
Chapter 8

Matrix Diagonalization

Matrix diagonalization is a fundamental process in linear algebra. In this chapter, we will define
the conditions necessary for a matrix to be diagonalizable. For this, we will consider concepts
from the previous chapter applied to linear maps.

In this chapter, E is a finite-dimensional vector space over the commutative field K.

8.1 Eigenvalues and eigenvectors

Let’s start by defining the eigenvalues and eigenvectors of a linear map.

8.1.1 Definitions

Reminder: f : E → E is an endomorphism if f is a linear map from E to itself. In other words,
for every v ∈ E, f(v) ∈ E, and for every u, v ∈ E and every α ∈ K:

f(u+ v) = f(u) + f(v) and f(αv) = αf(v).

Definition 8.1

Let f : E → E be an endomorphism.

(1 We call λ ∈ K an eigenvalue of the endomorphism f if there exists a non-zero vector
v ∈ E such that:

f(v) = λv.

(2 The vector v is then called an eigenvector of f associated with the eigenvalue λ.

(3 The spectrum of f , denoted by Sp(f) (or SpK(f) if we want to specify the field), is
the set of all eigenvalues of f .

Remark 8.1.1. If v is an eigenvector, then for every non-zero scalar α ∈ K∗, αv is also an
eigenvector associated with the same eigenvalue.

These definitions correspond to the analogous definitions for matrices.
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Definition 8.2

Let A ∈Mn(K) and let f : Kn → Kn be the linear map defined by:

f(v) = Av.

Then the eigenvalues and eigenvectors of the linear map f are the same as those of the
associated matrix A.

Let’s find another way to express the collinearity condition defining eigenvectors:

f(v) = λv ⇐⇒ f(v)− λv = 0

⇐⇒ (f − λidE)(v) = 0

⇐⇒ v ∈ ker(f − λidE).

This leads to the concept of the eigenspace.

8.1.2 Eigenspace

Definition 8.3

Let f be an endomorphism of E, and let λ ∈ K. We call the eigenspace associated with
the eigenvalue λ the subspace denoted by Eλ defined as:

Eλ = ker(f − λidE).

We may denote it by Eλ(f) to emphasize its association with f . Explicitly:

Eλ =
{
v ∈ E | f(v) = λv

}
.

Or in matrix form:
Eλ =

{
v ∈ E | Av = λv

}
.

Remark 8.1.2. Let E be a finite-dimensional vector space.

(1 If λ is an eigenvalue of f , then the eigenspace Eλ has dimension ≥ 1.

(2 The eigenspace Eλ is stable under f , meaning f(Eλ) ⊂ Eλ. More clearly:

v ∈ ker(f − λidE) =⇒ f(f(v)) = f(λv) = λf(v) =⇒ f(v) ∈ ker(f − λidE).

8.1.3 Examples
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Example 8.1

Let f : R3 → R3 be defined by

f(x, y, z) =
(
− 2x− 2y + 2z, −3x− y + 3z, −x+ y + z

)
.

(1 Let’s write f in matrix form f(X) = AX:

X =

x
y
z

 , A =

−2 −2 2
−3 −1 3
−1 1 1

 .

(2 Note that for v1 = (1, 1, 0), f(1, 1, 0) = (−4,−4, 0), which can be written as f(v1) =
−4v1. So v1 is an eigenvector associated with the eigenvalue λ1 = −4.
If we prefer to do calculations using matrices, we consider v1 as a column vector and
calculate Av1 = −4v1.

(3 λ2 = 2 is an eigenvalue.
To prove this, we need to find a non-zero vector in ker(f − λ2IdR3) for λ2 = 2. For
this, we calculate A− λ2I3:

A− 2I3 =

−4 −2 2
−3 −3 3
−1 1 −1

 .

We find that v2 = (0, 1, 1) belongs to the kernel of A−2I3, i.e., (A−2I3)v2 is the zero
vector. In other words, v2 ∈ ker(f − λ2IdR3), meaning f(v2) − 2v2 = 0, from which
f(v2) = 2v2. Finally, v2 is an eigenvector associated with the eigenvalue λ2 = 2.

