Dr. Zaamoune Faiza 1% Year LMD
Dept. Renewable Energies Solutions: TD 02

Detailed Solutions: Linear Maps (TD 02)

Solution to Exercise 1

Answer

Objective: Determine linearity by checking additivity T'(u+v) = T'(u) + T'(v) and homo-
geneity T'(Au) = AT (u).

a) Ty : R® — R? defined by Ti(z,y,2) = (z +vy,y — 2). Let u = (x,y,2) and
v=(2,y, 7).

Tiu+v)=Ti(z+2",y+y,2+2)
=(@+2)+W+y), y+y) - (2+2))
=(@t+y+a'+y,y—z2+y —7)
=@+yy—2)+ @ +y,y -7
=Ti(u) + Ti(v).

Also, Th(Au) = (Az + Ay, \y — \z) = ANz +y,y — z) = A\T1(u). Conclusion: 7] is a
Linear Map.

b) T, : R? — R defined by Ty(z,y) = zy. Check homogeneity with A = 2 and
u=(1,1):
1500 = 1%, 2) = B B =4

2T5(u) = 2(1-1) = 2
Since 4 # 2, Ty(Au) # N15(u). Conclusion: T3 is Not Linear.

¢) T3 : R?* — R? defined by Ts(z,y,2) = (v + 1, y, 2). Check the image of the zero
vector. For linear maps, 7'(Ogs) = Ogs.

T4(0,0,0) = (0+1,0,0) = (1,0,0) # (0,0, 0).

Conclusion: 73 is Not Linear.

Solution to Exercise 2

Answer

Given f(z,y,2)=(r+y+2, 2x—2, 3x+y).
1. Kernel and Injectivity: Solve f(z,y,z) = (0,0,0).

z+y+z=0 (1)
2e—2=0 = 2z=2z (2
3r+y=0 = y=-3z (3)

Substitute (2) and (3) into (1):  + (—3z) + (2¢) =0 = 0 = 0. This is true for
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any x. The solutions are of the form (z, —3z,2x) = z(1, -3, 2).

Ker(f) = span{(1, ~3,2)}
Since Ker(f) # {Ogs}, f is not injective.
2. Image and Surjectivity: We calculate images of the canonical basis vectors:
e f(1,0,0) = (1,2,3)
e f(0,1,0) = (1,0,1)
O f(07 07 1) = (17 _17 0)

Notice that (1,—1,0) = 2(1,0,1) — (1,2, 3) is false... wait, check dependence. From
kernel, 1-e; —3-es+2-e3 € Ker(f),so1- f(e;) —3- f(ea) +2- f(es) = 0. Thus the
vectors are dependent. We only need two independent vectors. (1,2,3) and (1,0,1)
are not proportional.

m(f) = span{(1,2,3), (1,0, 1)}
Since dim(Imf) = 2 < dim(R?) = 3, f is not surjective.

3. Rank-Nullity Theorem: Theorem: dim(E) = dim(Kerf) + dim(Imf).
3=1+2

The theorem is verified.

Solution to Exercise 3 (Linear Map on R®)
Let f : R* — R? be defined by:

f(m,y,z):(:v—2y, Y+ 2, O)

Answer

1. Show that f is a linear map.
Let u = (z,y,2) and v = (2,9, 2') be vectors in R?, and A € R be a scalar.

o Additivity:

flut+v)=flx+2y+y,2+2)

(z+2) =20 +y), W+y)+(z+2), 0
(x=2y)+ (2" =2), (y+2)+E +2), 0
= (z —2y,y+2,0)+ (' —2¢,y + 2',0)
f(uw) + f(v)

e Homogeneity:

fwu) = f(Az, Ay, Az)
=\ —2(\y), Ay+Az, 0)
= Az —-2y), AMy+2), 0)
= Af(u)
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Since both conditions are satisfied, f is a linear map.

2. Determine Ker(f) and Im(f) and their dimensions.
1. Kernel (Kerf): We solve f(z,y,z) = (0,0,0):

T—2y=0 = =2y
y+2=0 —= z=—y
0=0

The variable y is free. The solution space is:
Ker(f) ={(2y,y,—y) | y € R} =span{(2,1, 1)}
Dimension: dim(Kerf) = 1.

2. Image (Imf): The image is generated by the images of the standard basis vectors:

g f(el) = f<17070) = (17070)
.f(€2):f<07170>:( 27170)
U f(€3) :f<07071> :(07170)

Notice that (—2,1,0) = —2(1,0,0) + (0,1,0), so the vectors are linearly dependent.
The vectors (1,0,0) and (0, 1,0) are linearly independent.

Im(f) = span{(1,0,0),(0,1,0)}

Dimension: dim(Imf) = 2.

3. Rank and Rank-Nullity Theorem.
e Rank: By definition, rank(f) = dim(Imf) = 2.
e Verification: The Rank-Nullity Theorem states:
dim(R?) = dim(Ker f) + rank(f)

3=1+2

The theorem is verified.

4. Injectivity, Surjectivity, Bijectivity.
e Injective? No, because Ker(f) # {Ors} (it contains (2,1, —1)).
e Surjective? No, because dim(Imf) = 2 # dim(R?) = 3.

e Bijective? No, because it is neither injective nor surjective.
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Solution to Exercise 4 (Polynomial Map)

Let f: Ro[X] — Ry[X] be defined by f(P(X)) =P(X +1)— P(X). Let B=

(1, X, X2).

Answer

1. Verify that f is a linear map.
Let P,@ € Ry[X] and A € R.

fOP+Q)=(AP+Q)(X +1)— (A\P+Q)(X)
AP(X +1)+Q(X +1)] — [A\P(X) + Q(X)]
AP(X +1) - P(X)] + [Q(X +1) — Q(X)]

M(P)+ f(Q)

Thus, f is linear.
2. Determine the kernel of f.
P(X)=aX?+bX +c.

PX+1)=a(X+1)>+bX+1)+c
=a(X?+2X +1)+bX +b+c
=aX’+(2a+b)X +(a+b+c)

Setting P(X + 1) = P(X):
aX?’+ (2a+b)X + (a+b+ec) =aX?>+bX +c

Comparing coefficients:

e X% a=a (Always true)

e X' 2a+b=b = 2a=0 = a=0

e X% a+b+c=c = 0+b+c=c = b=0
Thus, a =0 and b= 0. c is free.

Ker(f) ={c-1|ce R} =span{l}

The kernel consists of all constant polynomials.

3. Determine the image of f.
We find the image of the basis vectors B = (1, X, X?):

¢« f1)=1-1=0
¢ f(X)=(X+1)-X=1

o F(XH=(X+1)P2-X?>=(X?+2X+1)—-X?*=2X+1

We seek polynomials P € Ry[X] such that f(P) = 0, i.e., P(X +1) = P(X). Let
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The image is spanned by {1,2X + 1}. Since these are linearly independent, they form a
basis for the image.
Im(f) = span{l, X} = R;[X]

(The space of polynomials of degree < 1).
4. Compute the matrix of f in the basis B.

We write the coordinates of the images f(1), f(X), f(X?) as columns relative to the
basis (1, X, X?).

0
e f(1)=0 = |0
0
1
e f(X)=1=1-140-X+40-X? = [0
0
1
of(XQ):1+2X:1-1+2-X+O-X2:> 2
0
The matrix is:
011
Matg(f) =10 0 2
0 00




