Chapter 5

Limited Expansions

Limited expansions provide powerful tools for approximating functions near specific points using
polynomials. These approximations become increasingly accurate as we include more terms in

the expansion.

5.1.1 Introduction to Limited Expansions

The basic idea is to approximate a function f(z) near a point xy using a polynomial that matches

the function’s value and derivatives at xg.
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5.1.2 Taylor’s Theorem

—[Theorem 5.1 (Taylor’s Theorem with Peano Remainder)} 1

Let f : I — R be n-times differentiable at o € I. Then there exists a function ¢ such
that:

where lim,_,,, e(x — zg) = 0.

/—[Deﬁnition 5.1 (Taylor Polynomial)}

The Taylor polynomial of degree n for f at xq is:

n ) (g )
Py =3 T o

The remainder term is R, (z) = f(z) — P.(z).
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F[Example 5.1 (Exponential Function)}

For f(z) = e” at oy = 0:

f(0) =1

f0)=1

f1(0)=1

f(0) =1

Thus the Taylor polynomial is:
z? 8 z"
Pn<l'>:1+$+§+§+"‘+m
Y

&V

y=1l+z+2 42 0 1

5.1.3 Maclaurin Series (Special Case at zy = 0)

When the expansion point is g = 0, the Taylor series is called a Maclaurin series.
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f-[Theorem 5.2 (Maclaurin Series)] |

For f infinitely differentiable near O:

(k)
) = 00,

k!
k=0

when the series converges.

Common Maclaurin Expansions

Function | Maclaurin Expansion
<k
. x
€ Z y
k=0
' X, (—1)kg2htl
S kz; 2k + 1)!
o0 (—1)kx2k
COST Z W
= k+1 .k
— (D"
1 A
n(l+ ) Z ’
kozol
(1+x)* Z <Z> 2"
kO:OO
i >
k=0
r-[Example 5.2 (Sine and Cosine Functions)}
For f(x) = sinx:
f(0)=0
f10)=1
f//(O) — O
f//l(o) _1
fP0) =0
Thus:
x> P
siInx = — 30 + S




5.1. LIMITED EXPANSIONS AND TAYLOR APPROXIMATIONS

Similarly for cos x:

z?

cosle—g—i—z—---
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5.1.4 Operations on Limited Expansions

When working with limited expansions, we can perform various operations while maintaining the

approximation order.

Proposition 5.1.1 (Algebraic Operations). Let f(z) = P,(z) +o(z") and g(x) = Q. (x) + o(x™)

be limited expansions at 0.

Sum: (f + 9)(z) = Pu(x) + Qulx) + o(a™)

Product: (f-g)(x) = P.(z)Qn(x) + o(z™) (truncate to degree n)

Composition: If g(0) = 0, then (f o g)(z) = P.(Qn(x)) + o(z™)

e Division: For g(0) # 0, gL = ;) + o(z")
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]

F[Example 5.3 (Product of Expansions) )

Compute the limited expansion of e* cosz at order 3:

2 .3
e“”:1+x+%+%+o(a:3)

22
costx =1— 5 + o(z?)

> 73 T2
T _ 1 i - 1— 2 3
e’ cosx (+x+2+6)( 2)—1—0(33)

1 1 1 1
-1 [ EC 3
+a:+<2 2>a: +(6 2):)& + o(x”)

3

:1—1—:5—%—1—0(1'3)

5.1.5 Applications and Examples
]

,-[Example 5.4 (Arctangent Function) )

Compute the limited expansion of arctan z at order 5:

d
— arctanz = =1—2+ 2" + o(2”)

dx 1422
arctan r = /(1 — 2% + 2)dz + o(z%)
3 5

:x—%~l—%+0(x6)

]

—[Example 5.5 (Tangent Function) )

sinz .

Compute tanz at order 5 using tanz = 2=
2 zd

sinx:x—g+1—2()+o(x6)

cosle—%2+§—i+0(x5)

colsx:1+%2+52_€14+0($5)

tanz = (x—%3+%) (1+%2+52—x44)+o(x5)
=$+x—3—|—2—x5—|—0(:c5)

3 15
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/—[Example 5.6 (Composite Function)}

Compute sin(In(1 + z)) at order 3:

2 1:3

T 3
In(l+z)==x 5 + 3 + o(z”)
3

sinu =u — % + o(u?)

2 .3 3
sin(In(1 +z)) = <a: - % i %) — % + o(z?)
2 .3
:x—x—+$—+o(:v3)
2
5.1.6 Error Estimation
»—[Theorem 5.3 (Taylor’s Remainder Theorem)} <

If fis (n + 1)-times differentiable on an interval containing z,, then for each z in the

interval, there exists ¢ between xy and x such that:

£o0(e)

Fn() = (n+1)!

(x - xo)n—&-l

—[Example 5.7 (Error Bound for e””)}

Approximate %! using a 3rd degree Taylor polynomial:

0.12 0.1
Al 1401+ - + = 1.1051667

The error satisfies:

0.1 1.1052

IR3(0.1)] < 62—4(0.1)4 < o x0T R 46X 107

The actual value is €*! ~ 1.1051709, with error ~ 4.2 x 1076.

5.2 Exercise series N° 3: Real Functions and Limited Ex-

pansions



