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I-1 Space and coordinate system

In this course, we always place ourselves in the Euclidean physical space equipped with a
direct reference point and the orthonormal basis (e, e,,e;). A vector V is represented by its

components in the following form :
X3

M
%1
V= <v2> = (v1,v,v3)" /
U3 C3
=vie1 + Ve, + vze3 O%ez =
X1 €1
I-2 Indicial notation
[-2-1 Partial derivative
U= ou . v = 0%y . W= 3w
T B > U oxox; > W gxtox;
Example : U, = Ou V,93 = 0%v w = _Ow
pie: 17 ax, 237 9x,0x3 127 5x29x,
[-2-2 Summation Convention
n
a;b; = Z a;b; = a1b; + ayb, + -+ ayb,
i=1
Sj=ajx; = a]l‘xk = a; x, i,ke,; summed (or dummy) index

j : free index

Attention . a; +b; # (a; + b)) +(ay +by) + -+ +(a, +b,)

Uq U1
Example : the scalar product of two vectors : U = <u2> and V = (W)
us U3

U-V=wv =uv, + uv, + uzv
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[-2-3 Kronecker Symbol (Delta)
(1 ifi=j
Oyj = {o if i# j
Example : The scalar product of the orthonormal basis vectors:

?L.)-e_j) == 51,] i=1,2,3 j=];213

[-2-4 Permutation Symbol
0 ifi=j,i=k or j=k
Eijk = +1 if (i,j, k) are in this order (1,2,3), (3,1,2) or (2,3,1) (called even permutation)
—1 if (i,j, k) are in this order (2,1,3), (1,3,2) or (3,2,1) (called odd permutation)

Uq U1
Example : the vectorial product of two vectors : U = <u2> and V = (W)
Usz U3

—

W=UAV  with wi =gy wt v, =123 =123 k=123

wy UV, — U3,
W = W2 = U3U1 —u11]3
W3 uv,—uv

2 1

I-3- Second order tensors :

Let two vectors X and Y be defined in the vector space R® equipped with the basis
{e1,e2,e3}
X = xle et Y = yle;
We define the tensor product of two vectors XandY by:
U=X R Y = 1yt x1y2, x1y3, x2yL, x2y2, x2y3, x3y1, x3y2, x3y3)
= x'y/e; @ ¢

Definition: A tensor A is a linear operator (application) on R® whose components are defined
with respect to a basis.

VXY € R3 AX+Y)=AX) +AY)

VAER;XER? A(X)=214X)
The relation Y=A(X) can be written :

1

y AT A3 A5\ /xt _ o
y2 | =42 A3 A3 )| x?]| ou y/ =Alx
) \at a aif\e

(A) is the matrix associated with the tensor A

A{ is the elements (or components) of matrix
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Remarks :
Tensor of order zero: Scalar
Tensor of order one: Vector

Hight orderTensor : (tensor of order two, tensor of order tree, ...)

Transpose of tensor

The Transpose of tensor is a tensor noted ‘A or A® such that :

VXX  X'AX = XA'X =X 'AX
s0 A;j = A]‘?i (permutation of lines and columns).

1 4 7 1 2 3
Example : A=1|(2 5 8 At=T"4=(4 5 6

3 6 9

if A= 'A then A is symmetric

if A=— A then A isantisymmetric (or skew-symmetric)

Properties :

A= (A

AL+ Ay + -+ A,] = A= "4+ 4, + -+ 4,
A, Ay A,] = P4, TA, - A

Particular matrix :

Identity matrixI suchas I;; = §;;
Matrix inverse (4)~! such as (A)-(A) =1

A is orthogonal matrix if ~ (4)t = (4)~!
Trace of the matrix  tr(4) = A;;

Theorem: Every tensor can be decomposed, and in a unique way, into the sum of a

symmetric tensor and an antisymmetric tensor.