(4 λ3 = 0 is an eigenvalue.
We can proceed as above and find that v3 = (1, 0, 1) satisfies f(v3) = (0, 0, 0). So
f(v3) = 0 · v3. Thus, v3 is an eigenvector associated with the eigenvalue λ3 = 0.

(5 We have found three eigenvalues, and we cannot find more than that because the
matrix A is of order 3. We conclude: Sp(f) = {−4, 0, 2}.

Theorem 8.1

Let f be an endomorphism of a finite-dimensional vector space E with dimE = n. Let
λ1, . . . , λk be distinct eigenvalues of f where k ≤ n. Then the sum of the associated
eigenspaces Eλ1 , . . . , Eλk

is a direct sum.

For matrices, we have the following important corollary:
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Corollary 8.0

Let λ1, . . . , λk be distinct eigenvalues of a linear map f , and for 1 ≤ i ≤ k, let vi be a
non-zero eigenvector associated with λi. Then the vectors vi are linearly independent.

This means that the number of distinct eigenvalues is at most the dimension of E.

Example 8.2

From the previous example, consider f : R3 → R3 defined by

f(x, y, z) =
(
− 2x− 2y + 2z, −3x− y + 3z, −x+ y + z

)
.

We found the following eigenvalues and associated eigenvectors:

λ1 = −4, v1 = (1, 1, 0), λ2 = 0, v2 = (1, 0, 1), λ3 = 2, v3 = (0, 1, 1).

By Corollary 8.1.3, the vectors (v1, v2, v3) form a linearly independent set in R3. Three
linearly independent vectors in R3 necessarily form a basis. Thus, (v1, v2, v3) is a basis,
called an eigenbasis of R3 for f .
We can also write:

R3 = E−4 ⊕ E0 ⊕ E2.

8.2 Characteristic polynomial

The characteristic polynomial helps in finding the eigenvalues.

8.2.1 Characteristic polynomial

Definition 8.4

Let f : E → E be an endomorphism on a finite-dimensional vector space E of dimension
n. Let A ∈Mn(K) be the matrix representing f in a basis B.
We define the characteristic polynomial of f to be the same as the characteristic polynomial
of the matrix A, and we write:

Pf (X) = PA(X) = det(A−XIn).

The characteristic polynomial is independent of the choice of basis B (and hence the matrix
A). If B is another matrix representing f in a different basis B′, then there exists an invertible
matrix P ∈Mn(K) such that B = P−1AP . Then:

B −XIn = P−1(A−XIn)P.
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Hence,

PB(X) = det(B −XIn) = det(P−1) det(A−XIn) det(P ) = det(A−XIn) = PA(X).

In other words,
PB(X) = PA(X).

8.2.2 Determining eigenvalues

Proposition 8.2.1. The roots of the characteristic polynomial are the eigenvalues of the linear
map (or matrix). We write:

λ is an eigenvalue of f ⇐⇒ Pf (λ) = 0

In other words, let f : E → E and A ∈ Mn(K) be its matrix in a basis B, and let λ ∈ K.
Then:

λ is an eigenvalue of f ⇐⇒ det(A− λIn) = 0 .

Example 8.3

If D is a diagonal matrix where

D =


λ1 0 · · · 0

0 λ2
. . .

...
...

. . . . . . 0
0 · · · 0 λn

 ,

then
PD(X) = (λ1 −X) · · · (λn −X).

The values λi are the roots of PD(X) and are also the eigenvalues of D.

8.3 Endomorphism reduction

In the following, we consider E a finite-dimensional vector space over the commutative field K,
and f an endomorphism whose associated matrix is A.

By ”reducing” A to a diagonal form, we mean finding a basis for E such that the matrix of
f with respect to that basis is a diagonal matrix. If such a basis exists, there is an invertible
square matrix P , called the transition matrix, such that D = P−1AP , i.e., A and D are similar.

