(*), ww{ J(r) * :3"-2',
I *@l -- -za2tn|g')-a+t.\/

1.. We have y - ln(o) then y' : ! andgll' : ;*. Substituting a, y' and ytt with their expressions into the left-hand
side of equation (7), we obtain t

y" +y' -2y : # *! -ztn(æ) - K(n),

this means that y -In(u) is a particular solution of the equation under consideration.

2. Find the global solution yn of. (7).

t

(7)



An -? Note that the characteristic equation associated with the given differential equation is :

R2+R-2-u \
Furthermore, it admits two distinct solutions, indeed, 

I

À:e>o+ {:, 
= 

ffij..', t|.Er: 3-:l; I

0 *o -2ar *2b - 4n + -2ax* (o+ 2b) - 4n *0==* {t
Consequently, the particular solution of the equation associated with 4r is

solutionJ so the particular solution that essociated with J(c) will be Ap, : aûe-2*.

Ap, : o,ne-2' + gt - (a - 2ar)e-2' and, y" - (-4a t 4an)e-2' [Oi( )
hence,

(?ao *  ar)e-") + ((o - 2an)e-2') - 2 (are-") : -3e-2' I -f,s, --

This means that the particular solution of the equation associated with -3"-2aæ is

aPz : ûe-2o* '

eration is expressed as follows:

Ug : ah * Upt * Upz * ap"' : rn : CLe' * C2e-2* - 2n - L + æe-2' + 1n(r)'

so, the homogenous solution of the equation is expressed as follows: 
/ ft

- yh:CLe* +C2e-2æ k_y
Apr:? Form the expression of 1(u) we conclude that the form of the particular solution associated with is

AP':-2an*L' are
apr:? The general form of. J(æ) : -gs-2æ is ae-2',but as this last is àheady'a/solution (see the homogeneous

\-/ /-T
-g-3a--Lqy-

Up":? According to the first question, we have already shown that the particular solution associated with K(r)
is g - ln(r); so this last one therefore represents the third particular solution i.e.

,t-'Tr1
ap":ln(r). ey

According to the previous results, we conclude that the global solution of the differential equation under consid-


