Chapter 8

Matrix Diagonalization

Matrix diagonalization is a fundamental process in linear algebra. In this chapter, we will define
the conditions necessary for a matrix to be diagonalizable. For this, we will consider concepts
from the previous chapter applied to linear maps.

In this chapter, F is a finite-dimensional vector space over the commutative field K.

Let’s start by defining the eigenvalues and eigenvectors of a linear map.

8.1.1 Definitions

Reminder: f: F — FE is an endomorphism if f is a linear map from E to itself. In other words,
for every v € E, f(v) € E, and for every u,v € E and every a € K:

flutv)=f(u)+ flv) and  flav) = af(v).

,-[Deﬁnition 8. 1}

Let f: E— E be an endomorphism.

(1 We call A € K an eigenvalue of the endomorphism f if there exists a non-zero vector
v € E such that:

fw) = M.

(2 The vector v is then called an eigenvector of f associated with the eigenvalue A.

(3 The spectrum of f, denoted by Sp(f) (or Spx(f) if we want to specify the field), is
the set of all eigenvalues of f.

Remark 8.1.1. If v is an eigenvector, then for every non-zero scalar o € K*, av s also an
eigenvector associated with the same eigenvalue.

These definitions correspond to the analogous definitions for matrices.
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172 CHAPTER 8. MATRIX DIAGONALIZATION

,—[Deﬁnition 8.2}

Let A € #,(K) and let f: K" — K" be the linear map defined by:

f(v) = Av.

Then the eigenvalues and eigenvectors of the linear map f are the same as those of the
associated matrix A.

Let’s find another way to express the collinearity condition defining eigenvectors:

flo)=X v <= f(v)—Av=0
<~ (f — Nidg)(v) =0
<= v € ker(f — \idg).

This leads to the concept of the eigenspace.

8.1.2 Eigenspace

,_[Deﬁnition 8.3}

Let f be an endomorphism of F, and let A € K. We call the eigenspace associated with
the eigenvalue A the subspace denoted by E) defined as:

E, = ker(f — Nidg).

We may denote it by F)(f) to emphasize its association with f. Explicitly:

Ey={veE|f(v)= v}

Or in matrix form:

Ey={veE|Av= v}

Remark 8.1.2. Let E be a finite-dimensional vector space.
(1 If X is an eigenvalue of f, then the eigenspace Ey has dimension > 1.
(2 The eigenspace Ey is stable under f, meaning f(E)) C Ex. More clearly:

v € ker(f — Midg) = f(f(v)) = fFOw) = Af(v) = f(v) € ker(f — Nidp).

8.1.3 Examples
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,—[Example 8.1}

Let f : R® — R? be defined by
fl@y,2)=(-22—-2y+22, —3cx—y+3z -—-z+y+2).

(1 Let’s write f in matrix form f(X) = AX:

x —9 -3 9
X=|yl|, A=|-3 -1 3
2 1 1 1

(2 Note that for v; = (1,1,0), f(1,1,0) = (=4, —4,0), which can be written as f(v;) =
—4v1. So vy is an eigenvector associated with the eigenvalue \; = —4.

If we prefer to do calculations using matrices, we consider v; as a column vector and
calculate Av; = —4wv;.

(3 Ao = 2 is an eigenvalue.
To prove this, we need to find a non-zero vector in ker(f — Agldgs) for \y = 2. For
this, we calculate A — A\y13:

—4 -2 2
A-2I3=|-3 -3 3
-1 1 -1

We find that v = (0, 1, 1) belongs to the kernel of A— 213, i.e., (A—21I3)v, is the zero
vector. In other words, vy € ker(f — Aoldgs), meaning f(vy) — 2vy = 0, from which
f(vg) = 2vy. Finally, v, is an eigenvector associated with the eigenvalue Ay = 2.

(4 A3 =0 is an eigenvalue.
We can proceed as above and find that v3 = (1,0,1) satisfies f(v3) = (0,0,0). So
f(v3) = 0-v3. Thus, vs is an eigenvector associated with the eigenvalue A3 = 0.

(5 We have found three eigenvalues, and we cannot find more than that because the
matrix A is of order 3. We conclude: Sp(f) = {—4,0,2}.

Theorem 8.1

Let f be an endomorphism of a finite-dimensional vector space F with dim E = n. Let
A1, ..., Ar be distinct eigenvalues of f where k£ < n. Then the sum of the associated
eigenspaces Fy,, ..., Iy, is a direct sum.