Theorem 8.3

Let E be a finite-dimensional vector space over the commutative field K, and let f : E −→
E be a linear map. Let λ1, λ2, · · · , λm be m distinct eigenvalues of f in K.
We say that f (or its associated matrix) is diagonalizable if E is the direct sum of its
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eigenspaces, i.e.:
E = Eλ1 ⊕ Eλ2 ⊕ · · · ⊕ Eλm .

Remark 8.3.1. If an eigenvalue λ has algebraic multiplicity r in the characteristic polynomial,
then the dimension (geometric multiplicity) of its associated eigenspace Eλ is at most r. Thus:

1 ≤ dim(Eλ) ≤ r.

If f is diagonalizable, then we must have equality for each eigenvalue:

dim(Eλ) = r.

Example 8.4

Let

A =

1 0 0
0 1 0
1 −1 2

 .

Prove that A is diagonalizable in M3(R) and then find a matrix P such that P−1AP is a
diagonal matrix.

(1) Start by calculating the characteristic polynomial of A:

PA(X) = det(A−XI3) =

∣∣∣∣∣∣
1−X 0 0

0 1−X 0
1 −1 2−X

∣∣∣∣∣∣ = (1−X)2(2−X).

(2) The roots of the characteristic polynomial are the real numbers 1 with algebraic
multiplicity m(1) = 2 and 2 with multiplicity m(2) = 1.

(3) Let’s determine the eigenspaces.

(3.1) Let E1 be the eigenspace for the eigenvalue 1:

E1 = ker(A− I3) = {X ∈ R3 | AX = X}.

Let X =

x
y
z

. Then:

X ∈ E1 ⇐⇒ AX = X ⇐⇒


x = x
y = y

x− y + z = 0
⇐⇒ x− y + z = 0.
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Thus,

E1 =


 x

y
y − x

 | x, y ∈ R

 .

A basis for this plane can be given, for example, by the vectors X1 =

 1
0
−1


and X2 =

0
1
1

.

(3.2) Let E2 be the eigenspace for the eigenvalue 2:

E2 = ker(A− 2I3) = {X ∈ R3 | AX = 2X}.

Then,

X ∈ E2 ⇐⇒ AX = 2X ⇐⇒


x = 2x
y = 2y

x− y + 2z = 2z
⇐⇒ x = 0 and y = 0.

Thus, E2 =


0
0
z

 | z ∈ R

 is a line. A basis vector is X3 =

0
0
1

.

(4) The dimensions of the eigenspaces are:

dimE1 = 2 = m(1), dimE2 = 1 = m(2).

Since these match the algebraic multiplicities and sum to the dimension of R3, the
matrix A is diagonalizable.

(5) In the eigenbasis B′ = (X1, X2, X3), the matrix of the endomorphism represented by
A (in the canonical basis) is the diagonal matrix:

D =

1 0 0
0 1 0
0 0 2

 .

The transition matrix P has these eigenvectors as its columns:

P =

 1 0 0
0 1 0
−1 1 1

 .

Then, indeed, P−1AP = D.
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8.4 Exercise Series N° 2

Exercise 8.1

Let A be a matrix in M3(R) defined as follows:

A =

 0 1 0
−4 4 0
−2 1 2

 .

(1 Is the matrix A diagonalizable?

(2 Calculate (A− 2I3)
2, then (A− 2I3)

n for each n ∈ N. Deduce An.

Solution

(1) Compute the characteristic polynomial of A:

PA(X) =

∣∣∣∣∣∣
−X 1 0
−4 4−X 0
−2 1 2−X

∣∣∣∣∣∣ = (2−X)(X2 − 4X + 4) = (2−X)3.

The matrix A has a single eigenvalue, 2, with algebraic multiplicity 3. If it were diago-
nalizable, it would be similar to 2I3, meaning it would be equal to 2I3, which it is not.
Therefore, it cannot be diagonalizable.

