
 Ahy� ¨�db� ­ÐAtF±�

TyqybWt�� �AyRA§r�� xAyq�

2020/2021

2020/2021 :TyF�Cd�� Tns��

­rks� rSy� dm�� T`�A�

�AyRA§r�� �s�

ºAymy� Ty�A� TnF ,­ Am�� �wl� �s�



Tþþ�dq�

�hnm�� ��¤ ºAymy� PO�� ­ Am�� �wl� �sq� Ty�A��� ��wns�� ¨� 
®Wl� PO�� x¤Cd�� £@¡

�AyRA§r�� TblV ¤� �sq�� Hq� �� ºA§zyf�� TblV AS§� d�As§  � �km§ �y� ­C�Ew�� �rV �� �dqm��

­ d`tm�� ��¤dl� TyFAF±� �y¡Afm�� �h� Y��  w�At�§ �§@�� TyqybWt�� �¯A�m�� ¨� �y��Ab��¤

. ­ d`tm�� �®�Akt��¤ ��ry�tm��

�� d§zm� T§�db�� TWq�  wk�¤ , �sq�� ¨� Ty�A��� Tnsl� TysyF�� x¤C T�A�m�  wk�  � �km§

zyf�t� TWys�¤ T�R�¤ Tq§rW� x¤Cd�� £@¡ T�At� 
m� .�®�Akt�� 
As� ¨� �dqtm�� 	§Cdt��

�§CA`t�� Xysbt� T�¤A�� ¨� ,¨RA§r�� �yl�tl� TyFAF±� �y¡Afm��¤ ¹ Abm�� �l`� Yl� 
®W��

T�r`� ¤ Ty¶Aymyk�� ¤� Ty¶A§zyf�� ­r¡A\�� �}¤ 	lWt§ ©@�� ��Akt��¤ �RAft�� �rW� ��rysft��¤

.�Any`�� ¤� , �A\�®m�� ¤� ,r¡�w\�� £@¡ �w� Tny`� ºAyJ�

T`�C� Y�� �m`�� �@¡ �sqn§ w.�dy� Aht��A`� 
m� �§CAm�¤ Tl��� ��d� Anm� , x¤Cd�� £@¡ ¨�

�d�t� Am� , �®�Akt�� ¨�A��� �Of�� �dq§ .­ d`tm�� ¤ TWysb�� �®�Aktl� PO�� Ah�¤� , �wO�

�F®sl� �rWt� ry�±� ¨�¤ ��A��� �Of�� ¨� Ty�A���¤ Y�¤±� T�Cd�� �� TylRAft�� �¯ A`m�� ��

.¢y§Cw� �F®F ¤ ��¤d�� �s�®F ¤ T§ d`��



xrhf��

3

3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ¤d�m�� ��Akt�� , Am§C ��Ak� 1.1

4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Q�w� .1.1.1

6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Tyl}±� ��¤d�� 
As� 2.1

7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ¤d�m�� ��Akt�� .1.2.1

8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��Akt�� �rV .2.2.1

11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��ry�t� ­d� ��Ð ��¤d�A� ry�@� 3.1

13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �A§Ahn�� .1.3.1

15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��ASm�� ��Akt�� 4.1

23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ¨�®��� ��Akt�� 5.1

35

35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ±∞. Yl� �Fwm�� ��Akt�� 1.2

35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �§CA`� .1.1.2

38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . TWq� Yl� �Fwm�� ��Akt�� 2.2

43

43 . . . . . . . . . . . . . . . . . . . . . . . . . . . TylRAft�� �¯ A`m�� ¨� �AyFAF� 1.3

43 . . . . . . . . . . . . . . . . . . . . . . . . . . . TylRAft�� �¯ A`m�� �� .1.1.3

44 . . . . . . . . . . . . TylRAft�� �¯ A`ml� QA��� ����¤ �A`�� ���� .2.1.3

44 . . . . . . . . . . . . . . . . . T§d���¤ ª¤rK��¤ Ty¶�dt�³� ª¤rK�� .3.1.3

44 . . . . . . . . . . . . . . . . . . . . . . . . . . . TylRAft�� �¯ A`m�� ¨� �§CA`� 2.3

1

Tf�ASm��¤ TWysb�� �®þþ�Akt��&&�Ä¤±�����Of��

�Fwm�� ��Akt��&&&¨�A�������Of��

TylRAft�� �¯ A`m��&&��A�������Of��



xrhf��xrhf��

45 . . . . . . . . . . . . . . . . . . . . Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 3.3

