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Chapter II 

 
Strain Tensor 

 
 
II-1- Displacement vector  

 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

In the case of linear elasticity, the assumption of small deformations is considered. Thus, we 

identify two neighbouring material points Po and Qo.  

 

Let 𝑢 = ൭

𝑢ଵ

𝑢ଶ

𝑢ଷ

൱ be the displacement vector of point P 

𝑢 + 𝑑𝑢 = ൭

𝑢ଵ + 𝑑𝑢ଵ

𝑢ଶ + 𝑑𝑢ଶ

𝑢ଷ + 𝑑𝑢ଷ

൱ the displacement vector 

of point Qo neighbouring Po. 

 

𝑄଴𝑄ଵ =

⎩
⎪⎪
⎨

⎪⎪
⎧𝑢ଵ + 𝑑𝑢ଵ = 𝑢ଵ +

𝜕𝑢ଵ

𝜕𝑥ଵ
𝑑𝑥ଵ +

𝜕𝑢ଵ

𝜕𝑥ଶ
𝑑𝑥ଶ +

𝜕𝑢ଵ

𝜕𝑥ଷ
𝑑𝑥ଷ

𝑢ଶ + 𝑑𝑢ଶ = 𝑢ଶ +
𝜕𝑢ଶ

𝜕𝑥ଵ
𝑑𝑥ଵ +

𝜕𝑢ଶ

𝜕𝑥ଶ
𝑑𝑥ଶ +

𝜕𝑢ଶ

𝜕𝑥ଷ
𝑑𝑥ଷ

𝑢ଷ + 𝑑𝑢ଷ = 𝑢ଷ +
𝜕𝑢ଷ

𝜕𝑥ଵ
𝑑𝑥ଵ +

𝜕𝑢ଷ

𝜕𝑥ଶ
𝑑𝑥ଶ +

𝜕𝑢ଷ

𝜕𝑥ଷ
𝑑𝑥ଷ
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𝑄଴𝑄ଵ = ൭

𝑢ଵ + 𝑑𝑢ଵ

𝑢ଶ + 𝑑𝑢ଶ

𝑢ଷ + 𝑑𝑢ଷ

൱ = ൭

𝑢ଵ

𝑢ଶ

𝑢ଷ

൱ +

⎝

⎜
⎜
⎜
⎛

𝜕𝑢ଵ

𝜕𝑥ଵ

𝜕𝑢ଵ

𝜕𝑥ଶ

𝜕𝑢ଵ

𝜕𝑥ଷ

𝜕𝑢ଶ

𝜕𝑥ଵ

𝜕𝑢ଶ

𝜕𝑥ଶ

𝜕𝑢ଶ

𝜕𝑥ଷ

𝜕𝑢ଷ

𝜕𝑥ଵ

𝜕𝑢ଷ

𝜕𝑥ଶ

𝜕𝑢ଷ

𝜕𝑥ଷ⎠

⎟
⎟
⎟
⎞

൭

𝑑𝑥ଵ

𝑑𝑥ଶ

𝑑𝑥ଷ

൱ 

    QoQ1=u+du = u + grad(u)dx 

    Q0Q1 = P0 P1 + grad(P0 P1)( P0 Q0) 

 

grad(u) : displacement gradient tensor 

 

II-2- Strain tensor  

 

𝑔𝑟𝑎𝑑(𝑃଴𝑃ଵ) = 𝑔𝑟𝑎𝑑𝑢ሬ⃗  =  𝐸 + 𝛺    avec    ൞
E = Sym(𝑔𝑟𝑎𝑑𝑢ሬ⃗ )  =  

1

2
(𝑔𝑟𝑎𝑑𝑢ሬ⃗ + 𝑔𝑟𝑎𝑑௧𝑢ሬ⃗ )

𝛺 = Antisym(𝑔𝑟𝑎𝑑𝑢ሬ⃗ )  =  
1

2
(𝑔𝑟𝑎𝑑𝑢ሬ⃗ − 𝑔𝑟𝑎𝑑௧𝑢ሬ⃗ )

 

 

Q0Q1 = P0P1 + E( P0Q0) + ( P0Q0)  or u+du = u + Edx + dx   

 

Consequently, an elementary domain surrounding a point P undergoes the sum of three 

transformations: 

