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1. Introduction

In biological research, statistical analysis plays a central role in comparing groups, evaluating
treatments, and testing scientific hypotheses. Classical (parametric) methods such as the Student
t-test or ANOVA rely on specific assumptions, particularly normality of the data and homogeneity
of variances.

However, in many biological studies, these assumptions are not satisfied. Data may:

 arise from small samples,

o deviate from normality,

« contain extreme values (outliers),

e or be measured on an ordinal or ranked scale.

In such situations, non-parametric tests provide appropriate and robust alternatives. These
methods do not require assumptions about the underlying probability distribution of the population
and are often based on ranks rather than raw numerical values.

Non-parametric procedures are widely used in biology and medical sciences to compare indepen-
dent or related samples, to test differences between several groups, and to study associations between
variables when parametric conditions are not met.

In this chapter, we introduce the main non-parametric tests commonly used in biological appli-
cations.

2. When to Use Non-Parametric Tests

Non-parametric tests are used when:

o The normality assumption is violated.

o The sample size is small.

o The data are ordinal (ranked data).

o There are strong outliers.

These tests are based on ranks rather than raw values.



3. Mann—Whitney U Test

In many biological studies, researchers need to compare measurements obtained from two inde-
pendent samples. When the assumptions required for parametric tests (such as normal distribution)
are not satisfied, a non-parametric alternative must be used.

The Mann—Whitney U test is a non-parametric method designed to compare two independent
populations or two independent measurement methods. Instead of comparing means, this test is
based on the ranking of all observed values from both groups combined.

All observations from the two samples are first pooled together and ordered from the smallest
to the largest. The ranks corresponding to the individuals of one group are then identified, and the
sum of these ranks is calculated. The test statistic is derived from these rank sums and allows us to
determine whether a statistically significant difference exists between the two populations.

The Mann—Whitney test is particularly appropriate when:

o Sample sizes are small (less than 30),

e Data are ordinal,

e The distribution of the data is not normal,
e Outliers may influence parametric tests.

This method is widely used in biological and medical research to compare independent groups
under non-normal conditions.

3.1 Objective

The Mann—Whitney U test is used to compare two independent groups when the data are
ordinal or not normally distributed.

Test Hypotheses

Null hypothesis (Hp): The two distributions of the variable in populations (A) and (B) are
identical.

Alternative hypothesis (H;): The two distributions of the variable in populations (A) and
(B) are different (two-tailed test).

Alternatively (one-tailed test): the values in population (A) are lower (or higher) than those in
population (B).

b. Decision Variable

For practical computational reasons, we assume (possibly after exchanging the roles of the two
populations) that the sample size n from population (A) is smaller than the sample size m from
population (B).

Let (z1,x9,...,2,) and (y1,¥2,...,Ym) denote the data from the two samples, arranged in in-
creasing order. We then order all n + m observations together in ascending order.



Example 1.

A biologist wants to compare the effect of two biofertilizers (A and B) on the growth of bean
plants.

Independent simple random samples of plants were treated with each fertilizer. After three
weeks, the height of each plant (in cm) was measured.

The observed data are:

Fertilizer A:4 9 11

Fertilizer B: 6 8 10 12

One measurement was lost during the experiment.
Assume that the samples are independent and that normality cannot be assumed.

The decision variable is the random variable denoted by U,, whose values are calculated as follows:

« For each value z;, we count the number of values y; that are strictly less than x;.

« For each value z;, we count the number of values y; that are equal to x; and multiply this

1
number by 7
o The statistic U, is the sum of the two quantities obtained above.

Similarly, we define the random variable U,,.

Example 1:

Here n = 3 and m = 4.

Let us rank all observed data (highlighting the values from the first sample to identify them).
We obtain the following ordered list:

4689 10 11 12

Let (z1,x2,23) denote the observations from Fertilizer A. We note that:
o for x1 =4, no value from Fertilizer B is strictly smaller;
o for zo =9, two values from Fertilizer B are strictly smaller: 6 and 8;
o for 3 = 11, three values from Fertilizer B are strictly smaller: 6, 8 and 10.

