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Final Exam

Exercise 1 (6pts=3pts+3pts) Compute the following integrals:

22 +1 9
/J;(x—l)(a’;—‘,—l)dw and /IH(QC + x4+ ].)dCC

Exercise 2 (4pts=1pt+2pts+1pt) Consider the real function f on D; defined by:

fl@)=+va?—22, witha>0.
1. Give the domain Dy.

2. Calculate the value of the area delimited by the curve of f and the axis y = 0 over the domain Dy.

3. Deduce the expression for the surface delimited by a circle with center (0,0) and radius R.

We give: sin (1) = —sin(—1) =

NIE

Exercise 3 (6pts=/4pts+2pts) Let us consider the following linear differential equation:

’ Y 1 .
— = , withz, y € Ry and n € R. 1
YT ar)r T @t YER )

1. Solve the equation (2) according to the values of n.

2. Determine the solution of (2) that satisfies the condition y(0) =0 when n =1 and n = 2.

Exercise 4 (4pts) Find the global solution of the following differential equation

y" 4+ 2y — 3y =32 +4—4e 3" 4 5sin(2x + 1).
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Solution of the Exercise 1

1. To compute the antiderivative we use the decomposition approach.

2?41 a b c
= '- 4 _ @ d
/:c(as—l)(z+1)x /x+x—1+x—|—1x
We have
P41 _bx cx £ -0 t -1
* G nem — Tzt or r = we get a= —1.
° a:a(:iﬂ) = @-ﬁ-bﬂ-c(ﬁ%ﬁ forz=1 weget b=1.
o iinmm = Dy forz=-1 weget c=1
41 -1 1 1
/de = [ —+ +——d
x(x—1)(x+1) x xz—1 z+41
= —In(z)+Wn(|(z—1))+In(|(z+1)])+ec.
(xz—l‘)
= In +c.
x

2. To compute the considered integral we use the integration by parts.
/ln(x2 +ax+1)de = /1 x In(2? + x + 1)dz.

we take

2x+1
r24+x+1

—N
@Q\
(.
5’_')—‘
5
N
_|_
8
+
=
—
@\Q
I
8

2 2
/ln(x2+x+1)dx xln(x2+x+1)—/ ﬂdw.

2?2+r+1
2
= xln(w2+x+1)—/2_$—;+1x'
= xln(x2—|—x+1)—/de—%/%dx_g/ﬁdw
R e v

3 2 1
2 2
= zhn(2’+z+1)—2z+In(z +x+1)2\/§arctan< 32>+c,



Solution of the Exercise 2
1. The domain Dy is defined as follows:
Dy={z€eR:a®>—2*>0} = [-aal.

2. The area delimited by the curve of f and the axis y = 0 over the entire domain Dy is:

S = Df|f|dx—/_a\/ —22dx = _am

We have
a? — 22 d _ 5 5 \ 1 d
Tz r = (ozx—|—ﬁ)><(\/a —x>—|— N7 T
2_ Vi !
— [ o’ — o }:[am—i—ﬁ\/ —x2+/ :|
Va2 — 22 2 _ 2
N a2—x2 —204;1: —5x+/\—|—o¢a
o = 1
2
—_— ﬁ == 0 5
112
A T
thus,
a? — z? 1 1
_ = 2 _ 2 2
/ = xQdm = 2(z a T +a/mdx)
1
= = (x a? — 22 + a2 arcsin (f)) +c
2 a
Consequently,
2 _ .2 1 a
S = S P (x a? — 22 + a2 arcsin (§>) R
Dy a? — 12 2 a —a

It’s to be noted that the integral in question can be also computed using the integration by parts. Indeed, we
have:

a2—x

de‘/m /W

= a?arcsin (E) + /x X idm
a a2 =2

To compute the last integral we take

=
5
[

v = x v o= 1
/o =2 -
v ) /a2ix2 v = a? — x2
So,
I(xz) = a*arcsin ( +zva?— 22— / Va2 — z?

o)

a

= a”arcsin (E) +zva?— 22— I(z)
a



Consequently,
S = I(a) — I(—a) = a*n.
3. Recall that the equation of a circle with center (0,0) and radius R is given by

2 +y? =R — y=+VR2 a2

= S = / [V a? —a:Q\dx—i—/ —Va —m2|dx—2/ Va2 — z2dz = 2R?7.

Solution of the Exercise 3

’ Y 1 .
— = , thz, yeR dneR. 2
Yy G i @rir with z, y +and n (2)
At first glance, the equation (2) is a linear differential equation with a right-hand side, but a little articulation can
transform it into a linear differential equation without a right-hand side.