- a translation of direction vector 𝑃଴𝑃ଵ = 𝑢 = ൭

𝑢ଵ

𝑢ଶ

𝑢ଷ

൱ 

- a rotation around point P0 by an angle  dual vector of an antisymmetric second-order tensor  

(rotation tensor)such that :  

𝛺 =

⎝

⎜
⎛

0
ଵ

ଶ
ቀ

డ௨భ

డ௫మ
−

డ௨మ

డ௫భ
ቁ

ଵ

ଶ
ቀ

డ௨భ

డ௫య
−

డ௨య

డ௫భ
ቁ

ଵ

ଶ
ቀ

డ௨మ

డ௫భ
−

డ௨భ

డ௫మ
ቁ 0

ଵ

ଶ
ቀ

డ௨మ

డ௫య
−

డ௨య

డ௫మ
ቁ

ଵ

ଶ
ቀ

డ௨య

డ௫భ
−

డ௨భ

డ௫య
ቁ 0

ଵ

ଶ
ቀ

డ௨య

డ௫మ
−

డ௨మ

డ௫య
ቁ 0 ⎠

⎟
⎞

  𝜔 = ൭

𝜔ଶଷ

𝜔ଵଷ

𝜔ଵଶ

൱ =

⎝

⎜
⎛

ଵ

ଶ
ቀ

డ௨మ

డ௫య
−

డ௨య

డ௫మ
ቁ

ଵ

ଶ
ቀ

డ௨భ

డ௫య
−

డ௨య

డ௫భ
ቁ

ଵ

ଶ
ቀ

డ௨భ

డ௫మ
−

డ௨మ

డ௫భ
ቁ⎠

⎟
⎞

 

 

 

0

0

0

)(

2313

2312

1312



























   with  𝜔௜௝  =  
ଵ

ଶ
൬

డ௨೔

డ௫ೕ
−

డ௨ೕ

డ௫೔
൰ 
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- pure strain (deformation) defined by the following tensor :  

-  

- E=

⎝

⎜
⎛

డ௨భ

డ௫భ

ଵ

ଶ
ቀ

డ௨భ

డ௫మ
+

డ௨మ

డ௫భ
ቁ

ଵ

ଶ
ቀ

డ௨భ

డ௫య
+

డ௨య

డ௫భ
ቁ

ଵ

ଶ
ቀ

డ௨భ

డ௫మ
+

డ௨మ

డ௫భ
ቁ

డ௨మ

డ௫మ

ଵ

ଶ
ቀ

డ௨మ

డ௫య
+

డ௨య

డ௫మ
ቁ

ଵ

ଶ
ቀ

డ௨భ

డ௫య
+

డ௨య

డ௫భ
ቁ

ଵ

ଶ
ቀ

డ௨మ

డ௫య
+

డ௨య

డ௫మ
ቁ

డ௨య

డ௫య ⎠

⎟
⎞

    

 

E= ൭

𝜀ଵଵ 𝜀ଵଶ 𝜀ଵଷ

𝜀ଵଶ 𝜀ଶଶ 𝜀ଶଷ

𝜀ଵଷ 𝜀ଶଷ 𝜀ଷଷ

൱    with   ௜௝  =  
ଵ

ଶ
൬

డ௨೔

డ௫ೕ
+

డ௨ೕ

డ௫೔
൰ 

 

two-dimensional case study : 

we consider the case of the two-dimensional deformation of a rectangular element of original 

dimensions dx1 by dx2. 

 

𝛺 =

⎝

⎛

0
ଵ

ଶ
ቀ

డ௨భ

డ௫మ
−

డ௨మ

డ௫భ
ቁ 0

ଵ

ଶ
ቀ

డ௨మ

డ௫భ
−

డ௨భ

డ௫మ
ቁ 0 0

0 0 0⎠

⎞  E=

⎝

⎛

డ௨భ

డ௫భ

ଵ

ଶ
ቀ

డ௨భ

డ௫మ
+

డ௨మ

డ௫భ
ቁ 0

ଵ

ଶ
ቀ

డ௨భ

డ௫మ
+

డ௨మ

డ௫భ
ቁ

డ௨మ

డ௫మ
0

0 0 0⎠

⎞ 

 

if ij =0    
డ௨భ

డ௫మ
= −

డ௨మ

డ௫భ
  𝛺 =

⎝

⎛

0
డ௨భ

డ௫మ
0

డ௨మ

డ௫భ
0 0

0 0 0⎠

⎞ = ቌ
0

డ௨భ

డ௫మ
0

0 0 0
0 0 0

ቍ + ቌ

0 0 0
డ௨మ

డ௫భ
0 0

0 0 0

ቍ 

 