Therefore,
u, =04+2+3=5.

By doing the same computation for w,, we obtain:

uy=1+1+2+3="T.

« Properties of U, and U,:
Uy + U, =nm.

The statistics U, and U, can be expressed in Wilcoxon rank sums W, and W, as follows:

n(n2—|— 1)7 U, =W, - m(m2—|— 1)’

where W, and W, are the sums of ranks for samples (A) and (B), respectively.

Uy, = W, —



Example 1: We had the following ordering:

4 6 8 9 10 11 12

with corresponding ranks:

1 2 3 4 5 6 T
For sample A, the ranks are 1, 4, and 6, hence

Wey=1+4+6=11.
The relation is verified:

3 x4
2

11 —

=5 = u,.
Similarly, for sample B:
Wy=2+3+5+7=1T7,

and
4 x5

2

17 —

=T = uy.

Decision Rule
Case of a Two-Tailed Test

The decision variable of the test is defined as:

U = min(U,, Uy).

Rejection Region and Critical Value

Under the null hypothesis Hy, there exists a unique real number a, called the critical value of the
test, such that P(U < a) = a.
The value a is obtained from statistical tables corresponding to the chosen significance level a.

Rejection region of H:
[0, a]

Non-rejection region of Hj:

((l, 7]

Decision rule:
At significance level a,

If ugps < a, reject Hy,
otherwise, do not reject Hy.

Here, a denotes the critical value of the test corresponding to the chosen significance level a.
Example
A research team studied the effect of two organic soil treatments (A) and (B) on plant dry biomass
(g). The data are:

Treatment A: 2, 6, 9, 10, 12, 15, 18 (n=T7)
Treatment B: 4, 7, 11, 14, 16, 17, 19, 20 (m =38)

Two-tailed test:

H, : the two distributions are identical VS H; : the two distributions are different.



Step 1: Order all the observations
We order the n 4+ m = 15 values in increasing order (values from A are underlined):

2, 4,6, 7, 9, 10, 11, 12, 14, 15, 16, 17, 18, 19, 20.
Step 2: Compute u,
Let (x1,...,27) be the values from treatment A:
(1,...,27) = (2,6,9,10,12,15,18).
For each z;, we count how many values from B are strictly smaller than x;:
e r1=2:nonein Bis <2 = 0.
e o =06:only4<6=1
e 13=9:47<9=2
o x4 =10: 4,7<10 = 2.
o x5=12:4,7,11 <12 = 3.
o xg=15:4,7,11,14 < 15 = 4.
o x7=18:4,7,11,14,16,17 < 18 = 6.

Hence,
Uy =04+1+2+2+34+44+6=18.

Step 3: Compute u,
Similarly, for each value y; from B we count how many values from A are strictly smaller:

e yy=4only2<4 =1

e Yp=7:2,6<7 =2

e y3=11:2,6,9,10 < 11 = 4.

e yi=14: 2,6,9,10,12 < 14 = 5.

e y5; =16: 2,6,9,10,12,15 < 16 = 6.
o ys=17:2,6,9,10,12,15 < 17 = 6.
e y; =19: all A values are < 19 = 7.

o yg = 20: all A values are < 20 = 7.

Thus,
Uy =1+24+4+5+6+6+7+7=38.

Check: Fundamental relation
Uy + Uy = 18 + 38 =56 = nm =T X 8.

Step 4: Verify using Wilcoxon rank sums W, and W,
The ranks of the ordered values (from 1 to 15) are:

2(1), 4(2), 6(3), 7(4), 9(5), 10(6), 11(7), 12(8), 14(9), 15(10), 16(11), 17(12), 18(13), 19(14), 20(15).