For matrices, we have the following important corollary:
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Corollary 8.0}

Let A\q,..., \x be distinct eigenvalues of a linear map f, and for 1 < i < k, let v; be a
non-zero eigenvector associated with \;. Then the vectors v; are linearly independent.

This means that the number of distinct eigenvalues is at most the dimension of E.

,—[Example 8.2}

From the previous example, consider f : R* — R3 defined by
fl@y,2)=(-22—-2y+22, —3x—y+32 -—-z+y+2).
We found the following eigenvalues and associated eigenvectors:
A =—4, vy=(1,1,0), A=0, vo=(1,0,1), A3=2, v3=(0,1,1).

By Corollary 8.1.3, the vectors (vi, vy, v3) form a linearly independent set in R3. Three
linearly independent vectors in R® necessarily form a basis. Thus, (v, vs,v3) is a basis,
called an eigenbasis of R? for f.

We can also write:
R3=F ,®Ey,® F>.

The characteristic polynomial helps in finding the eigenvalues.

8.2.1 Characteristic polynomial

,_[Deﬁnition 8.4}

Let f: E — E be an endomorphism on a finite-dimensional vector space E of dimension
n. Let A € #,(K) be the matrix representing f in a basis 5.

We define the characteristic polynomial of f to be the same as the characteristic polynomial
of the matrix A, and we write:

Pj(X) = Pa(X) = det(A — X1I,).

The characteristic polynomial is independent of the choice of basis B (and hence the matrix
A). If B is another matrix representing f in a different basis B’, then there exists an invertible

matrix P € .#,(K) such that B = P"'AP. Then:

B—XI,=PYA-XI,)P.
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Hence,
Pp(X) =det(B — X1I,) = det(P ') det(A — X1I,,) det(P) = det(A — X1I,) = Pa(X).
In other words,

Pp(X) = Pa(X).

8.2.2 Determining eigenvalues

Proposition 8.2.1. The roots of the characteristic polynomial are the eigenvalues of the linear
map (or matriz). We write:

A is an eigenvalue of f <= Py(A\) =0

In other words, let f : E — E and A € .#,(K) be its matrix in a basis B, and let A € K.
Then:

A is an eigenvalue of f <= det(A — \I,) =0|

,_[Example 8.3]

If D is a diagonal matrix where

A0 0

D 0 Ao 7
. 0
0 0 A\

then
Pp(X) = (A = X) -+ (A — X).

The values \; are the roots of Pp(X) and are also the eigenvalues of D.

In the following, we consider E a finite-dimensional vector space over the commutative field K,
and f an endomorphism whose associated matrix is A.

By "reducing” A to a diagonal form, we mean finding a basis for E such that the matrix of
f with respect to that basis is a diagonal matrix. If such a basis exists, there is an invertible
square matrix P, called the transition matrix, such that D = P~'AP, i.e., A and D are similar.

Theorem 8.3

Let E be a finite-dimensional vector space over the commutative field K, and let f : £ —
E be a linear map. Let A\, Ao, -+, \,, be m distinct eigenvalues of f in K.
We say that f (or its associated matrix) is diagonalizable if E is the direct sum of its
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eigenspaces, i.e.:
E=E, ®FE,d - @ E)

m*

Remark 8.3.1. If an eigenvalue X has algebraic multiplicity r in the characteristic polynomaial,
then the dimension (geometric multiplicity) of its associated eigenspace Ey is at most r. Thus:

1 <dim(E)) <.
If f is diagonalizable, then we must have equality for each eigenvalue:

dim(E)) =r.

,-[Example 8.4}

Let
1 0
A=10 1
1

N O O

=

Prove that A is diagonalizable in .#5(R) and then find a matrix P such that P~'AP is a
diagonal matrix.

(1) Start by calculating the characteristic polynomial of A:

1-X 0 0
PiX)=det(A-XL)=| 0 1-X 0 |=(1-X)?3*2-X).
1 -1 2-X

(2) The roots of the characteristic polynomial are the real numbers 1 with algebraic
multiplicity m(1) = 2 and 2 with multiplicity m(2) = 1.
(3) Let’s determine the eigenspaces.

(3.1) Let E) be the eigenspace for the eigenvalue 1:

By =ker(A—I5)={X e R®| AX = X}.

