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II-1- Displacement vector
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Deformation of an elastic solid

In the case of linear elasticity, the assumption of small deformations is considered. Thus, we
AX3

identify two neighbouring material points P, and Qo. P
0
Uq
Letu = (uz) be the displacement vector of point P Qo
'U,3 N
uq +duy *
u+du= (uz + du2> the displacement vector X
uz + dus
of point Q, neighbouring P,.
Jduy duy Jduy
u1 + du1 S ul + a_x'ldxl + axz dxz + ax3 dx3
2 du, du,
Q0Q1=<UZ+du2=uZ+a_x1dx1+ax2d 2+a3dx3
Jus dus Jus
Usz + du3 = Uj + a_xldxl + axz de + ax3 dx3
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du; OJdu; Jduy

dx, 0x, 0x3
= +du, |=|u d
QoQ1 = | Uz T au, 2 |+ ox, 0%, ox, X2
us + dus Uz dx3
dus OJduz OJdus

0x; 0x, 0x3
QoQi=u+du = u + grad(u)-dx
Qle =Py P, + grad(Po Pl)'( Py Qo)

grad(u) : displacement gradient tensor

II-2- Strain tensor

1
E = Sym(gradi) = E(gradﬁ’ + gradtu)
grad(PyP,) = gradu = E + 2 avec 1
) = Antisym(gradu) = > (gradi — gradtii)

QOQI = POP1 + (//( P()Qo) + Q( P()Q()) or utdu=u+ ?de + QdX

Consequently, an elementary domain surrounding a point P undergoes the sum of three
transformations:
Uq
- atranslation of direction vector PyP; = u = <uz>
Uz
- arotation around point P, by an angle ® dual vector of an antisymmetric second-order tensor

Q (rotation tensor) such that :

0 1 (aul _ auz) 1 (aul _ 6u3) 1 (auz _ 6u3)
2 \0x, x4 2 \0x3 0x4 w 2 \0x3 dx,
23
n=| 3(Qo ) 0 L o) | (g ) = | (2 2m)
2 \0x4 0xy 2 \0x3 0x, 13 2 \0x3 dxq
1 (6u3 6u1) 0 1 (6u3 6u2) 0 W12 1 (6u1 6u2)
2 axl 6x3 2 axz aX3 2 axz ax1
0 W, W 5
. 1 (0u; Uuj
Q=(rw)=| @ 0 - with w;; = =|——=—=
(*w) 12 23 Y 2\0x; 0x;
W3 Wy 0
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ouq 1(0u, , Ou, 1(0u, , Ouj
PN Ge+3n) S(G2+3R)
= [iEug ey w10 S
- 2 \0x, x4 dx, 2 \0x3 dx,
1/0uq dus 1 (0u, Jus Jus
Geran) 2GR =
€11 €12 €13 ow  ous
=\ &2 €22 &23 with gj = E(a—ul+—’)
€ € € x] axi
13 23 33

two-dimensional case study :

we consider the case of the two-dimensional deformation of a rectangular element of original

dimensions dx; by dxo.

pure strain (deformation) defined by the following tensor :