(o A+ A _
A+ tA A-— tA A= symmetric tensor

2
=AS + A% =
2 + 2 + i A— tA
A% =

2

antisymmetric tensor
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I-4 Coordinate Transformations (change of basis)
Let {ej} be the initial basis and {fj} a new basis such that: : f; = Pji e;
P : Transformation matrix

If {f;} is an orthonormal basis then P~ = ‘P

a) Vector
)?=xiel-=5cjfj = ‘Px =x
{fj} is an orthonormal basis = x=('P)ylx = (PY)'x = Px
b) Tensor
in the initial basis Y=A(X)
in the new basis Y =A(X) telque A= (P)A(PTYH
Example :

1
Let X be the vector which decomposes in the orthonormal basis {e; } by X =( 3 )
-2

1) Perform the tensor product T= X ® X and write the components t;; of T in matrix form.
2) Let {fj } j=1,2,3 be an orthonormal basis linked to the basis {e; } i=1,2,3 by the orthogonal
transformation matrix [P] by {fj } = [P]{ei } such that:

1/2 \/§/2 0
O =3 2 Y 0
0 0 1

a) Calculate the components t*; of the tensor T in the basis {fj }.
b) Calculate the components of the vector X in the basis {fj } and calculate the tensor product X

® X in the basis {fj }. What do you observe?

Solution :
1°) th=x1 x; =1 t =X X2 =3 tis = X1 X3 =-2
t21 = X2 X1 =3 tzz = X2 X2 =9 t23 =X2 X3 =“6
th = X3 X; =-2 tn = X3 X, =-6 t3 = X3 X3 =4
1 3 -2
T =X®X= 3 9 -6
-2 -6 4
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2°) a the basis {f; } is orthonormal ( | £ =1 etfi L f ifi#j)

1/ 28+6V3 —6+8V3 —4-12V3
T"=P)MP =7 -6+8V3 12-6V3 —3+3
—4-12v3 -3++3 +16
X1 1/2 \/§/2 0 1
b) X =(P)X) = x; | = V3 1 3 |=1
X =V My 0\ e
0 1
* * % 1 * * % 1
t11 = x1x1 = 1(28 + 6\/3_) t12 = x1x2 = Z(_6 + 8\/3_)
* * Lk 1 * * ok 1
ti3 = X1X3 = Z(_‘l' - 12\/3_) ly1 = XpX1 = Z(_6 + 8\/3_)
* * ok 1 * * ok 1
* * % 1 * * % 1
t31 = x3x1 = Z (_4‘ - 12\/3_) t32 = x3x2 = Z(_lz + 4‘\/3_)

1
tis = 255 = 5 (16)

We observe the compnents of T* are equal to t';;

I-5 Vector product operator

Let two vectors be : n=mne et

The vector product on 7. By u. Is as follows :

nq Uy NyUz — N3U,
AU =Nz |A[Uz | = N3U — U3 | = (xn)U
ni Us NiU; —NyUy

N
u

= T =X'®X"

(*n) is the matrix of the tensor vector product on the left by 7.

I-6 Projection operators
7 vector normal to the plane 7
U=u +u’
The projection of the vector % onto the plane 7 is :

g 2_)
u' =—(*n)*u

u' ‘
A e

= Uuie;
0
with (xn) = < ng
u K777 u"
n

1+ 3V3
3-43
—4

—nz N
0 -n

ny 0

—(* n) is the matrix of the orthogonal projection operator on the plane &t
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Orthogonal projection of the vector % onto the axis axis whose unit vector is 71

u’ =1+ (+n)?Jid
I + (* n)? is the matrix of the orthogonal projection operator onto the axis whose unit vector is 7.
Remark : if the vector 71 is unitary (|7] = 1) then: I + (* n)? = () (")*

Example :

Consider an orthonormal basis of R* defined by the following vectors:
1 1 1 2 1 1

t — (. N\t = _iif
=(ﬁ,ﬁ,\/§) fz—(\/g,\/g,\/g) fs = (0, )

h V2’ V2

4
Given the following vector: A = <1>
2

a) Determine the projection of this vector on the axes whose unit vectors are fi, f> and f3.

b) Determine the projection of this vector onto the plane formed by the vectors fi and f>.

Solution

a) Let A,, A, ,A; be the projections of vector A respectively on axes fi, f> and f3.