T
Let X = [y |. Then:
z
r=x
X€eEFE <— AX =X — y=1y = rz—-—y+z=0.

zT—y+z2=0
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Thus,
x
El = Yy | T,y € R
y—x
1
A basis for this plane can be given, for example, by the vectors X; = | 0
—1
0
and X2 = 1
1
(3.2) Let E5 be the eigenspace for the eigenvalue 2:
E, =ker(A —2I3) = {X € R* | AX =2X}.
Then,
7 = 207
X €eEF, <— AX =2X «— y =2y <— x=0and y=0.
T—y+2z2=2z
0 0
Thus, Ey = 0] |z€R ) isaline. A basis vector is X3 = |0
z 1

(4) The dimensions of the eigenspaces are:
dim F; =2 =m(1), dimFE; =1=m(2).

Since these match the algebraic multiplicities and sum to the dimension of R3, the
matrix A is diagonalizable.

(5) In the eigenbasis B’ = (X1, X2, X3), the matrix of the endomorphism represented by
A (in the canonical basis) is the diagonal matrix:

1 00
D=0 10
0 0 2
The transition matrix P has these eigenvectors as its columns:

1 00
P=10 10
-1 11

Then, indeed, P~'AP = D.
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Exercise 8.1

Let A be a matrix in .#3(R) defined as follows:

0 10
A=1—-4 4 0
-2 1 2

(1 Is the matrix A diagonalizable?

(2 Calculate (A — 2I3)?, then (A — 2I3)" for each n € N. Deduce A™.

Solution

(1) Compute the characteristic polynomial of A:

-X 1 0
Py(X)=|-4 4-X 0 |=2-X)(X?—-4X+4)=(2-X)>
-2 1 2-X

The matrix A has a single eigenvalue, 2, with algebraic multiplicity 3. If it were diago-
nalizable, it would be similar to 23, meaning it would be equal to 2[5, which it is not.
Therefore, it cannot be diagonalizable.

(2) We have:
-2 10\ /-2 10 000
(A-23)*=|-4 2 0| [-4 2 0]=({00 0
-2 10/ \-210 000
Thus, (A —20)° =1,
-2 10
(A-2I)'=1-4 2 0],
-2 10

and for n > 2, (A —2I3)" = 0.
Note that the eigenspace for A = 2 is:

By = {(x,y,z)ER3:2x—y:0}
= {(z,22,2) 12,2 € R*}
— span {(1.2,0). (0,0, 1)}.

Its dimension is 2, which is less than the algebraic multiplicity 3. This confirms that A is
not diagonalizable.
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Let B = A —2I3, so A = B+ 213, with B® = 0 for n > 2. Furthermore, B and 23
commute. Therefore, for n > 2:

A" = (B+2[3)" = (Z) B*(213)"7F.
k=0

Since B =0 for k > 2:

An = (g) B°(21,)" + (?) B (215)"!

=2"[; +n2"'B
=2"I3 +n2" (A - 2L3)
= 2"[5 +n2" A — n2" 14
=n2"TA+2"(1 —n)l.
Substituting A and I5:

0 10 1 00

A" =n2"1 | -4 4 0] +2"(1-n)|0 1 0

-2 1 2 0 01

2"(1 —n) n2m! 0

= | —n2"t  p2ntl 4 27(1 —n) 0
—n2" n2n1 n2" +2"(1 —n)

Simplifying the (2,2) entry: n2"t! 4+ 2"(1 —n) = 2"(2n +1—n) = 2"(n + 1). The (3,3)
entry: n2" +2"(1 —n) = 2". So:

—(n—1)2" w2t 0

A" = —n2"t (n+1)2" 0
—n2" n2n—1 2"
Exercise 8.2
Let the matrix
3 0 -1
A= 2 4 2
-1 0 3

(1 Find the characteristic polynomial of A.

(2 Prove that A is diagonalizable, then find the diagonal matrix D and an invertible
transition matrix P such that A = PDP~.

(3 Calculate A™ for n € N.