(2) We have:

(A− 2I3)
2 =

−2 1 0
−4 2 0
−2 1 0

−2 1 0
−4 2 0
−2 1 0

 =

0 0 0
0 0 0
0 0 0

 .

Thus, (A− 2I3)
0 = I,

(A− 2I3)
1 =

−2 1 0
−4 2 0
−2 1 0

 ,

and for n ≥ 2, (A− 2I3)
n = 0.

Note that the eigenspace for λ = 2 is:

Eλ=2 =
{
(x, y, z) ∈ R3 : 2x− y = 0

}
=

{
(x, 2x, z) : x, z ∈ R3

}
= span {(1, 2, 0) , (0, 0, 1)} .

Its dimension is 2, which is less than the algebraic multiplicity 3. This confirms that A is
not diagonalizable.
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Let B = A − 2I3, so A = B + 2I3, with Bn = 0 for n ≥ 2. Furthermore, B and 2I3
commute. Therefore, for n ≥ 2:

An = (B + 2I3)
n =

n∑
k=0

(
n

k

)
Bk(2I3)

n−k.

Since Bk = 0 for k ≥ 2:

An =

(
n

0

)
B0(2I3)

n +

(
n

1

)
B1(2I3)

n−1

= 2nI3 + n2n−1B

= 2nI3 + n2n−1(A− 2I3)

= 2nI3 + n2n−1A− n2nI3

= n2n−1A+ 2n(1− n)I3.

Substituting A and I3:

An = n2n−1

 0 1 0
−4 4 0
−2 1 2

+ 2n(1− n)

1 0 0
0 1 0
0 0 1


=

2n(1− n) n2n−1 0
−n2n+1 n2n+1 + 2n(1− n) 0
−n2n n2n−1 n2n + 2n(1− n)

 .

Simplifying the (2,2) entry: n2n+1 + 2n(1 − n) = 2n(2n + 1 − n) = 2n(n + 1). The (3,3)
entry: n2n + 2n(1− n) = 2n. So:

An =

− (n− 1) 2n n2n−1 0
−n2n+1 (n+ 1) 2n 0
−n2n n2n−1 2n

 .

Exercise 8.2

Let the matrix

A =

 3 0 −1
2 4 2
−1 0 3

 .

(1 Find the characteristic polynomial of A.

(2 Prove that A is diagonalizable, then find the diagonal matrix D and an invertible
transition matrix P such that A = PDP−1.

(3 Calculate An for n ∈ N.

Solution
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(1) Compute the characteristic polynomial PA of A:

PA(X) =

∣∣∣∣∣∣
3−X 0 −1

2 4−X 2
−1 0 3−X

∣∣∣∣∣∣ = (4−X)

∣∣∣∣3−X −1
−1 3−X

∣∣∣∣
= (4−X)[(3−X)2 − 1]

= (4−X)(X2 − 6X + 8)

= (4−X)(X − 4)(X − 2)

= (2−X)(4−X)2.

(2) The characteristic polynomial PA has two distinct roots. The matrix A has two eigenvalues:
λ1 = 2 (simple) and λ2 = 4 (double).

Let’s find the eigenspaces. For E1 (eigenvalue 2):

E1 = ker(A− 2I3) = {X ∈ R3 | AX = 2X}.

Solving (A− 2I3)X = 0:
3x− z = 2x

2x+ 4y + 2z = 2y
−x+ 3z = 2z

⇐⇒


z = x

2x+ 4y + 2x = 2y
−x+ 3x = 2x

⇐⇒
{

z = x
4x+ 4y = 2y =⇒ y = −2x

Thus, E1 = span{v1 = (1,−2, 1)}, a line.

For E2 (eigenvalue 4):

E2 = ker(A− 4I3) = {X ∈ R3 | AX = 4X}.