46 . . . . . . . . . . . . . . . . . . . . . . . . . . . ��ry�tm�� �O� Tq§rV .1.3.3

47 . . . . . . . . . . . . . . . . . . . . . . . . . T�At�� TylRAft�� �¯ A`m�� .2.3.3

49 . . . . . . . . . . . . . . . . . . . . . . Ts�A�tm�� TylRAft�� �¯ A`m�� .3.3.3

52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . TyW��� TylRAft�� T� A`m�� 4.3

54 . . . . . . . . . . . . . . . . . . . Ty�A��� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 5.3

65

65 . . . . . . . . . . . . . . . . . . . . . . . . . . . T§ d`�� Tlsls�� 
CAq�¤ �§CA`� 1.4

67 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . TyFdnh�� Tlsls�� .1.1.4

68 . . . . . . . . . . . . . . . . . . . . . . . . . . 	�wm�� d��� ��Ð TlslF .2.1.4

68 . . . . . . . . . . . . . . . . . . . . . . Tlsls� ¨¶z��� �wm�m�� T�A�C .3.1.4

72 . . . . . . . . . . . . . . . . . . . . . . . . . . T�¤Antm�� �F®s�� ­d�A� .4.1.4

72 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �lWm�� 
CAqt�� .5.1.4

73 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��¤d�� �þF®F 2.4

73 . . . . . . . . . . . . . . . . . . . �\tnm�� 
CAqt�� ¤ Xysb�� 
CAqt�� .1.2.4

74 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ¢y§Cw� �þF®F 3.4

75 . . . . . . . . . . . . . . . . . . . . . . . Ty�l�� TlslF Y�� T�� �yl�� .1.3.4

76 . . . . . . . . . . . . . . . . . . . . . . . . . . . ¢y§Cw� �®�A`� 
As� .2.3.4

76 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ¨fyW�� �yl�t�� .3.3.4

77 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Parseval T�®� .4.3.4

77 . . . . . . . . . . . . . . . . . . . . . . . ¢y§Cw� Tlsls� ¨ly�t�� �kJ .5.3.4

¨�db�  Ahy� :­ÐAtF±�2­rks� rSy� dm�� T`�A�

T§ d`�� �þþF®s��&&���r�����Of��



�Ä¤±� �Of��

Tf�ASm��¤ TWysb�� �®þþ�Akt��

 ¤d�m�� ��Akt�� , Am§C ��Ak� 1.1

ºz� n Y�� [a, b] �A�m�� �sq� .[a, b] �A�m�� Yl� T�r`� T�� f : [a, b] → R �kt� : 1.1.1 �§r`�

�y� Tyfy� TWq� ξk �kt�¤ ,¨fy�

ξk ∈ [xk−1, xk] , 1 ≤ k ≤ n.

xx1x2 x3 x4 x5 x6x0

a

xn

b

.(xk − xk−1) Ahn� �� |r�¤ f (ξk) Ahn� �� �wV ¨t�� �®yWtsm�� �A�As� �wm�� Sn �kt�¤

f(x)

x

y

a b

S1

x0 x1 x2 x3 x4

1

3



 ¤d�m�� ��Akt�� , Am§C ��Ak� .1.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

Sn =
n∑
k=0

f (ξk) (xk − xk−1)

z�r� An��� ,n → ∞ A�dn� [a, b] �A�m�� �ysq� Tq§rW� �l`t� ¯ ­ ¤d�� T§Ah� Sn �wm�ml�  A� �Ð�

z�r�A� T§Ahn�� £@h�∫ b

a

f (x) dx.

 Am§C 	s� ��Aktl� Tl�A� f  � �wq� ¤ . [a, b] �A�m�� Yl� f T��dl�  Am§C ��Akt� T§Ahn�� £@¡ Yms� ¤

	tk�¤ .[a, b] �A�m�� Yl�

lim
n→∞

Sn =

∫ b

a

f (x) dx.

Q�w� .1.1.1

.TyW���¤ Ty�A�§³� , Chasles �AJ T�®� ¨¡ ��Aktl� T�®��� Tysy¶r�� P¶AO���

�AJ T�®�

Tl�A� f  �� [c, b] �A�m�� ¤ [a, c] �A�m�� Yl� ��Aktl� Tl�A� f 
�A� �Ð� .a < c < b �ky� : 1 ��rt��

	tk�¤ [a, b] �A�m�� Yl� ��Aktl�∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx.

AS§� An§d�∫ a

a

f(x) dx = 0 ��� ��¤ a < b

∫ a

b

f(x) dx = −
∫ b

a

f(x) dx.