 

 

 

 

 

 

 

 

if ij =0     
డ௨భ

డ௫మ
=

డ௨మ

డ௫భ
  E=

⎝

⎛

డ௨భ

డ௫భ

డ௨భ

డ௫మ
0

డ௨మ

డ௫భ

డ௨మ

డ௫మ
0

0 0 0⎠

⎞ =

⎝

⎛

డ௨భ

డ௫భ
0 0

0
డ௨మ

డ௫మ
0

0 0 0⎠

⎞ +

⎝

⎛

0
డ௨భ

డ௫మ
0

డ௨మ

డ௫భ
0 0

0 0 0⎠

⎞ 

𝜕𝑢ଶ

𝜕𝑥ଵ
𝑑𝑥ଵ 

dx 

dy 

x2 

x1 

𝜕𝑢ଵ

𝜕𝑥ଶ
𝑑𝑥ଶ 

x2 

x1 

x2 

x1 

+ = 
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Case of cylindrical coordinates: 

𝑥ଵ  =  r cos(𝜃)

𝑥ଶ  =  r sin(𝜃)
𝑥ଷ  =  𝑥ଷ 

                et            𝑢 =  ቐ

𝑢ଵ = 𝑢ଵ(r,𝜃,xଷ)

𝑢ଶ = 𝑢ଶ(r,𝜃,xଷ)
𝑢ଷ = 𝑢ଷ(r,𝜃,xଷ)

  

 

𝑔𝑟𝑎𝑑𝑢ሬ⃗ =

⎝

⎜
⎛

డ௨భ

డ௥

ଵ

௥
(

డ௨భ

డఏ
− 𝑢ଶ)

డ௨భ

డ௫య

డ௨మ

డ௥

ଵ

௥
(

డ௨మ

డఏ
+ 𝑢ଵ)

డ௨మ

డ௫య

డ௨య

డ௥

ଵ

௥

డ௨య

డఏ

డ௨య

డ௫య⎠

⎟
⎞

 E=

⎝

⎜
⎛

డ௨భ

డ௥

ଵ

ଶ
(

డ௨మ

డ௥
+

ଵ

௥

డ௨భ

డఏ
−

௨మ

௥
)

ଵ

ଶ
(

డ௨భ

డ௫య
+

డ௨య

డ௥
)

𝜀௥ఏ
ଵ

௥
(

డ௨మ

డఏ
+ 𝑢ଵ)

ଵ

ଶ
(

డ௨మ

డ௫య
+

డ௨య

డఏ
)

𝜀௥ଷ 𝜀ఏଷ
డ௨య

డ௫య ⎠

⎟
⎞

 

 

𝛺 =

⎝

⎜
⎜
⎜
⎛

0
1

2
(
1

𝑟

𝜕𝑢ଵ

𝜕𝜃
−

𝑢ଶ

𝑟
−

𝜕𝑢ଶ

𝜕𝑟
)

1

2
(
𝜕𝑢ଵ

𝜕𝑥ଷ
−

𝜕𝑢ଷ

𝜕𝑟
)

1

2
(
𝜕𝑢ଶ

𝜕𝑟
−

1

𝑟

𝜕𝑢ଵ

𝜕𝜃
+

𝑢ଶ

𝑟
) 0

1

2
(
𝜕𝑢ଶ

𝜕𝑥ଷ
−

𝜕𝑢ଷ

𝜕𝜃
)

1

2
(
𝜕𝑢ଷ

𝜕𝑟
−

𝜕𝑢ଵ

𝜕𝑥ଷ
)

1

2
(
𝜕𝑢ଷ

𝜕𝜃
−

𝜕𝑢ଶ

𝜕𝑥ଷ
) 0

⎠

⎟
⎟
⎟
⎞

 

 

II-3- decomposition of the deformation  

 

𝑛ሬ⃗  vector normal to the surface ds 

 