{f;} is orthonormal basis = A; = [+ (* /)?]A = [(£) - (H)F]A

— _ 1/\/§ 4 1 1 1 1 4 1 7
v s ()53 D110
1 2 1 1 1/1\2 7
\Y 3
o __2/‘/6 4\ /4 -2 -2\/4\ q/10
- i ¥ v ()45 T O
1 2 -2 1 1/\2 -5
/v
0
_ it _1/ 5 1 1 4 1/0 0O 0 4
Az = [(f3)'(f3) ]A= V2 (‘ /\/g /\/g /\/g) <1>=5<0 1 —1> <1>
1/\/5 2 0o -1 1 2
0
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c) Let A, be the projection of vector A onto the plane formed by the vectors f; and f>.
Ay =[-(*f3)%1A
4
4
(aH
2/ \3 /s

( 0 -+ «lz\ n [
do=-erla=l-(3 0 o ||(1)-(0
I-7 Eigenvalues and Eigenvectors of Symmetric Second-Order Tensors

L
V2

NIRrNIRO
NIRrNIRO

Definition : An eigenvector X of the tensor A is a non-zero vector that, when a linear
transformation represented by the matrix (A) is applied to it, results in a vector that is parallel to

the original vector.

This translates to the following mathematical equation : A()? ) = A()? )

A € R: eigenvalue associated with the eigenvector X

This relation can be rewrittenas:  [A — AI](X) = 0

For symmetric second-order tensors, this expression is simply a homogeneous system of three
linear algebraic equations in the unknowns X 1 X 2, X 3.

The system possesses a nontrivial solution if and only if the determinant of its coefficient matrix
vanishes, that is : det(A-A1)=0

Expanding the determinant produces a cubic equation in terms of A (called characteristic

equation):
det[A—AM]=-2B+1[,22—L,A+1.=0
Where :
Ia — tr(A) = Aii = A11 + A22 + A33
A A A A A A
— 1 LA — A) = 11 12 22 z3 . 1
Ib = E(A”A]] AUAU) A12 A22 + A23 A33 + A13 A33

I, = det(4) = det[4;]
The scalars 1., Ip, and . are called the fundamental invariants of the tensor A.
The roots of the characteristic equation determine the allowable values for A (44, 45, 43), and each
of these may be back-substituted into the relation ([4 — Al ]()? ) = 6) to solve for the associated

principal direction X ()? 1 X 2, X 3).
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Remarks :

a) if the tensor A is summetric in R, then all three roots A1, A2, A3 of the cubic equation
must be real

b) All three principal values (A4, 4,, 13) distinct; thus, the three corresponding principal
directions ()? 1 X 2, X 3) are unique and orthogonal. In this case, these vectors ()? 1 X 2, X 3) form an
orthogonal basis in which the tensor A is diagonal. In this basis the elements of the tensor A are

the eigenvalues (14, 4,, 43). Thus, in this new basis, the tensor A is written in the following form:

A 0 0
A= (o A o)
0 0 24

Note that the fundamental invariants of the tensor A can be expressed in terms of the principal

values as :
Ia = tT(A) = A” = All +A22 +A33 - /11 +/12 +/13
A A A A A A
LA A AAN = [P 12 22 23 11 13| _
I =3Auy —AuAi) = | ap| Vlags Al Tlas 4y =M Tt
A3
I, = det(A) = det[A;] =24 " 22" 25
Example :
Consider the tensor A defined in the basis (e;,e,,e;) :
57 0 24
A=10 50 O
24 0 43
Determine the eigenvalues and eigenvectors of the tensor A
Solution :

Eigenvalues

Let A1, A» et A; the eigenvalues of the tensor A and X, , X, et X; the eigenvectors corresponding.
57 0 24 1 0 0 57-4 0 24
0 50 o]—1({0 1 0
24 0 43 0 0 1

0 504 O
24 0 43-1
det(A— A1) = (50 — D[(57 — A)(43 — A) — 576] = (50 — A)(A2 — 1002 + 1875) = 0
{/11 = 50

Z U, =75 et and A; = 25

det(A—AD)=0 = =0
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Eigenvectors :
For 7\,1 =50
75 =150 0 24 a; 0
(A-?\JI) Xi=0 = ( 0 50 —-50 0 ><b1) = <0)
24 0 43 — 50/ \c1 0
7a; + 24c; = 0 0
0b, =0 = X, =|b the value of b, is arbitrary
24a1 - 7C1 S 0 0
X, unit vector = ai +b; +cf =1 by =1
0
we take b, =+1 = X, =1
0
For A, =75

75 — 75 0 24 a,
(A-2D X =0 = 0 50 — 75 0 b,

g

24 0 43 — 75/ \C2
_18a2 + 24’ CZ S 0 b2 = O
- 25 bz S 0 = Cz — Eaz
24a,—32¢c, =0 4
e 2,12, .2 2 1 (3\% 2 , 16
X, vecteur unitaire = a; +b; +c; =1 = a; + (Z) a; =1 a; =
4 3 .8
we take a, =-=0.8 > == = X;=(o0
> > 0.6
For A; =25
Same as X, we find X;5.
0.6
(A';\,}I)Xﬂlzo = X3=< 0 >
-0.8

X; can be found by the following relation : X; =X, A X,

0 0.8 0.6
0 0.6 -0.8
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I-8- Differential operators

xl dxl
Let a point P with coordinates xi, X2, X3. P (xz> ; dP (dx2>
X3 dxs

d(x1, X2, x3) : scalar function of the point P coordinates.