��Akt�� Ty�A��


�A� �Ð� .[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f ¤ �yyqyq� �§ d� a ≤ b �kt� : 2 ��rt��

 �� f ≤ g∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx.

¨�db�  Ahy� :­ÐAtF±�4­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of�� ¤d�m�� ��Akt�� , Am§C ��Ak� .1.1

 �� f ≥ 0  A� �Ð� :	�w� Tb�wm�� T��d�� ��Ak� , QwO��� ¢�¤ Yl�∫ b

a

f(x) dx ≥ 0

��Akt�� TyW�

.[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� f, g �kt� : 3 ��rt��

An§d� ¤ ��Aktl� Tl�A� T�� f + g (1∫ b

a

(f + g)(x) dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx.

An§d�¤ ��Aktl� Tl�A� λf , λ �� ��� �� (2∫ b

a

λf(x) dx = λ

∫ b

a

f(x) dx.

λ, µ �� ��� �� ©� ��Akt�� TyW� An§d� ¢n�¤

∫ b

a

(
λf(x) + µg(x)

)
dx = λ

∫ b

a

f(x) dx+ µ

∫ b

a

g(x) dx

[a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� f5g (3

An§d� �wm`�� Yl� �k�∫ b

a

(fg)(x) dx 6=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

An§d� ¤ [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� |f | (4

∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

∣∣f(x)
∣∣ dx

: 1 �A��∫ 1

0

(
7x2 − ex

)
dx = 7

∫ 1

0

x2 dx −
∫ 1

0

ex dx = 7
1

3
− (e− 1) =

10

3
− e

.
∫ 1

0
ex dx = e− 1 ¤

∫ 1

0
x2 dx = 1

3
: ®b� A¡An§�C ¨t�� �A�As��� An�d�tF�

­rks� rSy� dm�� T`�A�5¨�db�  Ahy� :­ÐAtF±�



Tyl}±� ��¤d�� 
As� .2.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

.n→ +∞ A�dn� In → 0  � 
b�� .In =
∫ n

1
sin(nx)
1+xn

dx �ky� : 2 �A��

|In| =
∣∣∣∣∫ n

1

sin(nx)

1 + xn
dx

∣∣∣∣ ≤ ∫ n

1

| sin(nx)|
1 + xn

dx ≤
∫ n

1

1

1 + xn
dx ≤

∫ n

1

1

xn
dx

:ry�±� ��Akt�� �@¡ 
As� Xq� Yqb§∫ n

1

1

xn
dx =

∫ n

1

x−n dx =

[
x−n+1

−n+ 1

]n
1

=
n−n+1

−n+ 1
− 1

−n+ 1
−−−−→
n→+∞

0

.(
1

−n+1
→ 0 ¤ n−n+1 → 0 )  ±

�A� �kK� An§d� ��Aktl� ��A� f5g  � �� ��r�A� ¢�� ^�¯ : 1 T\�®�∫ b

a

(fg)(x) dx 6=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

¤ x ∈ [0, 1
2
[  A� �Ð� f(x) = 1 TWF�w� ­ d�m�� T��d�� f : [0, 1] → R �ky� , �A�m�� �ybF Yl�

¤ x ∈ [1
2
, 1[  A� �Ð� g(x) = 1 þ� T�r`m�� T��d��g : [0, 1] → R �kt� . x /∈ [0, 1

2
[ ��� �� f(x) = 0

.x /∈ [1
2
, 1[ ��� �� g(x) = 0

¤
∫ 1

0
f(x) dx = 1

2
�y�

∫ 1

0
f(x)g(x) dx = 0 ¤ x ∈ [0, 1] �� ��� �� f(x)g(x) = 0 ¢n�¤

.
∫ 1

0
g(x) dx = 1

2

Tyl}±� ��¤d�� 
As� 2.1

�y� T�� f �kt��¤ R ¨� �A�� I = [a, b] �ky� : 1.2.1 �§r`�

f : I → R

�y� f T��dl� Tyl}� T�� F  � �wq�

F : I → R

¨l§ A� �q�� �Ð�

.I �wtfm�� �A�m�� Yl� �AqtJ²� Tl�A� F (−1

¨�db�  Ahy� :­ÐAtF±�6­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��Tyl}±� ��¤d�� 
As� .2.1

(−2

∀x ∈ I, F ′ (x) = f (x)