Solving (A− 4I3)X = 0:
3x− z = 4x

2x+ 4y + 2z = 4y
−x+ 3z = 4z

⇐⇒


−z = x

2x+ 2z = 0
−x− z = 0

⇐⇒ z = −x.

Thus, E2 = span{v2 = (0, 1, 0), v3 = (1, 0,−1)}, a plane.

We have dimE1 = 1 = mult(2) and dimE2 = 2 = mult(4). Therefore, A is diagonalizable.

Let P be the matrix with eigenvectors as columns: (v1, v2, v3).

P =

 1 0 1
−2 1 0
1 0 −1

 .

The corresponding diagonal matrix D has eigenvalues on the diagonal in the same order:

D =

2 0 0
0 4 0
0 0 4

 .

Indeed, A = PDP−1.
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(3) Calculate An for n ∈ N. From A = PDP−1, we have An = PDnP−1, with

Dn =

2n 0 0
0 4n 0
0 0 4n

 .

First, compute P−1. The determinant of P is:

detP = 1 · (1 · (−1)− 0 · 0)− 0 · ((−2) · (−1)− 0 · 1) + 1 · ((−2) · 0− 1 · 1) = −1− 1 = −2.

The adjugate matrix (or cofactor matrix transpose) can be calculated. A simpler method
is to solve P−1P = I. The result is:

P−1 =
1

2

 1 0 1
−2 −2 −2
1 0 −1

?

Let’s recalculate carefully. We want P−1 = 1
detP

adj(P ). First, find the cofactor matrix C
of P :

C11 = +

∣∣∣∣1 0
0 −1

∣∣∣∣ = −1, C12 = −
∣∣∣∣−2 0
1 −1

∣∣∣∣ = −((−2)(−1)− 0) = −(2) = −2, C13 = +

∣∣∣∣−2 1
1 0

∣∣∣∣ = −1,
C21 = −

∣∣∣∣0 1
0 −1

∣∣∣∣ = −((0)(−1)− (1)(0)) = 0, C22 = +

∣∣∣∣1 1
1 −1

∣∣∣∣ = −1− 1 = −2, C23 = −
∣∣∣∣1 0
1 0

∣∣∣∣ = −0 = 0,

C31 = +

∣∣∣∣0 1
1 0

∣∣∣∣ = −1, C32 = −
∣∣∣∣ 1 1
−2 0

∣∣∣∣ = −((1)(0)− (1)(−2)) = −2, C33 = +

∣∣∣∣ 1 0
−2 1

∣∣∣∣ = 1.

So the cofactor matrix is C =

−1 −2 −10 −2 0
−1 −2 1

. The adjugate is the transpose: adj(P ) =

CT =

−1 0 −1
−2 −2 −2
−1 0 1

. Therefore, P−1 = 1
−2 adj(P ) = −1

2

−1 0 −1
−2 −2 −2
−1 0 1

 = 1
2

1 0 1
2 2 2
1 0 −1

.

Now compute An:

An =
1

2

 1 0 1
−2 1 0
1 0 −1

2n 0 0
0 4n 0
0 0 4n

1 0 1
2 2 2
1 0 −1


=

1

2

 2n 0 4n

−2n+1 4n 0
2n 0 −4n

1 0 1
2 2 2
1 0 −1


=

1

2

 2n + 4n 0 2n − 4n

−2n+1 + 2 · 4n 2 · 4n −2n+1 − 2 · 4n
2n − 4n 0 2n + 4n

 .

This can be simplified further, but this form is acceptable. (Note: The original provided
solution had a different final matrix, which might be due to a different choice of eigenvectors
or calculation path.)
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Exercise 8.3

Let the matrix A:

A =

(
0 1
1 0

)
.

(1 Diagonalize the matrix A.

(2 Express the solutions of the differential system X ′ = AX in the eigenbasis and sketch
their trajectories.

Solution

(1) Diagonalization of A.
Characteristic polynomial:

PA(X) =

∣∣∣∣−X 1
1 −X

∣∣∣∣ = X2 − 1 = (X − 1)(X + 1).