Solution



180

CHAPTER 8. MATRIX DIAGONALIZATION

(1) Compute the characteristic polynomial P4 of A:

3-X 0 ~1
B - TR ED GRS
Py(X) = _21 40X 3_2X (4 X)‘_1 3_X‘
=(4-X)[B-X)-1
=(4—-X)(X?-6X +8)
=(4-X)(X -4)(X -2)

=(2-X)4-X)>2

(2) The characteristic polynomial P4 has two distinct roots. The matrix A has two eigenvalues:

A1 = 2 (simple) and Ay = 4 (double).
Let’s find the eigenspaces. For E; (eigenvalue 2):

By = ker(A — 2I;) = {X € R® | AX = 2X}.
Solving (A —2[3)X = 0:

3.T—Z:2:L' s =1 L
20 +4y+2:=2y <= { r+dy+2r=2y <= { i= B
—r+ 32 =2z — 143z =2 do +4y =2y = y=—2x

Thus, £y = span{v; = (1,—2,1)}, a line.
For E, (eigenvalue 4):

By =ker(A —4I3) = {X € R* | AX =4X}.
Solving (A —413)X = 0:

3r — 2z =4x —z=x
2 +4y+ 22 =4y <= 20+22=0 <= z=—ux.
—x+ 3z =4z —xz—2z2=0

Thus, Es = span{v, = (0,1,0),v3 = (1,0,—1)}, a plane.
We have dim £ = 1 = mult(2) and dim Fy = 2 = mult(4). Therefore, A is diagonalizable.

Let P be the matrix with eigenvectors as columns: (vy, vq, v3).

1 0 1
P=1-21 0
1 0 -1

The corresponding diagonal matrix D has eigenvalues on the diagonal in the same order:
2 00
D=0 40
0 0 4
Indeed, A = PDP~1.
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(3) Calculate A" for n € N. From A = PDP~!, we have A" = PD"P~!, with

20 0
D"=10 4 0
0 0 4

First, compute P~!'. The determinant of P is:
detP=1-(1-(-1)—0-0)—0-((—-2)-(-1)—=0-1)+1-((-2)-0—-1-1)=—-1—-1=-2.

The adjugate matrix (or cofactor matrix transpose) can be calculated. A simpler method
is to solve P~1P = I. The result is:

1 1 0 1
P—lz5 -2 -2 2|7
1 0 -1
Let’s recalculate carefully. We want P~ = dei 5 adj(P). First, find the cofactor matrix C
of P:
1 0 -2 0 -2 1
cu=+p Of=-1 ca=-[7 Of=-(20-0=-@=-2 ca=+[7 -1
0 1 1 1 1 0
e e R e e e e T e )
0 1 1 1 1 0
en=+[ g =1 ca=-|2, o|=-@O- =2 ca=+|} -1
-1 -2 -1
So the cofactor matrix is C' = [ 0 —2 0 |. The adjugate is the transpose: adj(P) =
-1 -2 1
-1 0 -1 -1 0 -1 10 1
CT=|-2 —2 —2]|. Therefore, P! = Ladj(P)=—3 -2 -2 2| =1[2 2 2
-1 0 1 -1 0 1 1 0 -1
Now compute A™:
(1 01 2 0 0 10 1
A":§—210 0 4" 0 2 2 2
1 0 -1 0 0 4" 1 0 -1
L[ 200 4\ (10 1
= (-2t 4 0 | |2 2 2
v 0 —4") \1 0 —1
1 2" 44 0 2n — 4"
=5 =l 9gn 2. 4n ol 9 .yn
2m — 4" 0 2n 4 4n

This can be simplified further, but this form is acceptable. (Note: The original provided
solution had a different final matrix, which might be due to a different choice of eigenvectors
or calculation path.)



182 CHAPTER 8. MATRIX DIAGONALIZATION

Exercise 8.3

Let the matrix A:

A:((l) (1))

(2 Express the solutions of the differential system X’ = AX in the eigenbasis and sketch
their trajectories.

(1 Diagonalize the matrix A.

Solution

(1) Diagonalization of A.
Characteristic polynomial:

-X 1

Py (X) :‘ 1 _x

‘:X2—1:(X—1)(X+1).

A has two distinct eigenvalues, therefore it is diagonalizable.

Find eigenvectors of A.
Au=u <= (y> = (x) = =Y.
T )

Let u = (z,y) € R2
Au = —u = (y) = <_x) = y=—u
z Y

Thus, u; = (1, 1) is an eigenvector for A = 1, and uy = (—1, 1) is an eigenvector for A = —1.
They are linearly independent, so they form an eigenbasis of R2. We have A = PDP!,

where
1 -1 1 0
r=(i ) o= Y

(2) Let Y = (yl) be the coordinates of X in the eigenbasis {uy,us}, so X = PY. Then,

Yo
X'= AX < PY'=APY «<— Y'= P 'APY = DY.

