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Worksheet N°1

Exercise 1 Calculate the derivatives of the following univariate functions:
L flay)=e"*Y, gla,y)=a>+y% hlx,y) =a¥.
2. arcsin (%) ,  arccos (%) , arctan (%) , with a > 0.

Exercise 2 Let’s consider the following functions:

azx +
h@) = ln(ax—kb)'

— ° l(as? B a -
fo(z) = 5 In(az” +b) + N arctan <\/; x) , with a,b > 0.
fa(x) = % arcsin (ﬁ m) — g Vb —ax?, with a,b > 0.
q (_1)k Ck |
_ q n+2k+1 ith k _ q:
fa(zx) ,;ZO CESE cos(z) , with n, k,q € N and Cj, TR

1. Give the derivatives of the functions fi1, fo and f3 in their simplified form.
2. Check that fj can be expressed as a product of cos” and sin™ (n and m are two natural numbers).

3. Check that the proposition of the second question remains true when we replace cos with sin in the
expression of fy.

Exercise 3 Considering the polynomial P;(x) = 2% + ax + b, with a,b € R. Show that:
1. If a® — 4b > 0 then Py(z) can be rewritten Py(z) = (z + A)? — B2

2. If a® — 4b < 0 then Py(x) can be rewritten Py(x) = (v + A)? + B2

Exercise 4 Determine the expression of the function f that must be differentiated to obtain the following:

flz) = cos(), fll@) = z+22V2+1, fl(x) = &t
fll@) = F=, fllw) = er+1
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Exercise 1
1. Calculate the following:
2
[ 2dx fl’Q + 2z — 1ldx; J 0\/%3d9'
[ zy? + y* /ydy; 5 [+ Vr+ ﬁdw [ sin(#) — cos(8)db.
2. Find the real function f that satisfying the following conditions
1) f/(z)=32>+e and f(0)=1;|3) f"(z)=sin(z)—e 2,  f(0)=3and f(0) =
2) fl(x)= Va2 — m% and f(1) =3; || 4) f"(x) = sin(z) — cos(xz), f'(0)=0and f(5)=0

Exercise 2 (by substitution) Find the antiderivatives of the following functions:

f@)=tan(@),  f(2) =sind(@)cos®(x),  fla) = Tl f(a) = 2pRE)
f($) = %-HIQ’ f(.T) = ﬁ(x)? f(x) = xax27 f(.’lf) = (az;[f;P with a, b>0.

[ sin®*(z) cos?(x)dx and [ sin?(z) cos?? T (x)dz, with p,q € N

Exercise 3 (by parts) Let n € N*. Calculate the following using integration by parts.

1. e [arctan(z)dz, e [arcsin(z)dz, . I%\ﬂ%‘ﬁ)dm, %Wd
2. o [In(z)de o [zln(z)dx o [(In(x))* dz, o [2"In(z)dx
3. e [2?e " dz, o [z"e "dx,

4. o [sin(z)e*dz, e [cos(Bx)e**dx, e [sin(fz)e**dx,

5 e [Va? — x2dz, e [cos?(z)dx, o [sint(x)dx

Exercise 4 (Rational and irrational functions)Calculate the following integrals

o [ o [ .« J o [ty

z+1 z+1 z+1 z+1

2—|—x-l—2 z24+r—2 2 (z—1)(z— 2) 1)2(z— 2)
3+272 4371 5+ 4—8 +1 +1
Wi dn e[S e [ pEiede, e [ o Eiede,
3+222+3x—1 1 2

* f : 3?212%5 dz, ° f 2 cos2(z)+cos(z) sin(z)+sin? (x) dx ® fln(x + 22 — 3)d1‘,

[ fﬁdl’, [ ] fmdx, ® fﬁdw, [ ] j‘mdw,



1/2 1/4 1/2 1/3
/Mﬂd% . /Md% . /qsm_ldx, . /dl’ . /s/ﬂf“dx_
1+ x1/4 14 x1/3 VVz =2 z—1

Exercise 5 Let consider the following integrals

I(x) = /egﬁ cos®(x/2)dz and J(x) = /ez sin?(x/2)dz.