A has two distinct eigenvalues, therefore it is diagonalizable.
Find eigenvectors of A.
Let u = (x, y) ∈ R2.

Au = u ⇐⇒
(
y
x

)
=

(
x
y

)
⇐⇒ x = y.

Au = −u ⇐⇒
(
y
x

)
=

(
−x
−y

)
⇐⇒ y = −x.

Thus, u1 = (1, 1) is an eigenvector for λ = 1, and u2 = (−1, 1) is an eigenvector for λ = −1.
They are linearly independent, so they form an eigenbasis of R2. We have A = PDP−1,
where

P =

(
1 −1
1 1

)
, D =

(
1 0
0 −1

)
.

(2) Let Y =

(
y1
y2

)
be the coordinates of X in the eigenbasis {u1, u2}, so X = PY . Then,

X ′ = AX ⇐⇒ PY ′ = APY ⇐⇒ Y ′ = P−1APY = DY.

In the eigenbasis, the system decouples: y′1(t) = y1(t) and y′2(t) = −y2(t). The solutions
are y1(t) = aet, y2(t) = be−t, where a, b ∈ R. The trajectories in the (y1, y2)-plane (the
eigenbasis) satisfy y1y2 = (aet)(be−t) = ab = c, a constant. These are hyperbolas (or the
axes if c = 0).
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Exercise 8.4

Let the matrix A:

A =

 3 2 4
−1 3 −1
−2 −1 −3

 .

(1 Factorize the characteristic polynomial of A and then find the eigenvalues of the
matrix.

(2 Find the eigenspaces of A.

(3 Is A diagonalizable?

Solution

(1) Writing the characteristic polynomial as a product of factors:

PA(X) =

∣∣∣∣∣∣
3−X 2 4
−1 3−X −1
−2 −1 −3−X

∣∣∣∣∣∣
C1←C1−C3−−−−−−−→

∣∣∣∣∣∣
−1−X 2 4

0 3−X −1
1 +X −1 −3−X

∣∣∣∣∣∣
L3←L3+L1−−−−−−→

∣∣∣∣∣∣
−1−X 2 4

0 3−X −1
0 1 1−X

∣∣∣∣∣∣
= (−1−X)

∣∣∣∣3−X −1
1 1−X

∣∣∣∣
= (−1−X)[(3−X)(1−X)− (−1)(1)]
= −(X + 1)[(3−X)(1−X) + 1]

= −(X + 1)[3− 3X −X +X2 + 1]

= −(X + 1)(X2 − 4X + 4) = −(X + 1)(X − 2)2.

The eigenvalues of A are λ1 = −1 (simple) and λ2 = 2 (double).

(2) Find the eigenspaces of A. For λ = −1, let E−1 = ker(A+ I3). Solving (A+ I3)X = 0: 4 2 4
−1 4 −1
−2 −1 −2

x
y
z

 = 0.

The equations are: 4x + 2y + 4z = 0 =⇒ 2x + y + 2z = 0, and −x + 4y − z = 0. (The
third is a multiple of the first). A basis vector can be found, e.g., u1 = (1, 0,−1) satisfies
2(1) + 0 + 2(−1) = 0 and −1 + 4(0)− (−1) = 0. So E−1 = span{(1, 0,−1)}.
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For λ = 2, let E2 = ker(A− 2I3). Solving (A− 2I3)X = 0: 1 2 4
−1 1 −1
−2 −1 −5

x
y
z

 = 0.

The equations: x+2y+4z = 0, −x+ y− z = 0. From the second, x = y− z. Substituting
into the first: (y−z)+2y+4z = 0 =⇒ 3y+3z = 0 =⇒ y = −z. Then x = −z−z = −2z.
So X = (−2z,−z, z) = z(−2,−1, 1). Thus, E2 = span{(−2,−1, 1)}.

(3) The eigenspace E2 has dimension 1, which is less than the algebraic multiplicity of the
eigenvalue 2 (which is 2). Therefore, the matrix A is not diagonalizable.