Tyl}� T�� �bq� f : I → R ­rmts� T�� �� : 1.2.1 T§r\�

Tyl}� T�� �bq� f �y� f : I → R T��d�� �kn� : 2.2.1 T§r\�

¨¡ f T��dl� Tyl}±� ��¤d�� T�wm��

{F + c, c ∈ R}

.f T��dl� T}A� Tyl}� T�� F �y�

:	tk�¤ f T��dl� Tyl}±� T��dl�

∫
f(t)dt þ� z�r�

F (x) =

∫
f(x)dx

 ¤d�m�� ��Akt�� .1.2.1

.b ≥ a �y� [a, b] �A�m�� Yl� ­rmtsm�� ¤ f : [a, b]→ R T��d�� �kn�

�� �®�Aktl� Tt�A� �y�  A�§� ¨� ¯Am`tF� r��� «r�� Tq§rW� ��Akt�� �§r`� �km§

:Ty�At�� T§r\n�� �®�

T�r`m�� F : [a, b]→ R T��d�� �kn� : 3.2.1 T§r\�

F (x) =

∫ x

a

f(t)dt

: �q��¤ �AqtJ²� Tl�A� F T��d��  � ¨n`§ f T��dl� Tyl}� T�� ¨¡

F ′ (x) = f (x) ,∀x ∈ [a, b]

z�r�A� ¢� z�r� ©@�� f T��dl�  ¤d�m�� ��Akt�� ¨ms� : 2.2.1 �§r`�∫ b

a

f (x) dx

­rks� rSy� dm�� T`�A�7¨�db�  Ahy� :­ÐAtF±�



Tyl}±� ��¤d�� 
As� .2.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

	tk� ¤ f T��dl� Tyl}±� T��d�� ¨¡ F �y� F (b)− F (a) ¨qyq���  d`��∫ b

a

f (x) dx = F (b)− F (a) .

:Ty�At�� �®�Akt�� 	s�n� : 1 �A��

¢n�¤ ,Ah� Tyl}� T�� F (x) = ex �kt� f(x) = ex ��� �� −1∫ 1

0

ex dx =
[
ex
]1

0
= e1 − e0 = e− 1.

¢n�¤ ,Ah� Tyl}� T�� G(x) = x3

3
�kt� g(x) = x2 ��� �� −2∫ 1

0

x2 dx =
[
x3

3

]1
0

= 1
3
.

−3∫ x

a

cos t dt =
[

sin t
]t=x
t=a

= sinx− sin a

.cosx T��dl� Tyl}� T�� 

 � �tnts�¤ (Aq�¯ �¡rb�) Ty�¤E T�� Tyl}±� Aht��  wk� T§ r� T�� 
�A� �Ð� −4∫ a

−a
f(t) dt = 0.

��Akt�� �rV .2.2.1

T¶z�t�A� ��Akt��

:  �� [a, b] �A�m�� Yl� �yt�r`m�� C1 T·f�� �� �yt�� v ¤ u �kt� : 4.2.1 T§r\�

∫ b

a

u(x) v′(x) dx = [uv]ba −
∫ b

a

u′(x) v(x) dx

: ¤d�  ¤d� �k�¤ Ahsf� ¨¡ Tyl}±� T��dl� T¶z�t�A� ��Akt�� T�y}∫
u(x)v′(x) dx = [uv]−

∫
u′(x)v(x) dx.

¨�db�  Ahy� :­ÐAtF±�8­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��Tyl}±� ��¤d�� 
As� .2.1

��Akt�� 
As�� : 2 �A��∫ 1

0

xex dx

.v′(x) = ex ¤ u(x) = x �S�

Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 1 T��d��  � �l`�

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′ T��dl�

∫ 1

0
xexdx =

∫ 1

0
u(x)v′(x) dx

= [u(x)v(x)]10 −
∫ 1

0
u′(x)v(x) dx

= [xex]10 −
∫ 1

0
1 · ex dx

= (1 · e1 − 0 · e0)− [ex]10

= e− (e1 − e0)

= 1

��Akt�� 
As�� : 3 �A��∫ e

1

x lnx dx.