In the eigenbasis, the system decouples: y;(t) = y1(t) and y5(t) = —y2(t). The solutions
are y(t) = ae', yo(t) = be~', where a,b € R. The trajectories in the (yi,y2)-plane (the
eigenbasis) satisfy y1y2 = (ae')(be™") = ab = ¢, a constant. These are hyperbolas (or the
axes if ¢ = 0).
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Exercise 8.4
Let the matrix A:
3 2 4
A=1-1 3 -1
-2 -1 -3

(1 Factorize the characteristic polynomial of A and then find the eigenvalues of the
matrix.

(2 Find the eigenspaces of A.

(3 Is A diagonalizable?
Solution

(1) Writing the characteristic polynomial as a product of factors:

3-X 2 4
PyX)=| -1 3-X —1
-2 -1 -3-X
~-1-X 2 4
e I T G|
I+X -1 -3-X
~-1-X 2 4
Loclatbi | g 3-X 1
0 1 1-X
o' |y
= (-1-X)[B-X)(1-X) - (=D
—(X+DH[B-X)(1-X)+1]
—(X+1)[3-3X - X +X?+1]
(X 4+ 1)(X?—4X +4) = (X +1)(X —2)%

The eigenvalues of A are A\; = —1 (simple) and Ay = 2 (double).
(2) Find the eigenspaces of A. For A = —1, let E_; = ker(A + I3). Solving (A + I3)X = 0:

4 2 4 T
-1 4 -1 y | =0.
-2 -1 -2 z

The equations are: 4z +2y+42=0 — 20 +y+2z=0,and —z +4y — 2z = 0. (The
third is a multiple of the first). A basis vector can be found, e.g., u; = (1,0, —1) satisfies
2(1)+0+2(—-1)=0and —1+4(0) — (—1) =0. So £_; = span{(1,0,—1)}.
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For A = 2, let By = ker(A — 2I3). Solving (A — 213)X = 0:

1 2 4\ [z
~1 1 —1||y]|=0.
—2 -1 -5/) \z

The equations: z+2y+42z =0, —x+y— 2 = 0. From the second, z = y — z. Substituting
into the first: (y—2)+2y+42=0 = 3y+32=0 = y=—2. Thenx = —z—2 = —2z.
So X = (—2z,—2,2) = 2(—2,—1,1). Thus, Ey = span{(—2,—1,1)}.

(3) The eigenspace F has dimension 1, which is less than the algebraic multiplicity of the
eigenvalue 2 (which is 2). Therefore, the matrix A is not diagonalizable.

Exercise 8.5

A matrix A € #,(R) is called stochastic if all its coefficients are non-negative real numbers
and the sum of the coefficients in each of its rows is 1.

(1) Prove that if A € C is an eigenvalue of a stochastic matrix A, then || < 1.

(2) Prove that 1 is an eigenvalue of a stochastic matrix and find a corresponding eigen-
vector.

Solution

(1) Let A € C be an eigenvalue of A and let z = (2,...,2,)" be a corresponding eigenvector.
Choose an index ¢ such that |z;| = max;_; __,|2;| (this maximum is positive since z # 0).
The i-th component of the equation Az = \z is:

n

E i 25 = )\ZZ

Jj=1

Taking absolute values, using the triangle inequality, and the fact that a; ; > 0:

n n n
Mzl <) aiglzl <Y ailal = |z ) ai; = |ail,
j=1 j=1 j=1

since the row sums are 1. As |z;| > 0, we can divide to get [A| < 1.

(2) Take the vector

For any row 4, (Az); = 7, a;; - 1 = 1 because the row sums are 1. Thus, Az = z, so z is

an eigenvector associated with the eigenvalue 1.
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—[Exercise 8.6} .

Explain without calculating why the following matrix cannot be diagonalized:

A—

O O =
O ==
S

Solution

The matrix A is an upper triangular matrix. Its eigenvalues are the diagonal entries, which
are all equal to ¢ (multiplicity 3). If A were diagonalizable, it would be similar to a diagonal
matrix with ¢ on the diagonal, i.e., to ¢l3. This would mean there exists an invertible matrix P
such that:

A= P(il3)Pt = ilPP =il

But A is clearly not equal to i¢l3. Therefore, A cannot be diagonalizable.

—[Exercise 8.7}

Let m be a real number and let f be an endomorphism of R* with matrix A given in the
canonical basis as follows:

(1) Find the eigenvalues of f.