Uy (X1, X2, X3)
U(xyq, X2, X3): vectorial function of the point P coordinates. u| uzp(xq,x2,x3)
uz (1, X3, X3)

A(xq, x5, x3) : tensorial function of the point P coordinates.

A%(xl,xz,x3) A%(xl,xz,xg) A%(xl,xz,x3)
A(xy, X3, x3) = A%(xpxz'?%) A%(xpxz;xﬂ A%(xl,xz,x3)
Ai(x1:x2'x3) Ag(x1:x2:x3) Ag (x1, X2, X3)

[-8-1 Gradient of a scalar function

The derivative operation of the scalar function ¢ :

d¢_"¢d T dx2+ dx3

d
¢/ d0x,
d¢ = grad¢ . dp = grad¢ = ad)/axz it is a vector
d
¢/ 0x;

1-8-2 Gradient of a vectorial function

The derivative operation of the vectorial function U :

dx, + 52 dx, + 52 dx

duy a a a
dﬁ’z(duz)z ”Zd + ”Zd + ”de3

du3 61{3

a“30‘1 + 52 dx, +6“3 dax;

d d d
ul/ d0x, ul/ dx, ul/ d0x;

di = gradiu.dp = gradiu = auz/ax1 auz/ax2 auz/ax3 it is a tensor

0 d 0
u3/ dx, u3/ dx, u3/ d0x;
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I-8-3 Divergence of a vectorial function

N N ou ou u u ..
div(i) = tr(gradu) =—FL ="+ >2+— it is a scalar
( ) (g ) Oxp dxq ax; 0x3
[-8-4 Divergence of tensorial function
dA}
axi
. 0A? ..
div(4) = | — it is a vector
axi
43
6xl-
I-8-5 Laplacian of a scalar function
A = div( radqb):i 29 =62—¢+62—¢+62—¢ it is a scalar
9 dxp \0xp ax? =~ 9xZ = ox32
[-8-6 Laplacaen of a vectorial function
i <%) azul azul + azul
Au dxp \0xp ax3 dx2 dx%
1
N o (ou 0%u %u %u ..
AU =|A4u, | = —(—2) =| — 2+ —= it is a vector
Au Oxp \9xp dx7g dx;5 0x3
3 a (dus 0%uz , 0%us n 0%us
0xp \0xp ox3 9x3 0x3

[-8-7 Rotationnel of a vectorial function

6u3 _
6x2
Jdu

rot() = | 5= -
3
6u2

6x1

auz
6x3
6u3 o .
- 1t 1s a vector
6x1
6u1

axz

* rot(u) = 2 antisym(grad(i))
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[-8-8 Cylindrical coordinates with axis Ox3 “

The cylindrical coordinate system with axis Ox3 is (r, 0, x3)
The relations between cylindrical coordinates and Cartesian coordinates
are given by :
x1=r1 cos(0)
x2=1 sin(0)
X3= X3
The basis in cylindrical coordinates is given by :
e~ cos(0) e + sin(0) e>
eo= - sin(0) e1 + cos(0) ez

€3= €3

r
Let a point P with coordinates (r, 0, X3) P ( 0 )

a) Gradient of a scalar function

d¢
/ or
d¢ = grade . dp = grad ¢ = %a‘l”/ag
d¢
/ 0x3
b) Gradient of a vectorial function
Ju; 1 (0uq ouq
or r (% B uz) axs
N N N ou 1 /0u ou
du = gradu .dp = gradi = a—: ;(6_02 + u1) a_xz
Jdus 1 (dus Jdus
or 7 (%) ax3.

c¢) Divergence of a vectorial function

div(i) = tr(gradii) = 22 + (% + ul) 2
3

d) Laplacian of a scalar function

] ang 10¢ 162q,’) ach
A9 = div(gradd) = 5+ 250+ 7557+ 002
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