1 /0u ou ou 1/0u ou
0 _(_1__2) o _(_1+_2) 0
2 axz 6x1 axl 2 axz axl
=\ 1/0u Ju =\ 1/0u u ou
9 _(_2__1) 0 0 é _(_1_|__2) oup 0
2 \0xq 0x, 2 \0x, x4 dx,
0 0 0 0
ou
0 =2 0 duq 0 0 0
ou ou 92 0 dox 0 ou
: 1 2 2 2
lfslj 0 = %, EP 0 a_xz 0 0 0 0 9%,
1
0O 0 O
0 0 0 0O 0 ©O
/ N\
X2 duy X2 X2
axzdxz
; ; + T~ oy, X1 = EARENG
I} 1 Vi * <~
1 1 ~
dy |/ K / /
1 1 / /7
, X1 X1 ’ ;X1
1 1 ~ 2,
dx Tt~ 1 ~S /
f— 2 ~~<_1 SS /
~ \\\ l
u ou ou ou
— 1 =1 0 0 —1 0
ou o, ‘ 0x1 0xy x4 dx,
ifoj=0 = ==-—2 =  I=|0wm dwu )= |+ | 2%
Xz 1 0x1 0xy x5, 0x4
0 0 O 0 0 O 0 0
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A \ / -
X2 X2 | ou X2 _--
au a_xl de / - - II %
2 A [ TTTTTTTTT T 1 2 -7 i / S
o, dsz i ‘—’{ - /) ! K @J_@
7 Vi T
ot / / = / / 5
| ! ! II II “:S >
/
dy ! / _ i ou, N 1--" S |§
' RS o Tad% - X1
! = =
dx k_J - X1
ouy ou, duy
del o, dx, + %, dx,
Case of cylindrical coordinates:
x; = rcos(0) U = uq(r,0,X3)
x, = rsin(60) et U= Uy = Uy(1,0,X3)
X3 = X3 uz = u3(r,0,x3)
du; 1 ,0uq u ) ouq du; 1 ,0u, 10u; Uy 1 (6u1 6u3)
ar r 08 27 9xs ar 2%or ra@ r’ 2%dxs = or
- 611.2 1 611.2 61{2 o 1 6u2 1 6u2 6u3
gradu = | 7= - (G + ) 9% = &re - (g T ) 2 \ox; 06 )
Oous 10usz Jus e £ dug
or r 26 9xs 73 63 9xs
0 1 10u; wu, auz) 1 du; OJug
2'rod8 r Or° 2°0x3 Or
0 1 (auz 10u, uz) 0 1 du, OJdus
2 0r radd r 2°0x; 00
1 dus; Jduy 1 dus Jdu, 0
2°0r 0x; 200 0x;
I1-3- decomposition of the deformation
CO W mmmm e
71 vector normal to the surface ds “(n) , 2en
The strain vector is defined by :
O S = ‘. n
Ac(n)=¢.n+g se compose en : . +
Normal deformation (elongation) along the vector n i—
—t o= g ds
e=n'cn
Shear deformation (slip) on the plane of normal n
g =|Cei)” i = ~_
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I1-4- Principal Strains and principal directions

The tensor ¢ being symmetrical, therefore there exists a basis {Xi, X2, X3} called principal basis

on which the matrix () is diagonal:

e 0 0
=0 g O
0 0 ¢y

The principal strains (or elongations) €1, en and em represent the eigenvalues of the matrix ()
which can be obtained by solving the following equation:
det(¢“ —AI)=0
Expanding the determinant produces a cubic equation in terms of A (called characteristic
equation):
det[A— A =—-23+1,22—1IzA+1. =0
Where the scalars 1., Iy, and I. are called the fundamental invariants of the tensor ¢ such as :
I, =tr(A) =A;; =A11 + A, + A5 =24, + 1, + A3

Ay A | A2z Az
A12 A22 A23 A33

= /11&2 + /12&3 + 11/13
I, = det(A) = det[A;] =24 " 22" 25

A11 A13 _

Iy = 3Audy; — AyjAyj) = Az Assl

+

The roots of the characteristic equation determine the allowable values for A (14, 4,,43) such as :
e1=A1 en=\2 em=A3
Each of the values of A (or &;) can be substituted into the following vector relation to find the
principal directions X , Xz et X3:
(- X, =0

The unit vectors X1, X2 and X3 of the principal basis verify the following vector relations:

I1I-5- Spherical and Deviatoric Strains
In particular applications it is convenient to decompose the strain tensor into two parts called
spherical and deviatoric strain tensors.

&=+
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The spherical strain tensor is defined by

S

=31 (e=tr()

The deviatoric strain tensor is defined by

© o €
==

The spherical strain represents only volumetric deformation and is an isotropic tensor, being the
same in all coordinate systems. The deviatoric strain tensor then accounts for changes in shape of
material elements. It can be shown that the principal directions of the deviatoric strain are the same
as those of the strain tensor.
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