The strain vector is defined by : :  

 g n . )n(


 E  se compose en  :  

Normal deformation (elongation) along the vector n  :  

n  n  t  E  

Shear deformation (slip) on the plane of normal n : 

     22
)n(n )n(g 

 EE  

+ = 

dx 

dy 

x2 

x1 

𝜕𝑢ଵ

𝜕𝑥ଵ
𝑑𝑥ଵ 

𝜕𝑢ଶ

𝜕𝑥ଶ
𝑑𝑥ଶ 

x2 

x1 

𝜕𝑢ଶ

𝜕𝑥ଵ
𝑑𝑥ଵ 

𝜕𝑢ଵ

𝜕𝑥ଶ
𝑑𝑥ଶ 

x2 

x1 

𝜕𝑢ଵ

𝜕𝑥ଶ
𝑑𝑥ଶ +

𝜕𝑢ଵ

𝜕𝑥ଵ
𝑑𝑥ଵ 

𝜕
𝑢

ଶ

𝜕
𝑥 ଵ

𝑑
𝑥 ଵ

+
𝜕

𝑢
ଶ

𝜕
𝑥

ଶ
𝑑

𝑥
⬚

 

E(n) n 

g 

n 

ds 
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II-4- Principal Strains and principal directions 

The tensor E being symmetrical, therefore there exists a basis {X1, X2, X3} called principal basis 

on which the matrix (E) is diagonal:   

 

00

00

00

III

II

I






















E   

The principal strains (or elongations) I, II and III represent the eigenvalues of the matrix (E) 

which can be obtained by solving the following equation: 

 Edet(   

Expanding the determinant produces a cubic equation in terms of (called characteristic 

equation): 

  𝑑𝑒𝑡[𝐴 − 𝜆𝐼] = −𝜆ଷ + 𝐼௔𝜆ଶ − 𝐼஻𝜆 + 𝐼஼ = 0 

Where the scalars Ia, Ib, and Ic are called the fundamental invariants of the tensor E such as :  

 𝐼௔ = 𝑡𝑟(𝐴) = 𝐴௜௜ = 𝐴ଵଵ + 𝐴ଶଶ + 𝐴ଷଷ = 𝜆ଵ + 𝜆ଶ + 𝜆ଷ  

 𝐼௕ = భ

మ
(𝐴௜௜𝐴௝௝ − 𝐴௜௝𝐴௜௝) = ฬ

𝐴ଵଵ 𝐴ଵଶ

𝐴ଵଶ 𝐴ଶଶ
ฬ + ฬ

𝐴ଶଶ 𝐴ଶଷ

𝐴ଶଷ 𝐴ଷଷ
ฬ + ฬ

𝐴ଵଵ 𝐴ଵଷ

𝐴ଵଷ 𝐴ଷଷ
ฬ =

                                                         = 𝜆ଵ𝜆ଶ + 𝜆ଶ𝜆ଷ + 𝜆ଵ𝜆ଷ  

 𝐼௖ = det(𝐴) = 𝑑𝑒𝑡ൣ𝐴௜௝൧ = 𝜆ଵ ∙ 𝜆ଶ ∙ 𝜆ଷ  

 

The roots of the characteristic equation determine the allowable values for 𝜆ଵ, 𝜆ଶ, 𝜆ଷ such as : 

      

Each of the values of  (or i) can be substituted into the following vector relation to find the 

principal directions X1 , X2 et X3 :    

0X )I( ii


E   

The unit vectors X1, X2 and X3 of the principal basis verify the following vector relations: 

 










213

132

321

X   X  X
X   X  X
X   X  X

 

 

III-5- Spherical and Deviatoric Strains 

In particular applications it is convenient to decompose the strain tensor into two parts called 

spherical and deviatoric strain tensors. 

      ds EEE   
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 The spherical strain tensor is defined by 

  I 
3

e
     s E  ))( tr  e ( E   

The deviatoric strain tensor is defined by 

 
3

e
     d EE I   

The spherical strain represents only volumetric deformation and is an isotropic tensor, being the 
same in all coordinate systems. The deviatoric strain tensor then accounts for changes in shape of 
material elements. It can be shown that the principal directions of the deviatoric strain are the same 
as those of the strain tensor. 
 
  