>



Ranks for treatment A: 1,3,5,6, 8,10, 13, hence
W,=1+34+5+6+8+10+ 13 = 46.

Then . _r
Ux:Wx—%:%—%:%—QS:lS,

which matches u,.
Ranks for treatment B: 2,4,7,9,11,12, 14, 15, hence

Wy=2+4+7+9+11+12+ 14+ 15 = 74,

and ) "
m(m2+ ) 74 X

U, =W, — =74 — 36 = 38,
which matches u,,.
Step 5: Decision (two-tailed, o = 0.05)
The decision variable is
U = min(U,,U,) = min(18, 38) = 18.

From Mann-Whitney tables for n = 7 and m = 8 at a = 0.05 (two-tailed), the critical value is
a = 10.
Uohs = 18 > 10.

Conclusion: we do not reject Hj at the 5% level. There is insufficient evidence to conclude
that the two treatments lead to different biomass levels.

Case of a One-Tailed Test

Let us consider, for example, the alternative hypothesis

b

H; : “The values of the variable in population (A) are smaller than those in population (B).

The decision variable of the test is U,. We fix a significance level a.

Rejection region of Hy:

If H, is true, the values of U, tend to be smaller than those of U, and therefore close to 0. Hence,
the rejection region of Hy is sought in the form [0, a].

Under Hy, there exists a unique real number a, called the critical value of the test, such that

P(U, <a) = .
We use the tables to determine an approximate value of a.

Thus, the rejection region of Hy is the interval [0, a] and the non-rejection region is (a, nm)|.

Decision rule:
At significance level a,

{If Uohs < a, rejectHy,

otherwise, do not reject Hy.
Remark: for

7

Hy : “The values of the variable in population (A) are greater than those in population (B).

if Hy is true, the values of U, tend to be greater than those of U, and therefore close to nm.



Under Hy, there exists a unique real number a such that
P(U, > a) = a.
Moreover,
P(U, > a) =P(nm — U, > a) =P(U, <nm —a).

Hence, the rejection region of Hy is [a, nm| and the non-rejection region is [0, a).
Example We test the null hypothesis

Hy : “The scores of product (A) are at the same level as those of product (B).”
against the alternative hypothesis

H; : “The scores assigned to product (A) are lower than those assigned to product (B).”

Decision variable: U,.
We choose a significance level o = 0.01.

Determination of the rejection region of H:
From the Mann-Whitney tables for m = 8 and n = 7, under H, we read:
P(U, < 7) =0.007, P(U, < 8) = 0.010.
From the Mann-Whitney tables for m = 8 and n = 7, we read that the critical value is a = 7.
The use of either table leads to the same decision rule.

Decision rule:
If the observed value ugns of U, is less than or equal to 7, we reject Hy. Otherwise, we do not
reject H.

Conclusion:
Since uqps = 18, we do not reject Hy at the 1% significance level.

Example 2 (when some values are repeated)

A biologist studies the effect of two nutrient solutions (A) and (B) on the number of leaves
produced by young tomato plants after four weeks.

Independent random samples of plants were treated with each solution.

The observed data (number of leaves per plant) are:

Treatment A: 8, 10, 10, 13, 15 (n=1>5)

Treatment B: 7, 9, 10, 12, 12, 16 (m = 6)

Note that some values are repeated (for example, the value 10 appears in both samples and the
value 12 appears twice).

Assume that the samples are independent and that the normality assumption cannot be guar-
anteed. We apply the Mann—Whitney U test.