(2) For what values of m is f diagonalizable?

(3) Assume m = 2. Calculate A* for every k € N.

Solution
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(1) Find the characteristic polynomial of A.

CHAPTER 8. MATRIX DIAGONALIZATION

1-X 0 1

PaX)=| -1 2-Xx 1

2—m m—2 m-—X
1—-X 0 1
GrortE X 2-X 1
0 m—2 m-—X
1-X 0 1
Lecberi g 2-X 0
0 m—-—2 m—X

2—X 0

_(1_X)m—2 m—X

=(1-X)2-X)(m—X).

The eigenvalues of f are 1, 2, and m. In particular, if m = 1 or m = 2, there will be only

two distinct eigenvalues.

If m = 1, the characteristic polynomial is (1

If m # 1 and m # 2, then f has three distinct eigenvalues and is therefore diagonalizable.

— X)*(2 — X). The eigenvalue A = 1 has

algebraic multiplicity 2. We need to check its geometric multiplicity (dimension of Ej).

For m = 1:
1 0 1
A=|-1 2 1
1 -1 1
Find E; = ker(A — I3). Solve (A —I3)X =0:
0 0 1 x
-1 1 y | =0.
1 -1 0 z
From first row: z = 0. From third row: * —y = 0 = =z = y. Then second row:

—z 4+ x4+ 0 = 0 is automatically satisfied. So E; = span{(1,1,0)},

Yy
which has dimension 1.

Since dim £} = 1 # 2, f is not diagonalizable when m = 1.

If m = 2, the characteristic polynomial is (1 — X)(2 — X)2.

The eigenvalue A = 2 has

algebraic multiplicity 2. We check the dimension of F5. For m = 2:

A:

1 01
-1 2 1
0 0 2

Find Ey = ker(A — 2I3). Solve (A —2I3)X = 0:

-1
-1
0

o O O

O~
[S NS
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From first row: —x + 2 =0 = z = x. The second row gives the same condition. There
is no condition on y. So X = (z,y,z) = 2(1,0,1) + y(0,1,0). Thus, dim F; = 2, which
equals the algebraic multiplicity. f is diagonalizable when m = 2.

(3) For m = 2, we have from part (2) that f is diagonalizable. We already found a basis for F:
v; = (1,0,1) and vy = (0,1,0). We need a basis for £, (eigenvalue 1). Solve (A —1I3)X =0
for m = 2:

0 0

A—I=|-11

0 O

Equations: z =0, —z+y+2=0 = —1s4+y=0 = x =y. So E; =span{vs = (1,1,0)}.

Thus, an eigenbasis is {v, v, v3}. Let P be the transition matrix from the canonical basis
to {v1,ve,v3} (With vectors as columns):

—_ = =

1 01

P=10 11

100

The corresponding diagonal matrix is:

2 00

D=10 2 0

0 01
28 0 0
We have A = PDP~! so A¥ = PDFP~! with D= 0 2¥ 0
0 0 1

Compute P~*. For P, det P = 1-(1-0—1-0)—0-(0-0—1-1)+1-(0-1-1-1) = 04-0+1-(—-1) = —1.
The adjugate can be calculated. A simpler method is to solve P~'P = I. The result is:

0 0 1
Pl=1-1 -1 1
1 1 -1

Then,
28 0 0 0 0 1

101
AP =10 1 1 0 28 0 -1 -1 1
100 0 0 1 1 1 -1

2k 0 1 0 0 1
=10 28 1 -1 -1 1
2k 0 0 1 1 =1

1 1 2k 1

=|[-2+1 —2+1 2% —1+7 | (Need to recalculate carefully)
0 0 2k
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Let’s perform the multiplication step by step: First, multiply the last two matrices: M =

2k 0 0 0 0 1 0 0 2k

DFP~1 = [0 2F 0 -1 =1 1 = | —2F —2F 2] Now, A* = PM =
0 0 1 1 1 -1 1 1 -1

1 01 0 0 2k

01 1 —9k _ok ok

100 1 1 -1

040 (=2 +1-1=1
0+0- (=25 +1-1=1

2R 0281 (1) =2" -1
0+1-(=2")+1-1=-2"+1
0+1- (=29 +1-1=-2"+1
Rk (-1)=2" -1
04+0-(=2M+0-1=0
04+0-(=2"+0-1=0
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Thus,
1 1 2x—1
A =1[1—-2F 1—-2F 2k_1
0 0 ok