1. Compute F(x)=I(z)+ J(x).
2. Compute G(z) = I(z) — J(z).
3. Deduce the expressions of I and J.

Exercise 6 Calculate the following integrals:

+o0 +o0
1. [ e ®dzand [ z?e %da.
0 0

e 2e
2. [In(z)dz and [ 2?In(z)dx.
1 e

2T %
3. [ sin(z)cos*(x)dz and [ sin(z)e*dz.
0 0

Exercise 7 Let f a real function defined by

1. Calculates the antiderivative of f.
2. Calculates the value of the surface delimited by the curve of f, the axe y = 0, the axe x = 1 and z = 3.

Exercise 8 Let’s consider the function f defined by:

l)a-i-l i

« ( ; ifx > 1,
xr) = T
f(@) { 0; else,
with « is a positive real number.
+oo

Question: Discuss the existence of the integral [ z"f(x)dx according to n with n € N*.
a

Exercise 9 Consider the real function f on Dy defined by:

f(z) =+a? -2, witha>0.
1. Give the domain Dy.

2. Calculate the value of the area delimited by the curve of f and the axis y = 0 over the domain Dy.

3. Deduce the expression for the surface delimited by a circle with center (0,0) and radius R.
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Worksheet N° 3

Remark: Treat only the first four examples of each exercise and leave the rest to the students.

Exercise 1 (Separated variables equations) Find the solution of the following equations and, if possible,
express your solution in the form y = f(x).

’ —

y = % with y(1) =0 and ¢ = Y=Y ith y(3) = 1.

1+y
oy —2xy =2z oy =at—a—yt+1| ey =LH o (2zy® +4a)y =y’ + ¢
oy =ya® — 27 oy =uae"Y e ym(a)y =52 | e (ey+y)y =7 - ay
1492 in(1
Ty + y’ = y2 ln(x) ° y' = 1112 ° ln(x)y’ = % i yl = xs;nc(os/(z))

Exercise 2 (Linear differential equations) Solve the following first order differential equations

ery —2y=—x ° xy’+2y=co‘;(m) . y’—|—2%z%withy(1):6
o 1y — 2y = 23e® with y(1) =0 o (x4 1)y +2y = (z+1)%? o zy — 2y =zte”
o 2y —y =2xIn(zx) o 3 +y tan(x) = cos?(x) e vy +y=(1+z)e"

Exercise 3 (Homogeneous equations) Show that each of the following differential equations is homogeneous
and find the general solution of the equation.

2 y/x 2
r__ xzed T4y /_
oyfizy o Yy =

Var2—y2+y ;a4 oyt
z

* Y =5

Exercise 4 (Bernoulli’s equations) Solve the following Bernoulli’s differential equations:

oy + ¥ =327y oy —dy=2e"/y oy —3y=(92-3)y° o 3y + 2y =227

Exercise 5 (Riccati’s equations) Solve the following differential equations:

(22 + 1)y =9y> -1 o 2zyy =1+ 9% + cos(x)

(v — y?) cosw + y(2cos® z + sinz) = cos® x

o 23y +y? +yx? + 221 =0
.y,+%:3l’2y2+l’€$

Exercise 6 (Second order differential equations) Solve the following differential equations :

y//+2y/+2y:0

y" +y = 2cos(x)

y' — 3y + 2y =sin(z) +2e T +re @ 2?2+ x4+ 1
y// _ 2y/ +y= 1.2690

y' +2y — 3y =32+ 4 —4e 3% + 5sin(2x + 1).

oy —3y +2y=0
oy =2y +y=0
oy +y=2cos(x)
oy — 3y + 2y = xe”
oy +yy +y’ =y’



Exercise 7 Let us consider the following linear differential equation:

y 1 .
VoG e Mo veR amdneR )

1. Solve the equation (1) according to the values of n.

2. Determine the solution of (1) that satisfies the condition y(0) =0 when n =1 and n = 2.

Exercise 8

Discuss the solutions of the following differential equation according to the real parameter n.

Y —y=ay", withneR, 2>0andy > 0.

Exercise 9
1. Solve the following second order differential equation.
y" + 2y + by = de” ",

2. Determines the solution that passed from the origin (0,0) and the point (7/4,0).