Step 1: Order all observations

We combine the n 4+ m = 11 observations and arrange them in increasing order:

7,8, 9, 10, 10, 10, 12, 12, 13, 15, 16

When equal values occur (ties), each value receives the average of the corresponding ranks.
Step 2: Assign ranks



Value | Rank
7 1
8 2
9 3
10 5
10 5
10 5
12 7.5
12 7.5
13 9
15 10
16 11

(The three values equal to 10 occupy ranks 4, 5,6, so each receives the average rank 5.) Step 3:

Compute the rank sum for sample A
Values of sample A: 8,10, 10, 13,15
Corresponding ranks:

2,95,5,9 10
Thus
W,=2+5+5+9+10=31
Then
v, —w, Mt
2
5 X6
U,=31-222 _31_15=16
Finally

Uy=nm—U,=5x6—16=14

4. Paired Wilcoxon Test (Signed-Rank Test)

The paired Wilcoxon test is a nonparametric test used to compare two sets of dependent
(paired) measurements. It is an alternative to the paired ¢-test when the assumption of normality
of the differences is not satisfied.

Hypotheses

Hj : the median of the differences is zero

H, : the median of the differences is different from zero
Conditions of application

e The observations must be paired.
e The data must be ordinal or quantitative.

o The differences are assumed to be symmetric around their median.



o Zero differences are excluded from the calculation.

Methodology

1. Compute the differences d; = Y; — X; for each pair.

2. Remove the zero differences.

3. Rank the absolute values |d;| in increasing order.

4. Assign a rank to each value.

5. Attach the corresponding sign to each rank.

6. Compute the sum of positive ranks W+ and negative ranks W ™.

7. The test statistic is
W = min(W*, W~).

Ezxample 1

A biologist studies the effect of a fertilizer on the growth of tomato plants. The height of the
plants (in cm) is measured before and after the application of the fertilizer.

Plant | Before After
1 12 15
2 10 13
3 14 14
4 9 11
5 13 17
6 11 12

Step 1: Compute the differences

d; = After — Before

Plant | d;
1 3
2 3
3 0
4 2
5 4
6 1

The zero difference (plant 3) is removed.

Step 2: Ranking the absolute values

d; | |d:| | Rank
11| 1

21 2| 2
3131 35
3131 35
4141 5




Step 3: Sum of the ranks
All signs are positive:

WTt=142+35+35+5=15

W= =0
Thus,

W =min(W*H, W) =0

Decision rule
For a significance level @ = 0.05 and a sample size n = 5 (after removing the zero difference), the
critical value from the Wilcoxon signed-rank table is

Wcrit =0
o If W < Wi, reject Hy.

o If W > W, do not reject Hy.

Decision for the example
Since

W =20 S Wcm‘t =0
we reject the null hypothesis Hj.

Conclusion
There is a statistically significant difference between the measurements before and after the
treatment. The fertilizer significantly increases the growth of the tomato plants.

Ezample 2

You have measured the reaction time of a small group of people once in the morning and once in
the evening and you want to know if there is a difference.

Case | Morning Evening Difference (Evening-Morning)
1 34 45 11
2 33 36 3
3 41 35 —6
4 39 43 4
5) 44 42 —2
6 37 42 5)
7 39 46 7

Step 1: Hypotheses

Hy : The median difference between evening and morning is 0

H, : The median difference is different from 0

Step 2: Differences
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d; = Evening — Morning

Case | d;

N O O = W N =
W

There are no zero differences, so the sample size is
n="71

Step 3: Ranking the absolute values

d; ||d;| | Rank | Sign
11 | 11 7 +
3| 3 2 +
—61| 6 ) —
4 1 4 3 +
-2 2 1 —
2| 5 4 +
77 6 +

Step 4: Sum of the ranks
Positive ranks:

WHt=74+24+3+44+6=22

Negative ranks:

W =5+1=6

Test statistic:
W =min(W*H, W~) =6

Step 5: Decision rule
For a significance level

a=0.05

and a sample size

n=7"7

the critical value from the Wilcoxon table is

Wcrit =2

Decision rule:
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o If W < Wepit, reject H.

o If W > Wi, do not reject Hy.

Step 6: Decision
W=6>2
Therefore we do not reject Hy.

Conclusion

There is no statistically significant difference between the reaction times measured in the morning
and in the evening at the 5% significance level.
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