/ y 1 / Yy 1
- = — - - =0
YTy T @ty YT a@r)r  @+n
IR '
(x+1)"
=t y/ = 1

y+1 (z+1)n
1 1
/ gy / L
y+1 (x4+1)n
At this level, we distinguish two possible cases, namely the case n = 1 and the case n # 1.

Case n =1 In the case we get

1 1
/y+1y /(Hl)x = I(y+1)=In(z+1)+c
= y+1=K (z+1); with K € R,.

= y=K (z+1)—1; with K e R;.

Case n # 1 In this case we have

1 (x4 1)t
- 1 PN
/y+1 /<x+1)nda: = In(y+1) T, te
11—n
— y+1=K @, withf(x):(xliandKERJr.
-n
11771
— y=Kel® 1, Withf(x):(wliandKGR_,_.
-n

While if we consider that the differential equation (2) is a linear differential equation with second member, so to
solve it we must find its homogenous solution then its particular solution.

1. Solve the equation (2) according to the values of n.

(a) Let’s find the homogenous solution of the given equation.

, y y' 1 /1 / 1
NPT y @i y = Gy ™ )

At this level we distinguish two possible cases, namely the Case n = 1: and the case n # 1.



Case n = 1: In the case (3) becomes
/1d /71d = In(y)=In(z+1)+
Zdy = T n(y) = In(x c
v (z+1) /
= y, =K (x+1); with K e R;.

Case n # 1: In this case we have

1 1 (z+1)-"
—dy= | ———d 1 =
/yy /($+1)nx = In(y) T e
1 1-n
— gy =K @ with f(z) = % and K € Ry.

(b) Now let’s find the particular solution of the equation by the variation of the constant.

Case n =1: From the homogenous solution we deduce that the particular solution has the following form
Yp = K(x)(x + 1) this y, = K'(z)(z + 1) + K(z). So,

K’(x)(x—!—l)—&—K(x)—K(&)f;;l):gcj_l — K/(x):ﬁ
— K(m):x_ 1—i—c with ¢ € R.

— yg:yh+yp:c(x+1)—1; with ¢ € R.

Case n # 1: From the homogenous solution we deduce that the particular solution has the following
’ 1—n
form y, = K (z)e!®) then Y, = K'(x)ef® + K (x)f'(z)ef®), with f(z) = % and f/(z) = ﬁ
So,

K/ (@)e/ @)+ K (@) (2)e/ ™) — K(@)e! @) f'(z) = f'(a)

Ll

2. Determine the solution of (2) that satisfies the condition y(0) = 0 when n = 1.

Case n = 1:
y0)=0=c—-1=0=c=1=y, ==.

Casen:2:Whennz&wegetyg:cem%rll—1andasy(O):Othenc:el:yg:e%ﬂ—l.

Solution of the Exercise 4

Let’s solve the following equation:
Y’ +2y — 3y =3z +4—4e* + 5sin(2z + 1). (4)
Homogenous solution: The homogenous solution is the solution of the following equation:
y'+2) —3y=0=R>+2R—-3=0=A=16>0= R; =1 and Ry, = —3.
As the equation admits a double solution then the homogenous solution is given by follow:

yn = Cre” + Cae 7.

Particulars solutions From the given equation we can distinguish three particular solutions.



1. The first particular solution corresponding to 3z + 4 have the form y,, = ax +b so,y;71 = qa and y;,ll = 0.
By substitution of yp, , y;,I and y;I in (4) we get

—3a = 3 a = -1
0+2a—3(ax+b)=3r+4 = { 9%a—3h — 4 :>{
= Yp, = —T— 2.
2. The second particular solution corresponding to —4e~3® have the form y,,, = aze™3* so,y;]2 = (—3ar+a)e 3
and ygz = (9az — 6a)e™3®. By substitution of y,,, y;,2 and y;,lz in (4) we get
((9az — 6a)e ") +2 ((—3azx + a)e ") — 3 (aze ") = —de** = —da=-4= a=1
_ —3x
= Yp, = ze .

3. The third particular solution corresponding to sin(2x + 1) have the form y,, = asin(2z + 1)+ bcos(2z + 1)
50, Y., = —2bsin(2z + 1) + 2acos(2z + 1) and y,, = —4asin(2z + 1) — dbcos(2z + 1).
By substitution of y,, , yggl and y;I in (4) we get

(—=7a — 4b)sin(2x + 1) + (4da — 7b) cos(2z + 1) = 5sin(2x + 1)

Ta+4b = -5
4a—-Tb = 0
-7
a = =
= 13
{b = T

7 4
= U= 13 sin(2x + 1) — 3 cos(2x + 1)
We conclude that the global solution of the equation is
Yg = Ynt+Ypr T Ypo + Ups

7 4
= C1e"+ (Co+a)e™ —x—2— 3 sin(2z + 1) — ' cos(2z + 1).