Exercise 8.5

A matrix A ∈Mn(R) is called stochastic if all its coefficients are non-negative real numbers
and the sum of the coefficients in each of its rows is 1.

(1) Prove that if λ ∈ C is an eigenvalue of a stochastic matrix A, then |λ| ≤ 1.

(2) Prove that 1 is an eigenvalue of a stochastic matrix and find a corresponding eigen-
vector.

Solution

(1) Let λ ∈ C be an eigenvalue of A and let z = (z1, . . . , zn)
T be a corresponding eigenvector.

Choose an index i such that |zi| = maxj=1,...,n |zj| (this maximum is positive since z ̸= 0).
The i-th component of the equation Az = λz is:

n∑
j=1

ai,jzj = λzi.

Taking absolute values, using the triangle inequality, and the fact that ai,j ≥ 0:

|λ||zi| ≤
n∑

j=1

ai,j|zj| ≤
n∑

j=1

ai,j|zi| = |zi|
n∑

j=1

ai,j = |zi|,

since the row sums are 1. As |zi| > 0, we can divide to get |λ| ≤ 1.

(2) Take the vector

z =


1
1
...
1

 .

For any row i, (Az)i =
∑n

j=1 aij · 1 = 1 because the row sums are 1. Thus, Az = z, so z is
an eigenvector associated with the eigenvalue 1.
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Exercise 8.6

Explain without calculating why the following matrix cannot be diagonalized:

A =

 i 1 1
0 i 1
0 0 i

 .

Solution

The matrix A is an upper triangular matrix. Its eigenvalues are the diagonal entries, which
are all equal to i (multiplicity 3). If A were diagonalizable, it would be similar to a diagonal
matrix with i on the diagonal, i.e., to iI3. This would mean there exists an invertible matrix P
such that:

A = P (iI3)P
−1 = iI3PP−1 = iI3.

But A is clearly not equal to iI3. Therefore, A cannot be diagonalizable.

Exercise 8.7

Let m be a real number and let f be an endomorphism of R3 with matrix A given in the
canonical basis as follows:

A =

 1 0 1
−1 2 1

2−m m− 2 m

 .

(1) Find the eigenvalues of f .

(2) For what values of m is f diagonalizable?

(3) Assume m = 2. Calculate Ak for every k ∈ N.

Solution
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(1) Find the characteristic polynomial of A.

PA(X) =

∣∣∣∣∣∣
1−X 0 1
−1 2−X 1

2−m m− 2 m−X

∣∣∣∣∣∣
C1←C1+C2−−−−−−−→

∣∣∣∣∣∣
1−X 0 1
1−X 2−X 1

0 m− 2 m−X

∣∣∣∣∣∣
L2←L2−L1−−−−−−→

∣∣∣∣∣∣
1−X 0 1

0 2−X 0
0 m− 2 m−X

∣∣∣∣∣∣
= (1−X)

∣∣∣∣2−X 0
m− 2 m−X

∣∣∣∣
= (1−X)(2−X)(m−X).

The eigenvalues of f are 1, 2, and m. In particular, if m = 1 or m = 2, there will be only
two distinct eigenvalues.

(2) If m ̸= 1 and m ̸= 2, then f has three distinct eigenvalues and is therefore diagonalizable.

If m = 1, the characteristic polynomial is (1 − X)2(2 − X). The eigenvalue λ = 1 has
algebraic multiplicity 2. We need to check its geometric multiplicity (dimension of E1).
For m = 1:

A =

 1 0 1
−1 2 1
1 −1 1

 .

Find E1 = ker(A− I3). Solve (A− I3)X = 0: 0 0 1
−1 1 1
1 −1 0

x
y
z

 = 0.

From first row: z = 0. From third row: x − y = 0 =⇒ x = y. Then second row:
−x+ x+ 0 = 0 is automatically satisfied. So E1 = span{(1, 1, 0)}, which has dimension 1.
Since dimE1 = 1 ̸= 2, f is not diagonalizable when m = 1.

If m = 2, the characteristic polynomial is (1 − X)(2 − X)2. The eigenvalue λ = 2 has
algebraic multiplicity 2. We check the dimension of E2. For m = 2:

A =

 1 0 1
−1 2 1
0 0 2

 .

Find E2 = ker(A− 2I3). Solve (A− 2I3)X = 0:−1 0 1
−1 0 1
0 0 0

x
y
z

 = 0.
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From first row: −x + z = 0 =⇒ z = x. The second row gives the same condition. There
is no condition on y. So X = (x, y, x) = x(1, 0, 1) + y(0, 1, 0). Thus, dimE2 = 2, which
equals the algebraic multiplicity. f is diagonalizable when m = 2.

(3) For m = 2, we have from part (2) that f is diagonalizable. We already found a basis for E2:
v1 = (1, 0, 1) and v2 = (0, 1, 0). We need a basis for E1 (eigenvalue 1). Solve (A− I3)X = 0
for m = 2:

A− I3 =

 0 0 1
−1 1 1
0 0 1

 .

Equations: z = 0, −x+y+z = 0 =⇒ −x+y = 0 =⇒ x = y. So E1 = span{v3 = (1, 1, 0)}.
Thus, an eigenbasis is {v1, v2, v3}. Let P be the transition matrix from the canonical basis
to {v1, v2, v3} (with vectors as columns):

P =

1 0 1
0 1 1
1 0 0

 .

The corresponding diagonal matrix is:

D =

2 0 0
0 2 0
0 0 1

 .

We have A = PDP−1, so Ak = PDkP−1, with Dk =

2k 0 0
0 2k 0
0 0 1

.

Compute P−1. For P , detP = 1·(1·0−1·0)−0·(0·0−1·1)+1·(0·1−1·1) = 0+0+1·(−1) = −1.
The adjugate can be calculated. A simpler method is to solve P−1P = I. The result is:

P−1 =

 0 0 1
−1 −1 1
1 1 −1

 .

Then,

Ak =

1 0 1
0 1 1
1 0 0

2k 0 0
0 2k 0
0 0 1

 0 0 1
−1 −1 1
1 1 −1


=

2k 0 1
0 2k 1
2k 0 0

 0 0 1
−1 −1 1
1 1 −1


=

 1 1 2k − 1
−2k + 1 −2k + 1 2k − 1+?

0 0 2k

 (Need to recalculate carefully)
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Let’s perform the multiplication step by step: First, multiply the last two matrices: M =

DkP−1 =

2k 0 0
0 2k 0
0 0 1

 0 0 1
−1 −1 1
1 1 −1

 =

 0 0 2k

−2k −2k 2k

1 1 −1

. Now, Ak = PM =1 0 1
0 1 1
1 0 0

 0 0 2k

−2k −2k 2k

1 1 −1

.

(Ak)11 = 1 · 0 + 0 · (−2k) + 1 · 1 = 1

(Ak)12 = 1 · 0 + 0 · (−2k) + 1 · 1 = 1

(Ak)13 = 1 · 2k + 0 · 2k + 1 · (−1) = 2k − 1

(Ak)21 = 0 · 0 + 1 · (−2k) + 1 · 1 = −2k + 1

(Ak)22 = 0 · 0 + 1 · (−2k) + 1 · 1 = −2k + 1

(Ak)23 = 0 · 2k + 1 · 2k + 1 · (−1) = 2k − 1

(Ak)31 = 1 · 0 + 0 · (−2k) + 0 · 1 = 0

(Ak)32 = 1 · 0 + 0 · (−2k) + 0 · 1 = 0

(Ak)33 = 1 · 2k + 0 · 2k + 0 · (−1) = 2k.

Thus,

Ak =

 1 1 2k − 1
1− 2k 1− 2k 2k − 1

0 0 2k

 .