.v′(x) = ¤ u(x) = ln x ­rm�� £@¡ �S�

T��dl� Tyl}±� T��d�� ¨¡ v = x2

2
T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′ =

1

x
T��d�� ¢n� ¤

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′

∫ e

1

lnx · x dx =

∫ e

1

uv′ = [uv]e1 −
∫ e

1

u′v =

[
lnx · x

2

2

]e
1

−
∫ e

1

1

x

x2

2
dx

=

(
ln e

e2

2
− ln 1

12

2

)
− 1

2

∫ e

1

x dx =
e2

2
− 1

2

[
x2

2

]e
1

=
e2

2
− e2

4
+

1

4
=
e2 + 1

4

��Akt�� 
As�� : 4 �A��∫
arcsinx dx

­rks� rSy� dm�� T`�A�9¨�db�  Ahy� :­ÐAtF±�



Tyl}±� ��¤d�� 
As� .2.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

,v′(x) = 1 ¤ u(x) = arcsin(x) �S� �y� º�d� �kJ �� Ahl`�� arcsin(x) T��dl� Tyl}� T��  A�§³

d�n� T¶z��A� ��Akt�� T�y} �bW� �� ,v(x) = x ¤ u′(x) =
1√

1− x2
An§d� �y�∫

1 · arcsin(x)dx = [x arcsin(x)]−
∫

x√
1− x2

dx

= [x arcsin(x)]−
[
−
√

1− x2
]

= x arcsin(x) +
√

1− x2 + c

��Akt�� 
As� : 5 �A��∫
x2exdx.

.v′(x) = ex ¤ u(x) = x2 �S�

T��d�� ¨¡ v(x) = ex T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 2x T��d��  � �l`�

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′(x) T��dl� Tyl}±�∫
x2ex dx =

[
x2ex

]
− 2

∫
xex dx

:d�� Tq�As�� ��¤Asm�� �� ¨�A��� ºz��� Yl� Ty�A��� ­rml� T¶z�t�A� ��Akt�� dy`�∫
xex dx = [xex]−

∫
ex dx = (x− 1)ex + c

d�� ry�±� ¨�∫
x2ex dx = (x2 − 2x+ 2)ex + c.

ry`tm�� ryy�t� �þ�Akt��

T·f�� �� ϕ : J → I ��Aqt�� �ky� ¤ I = [a, b] �A�m�� Yl� T�r`� T�� f 
�A� �Ð� : 5.2.1 T§r\�

:An§d� a, b ∈ J �� ��� �� .C1

∫ ϕ(b)

ϕ(a)

f(x)dx =

∫ b

a

f (ϕ(t)) · ϕ′(t)dt

«r�� TfO� .(f ◦ ϕ) ·ϕ′ T��dl� Tyl}±� T��d�� ¨¡ F ◦ϕ  �� f T��dl� Tyl}� T�� F 
�A� �Ð�(∫
f(x) dx

)
◦ ϕ =

∫
f (ϕ(t))ϕ′(t) dt
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.ϕ ¤ f T��d�� �� �� 	y�r� �� �tn� f(ϕ(t))ϕ′(t) T��dl� Tyl}±� T��d��  � ©�

�S� TWsb� T�yO� ¤� ,ry�tml� ryy�� ®`� ��m�

∫
f(x) dx =

∫
f (ϕ(t))ϕ′(t) dt ­CAb`��

: AnyW`§ A� dx = ϕ′(t) dt ©�
dx

dt
= ϕ′(t) �AqtJ³A� A¡d`� d�� ¢n�¤ x = ϕ(t)∫ ϕ(b)

ϕ(a)

f(x)dx =

∫ b

a

f(ϕ(t))ϕ′(t)dt.

��Akt�� 
As� : 6 �A��∫ π
2

0

sin2 (x) cos (x) dx

�Rw�

sin (x) = t =⇒ sin (x)′ = cos (x) = dt

¨l§ Am� t Y�� x �� ��Akt��  ¤d� ry�t� ¢n�¤

x = 0 =⇒ t = sin (0) = 0

x =
π

2
=⇒ t = sin

(π
2

)
= 1

d�� ¢n�¤

x = 0 =⇒ sin (0) = 0

x =
π

2
=⇒ sin

(π
2

)
= 1

∫ π
2

0

sin2 (x) cos (x) dx =

∫ 1

0

t2dt

=
1

3
t3
]1

0

=
1

3
.

��ry�t� ­d� ��Ð ��¤d�A� ry�@� 3.1

�km§¤ , R3
¤� R2

Yl� T�r`m�� ­ d`tm�� ��ry�tm�� ��Ð ��¤d�� xCd� �wF ºz��� �@¡ ¨�

�Ðwmn�� �� ��¤d�� £@¡  wktF ¨�At�A�¤ Rn
Yl� ©� �A`�� CAV³� ¨� AhtF�C AS§�

f : E ⊂ Rn → R,

­rks� rSy� dm�� T`�A�11¨�db�  Ahy� :­ÐAtF±�
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¨`ybV  d� n ≥ 1 �y�

,x = (x1, . . . , xn) �kK�� �� T`J� E T§�db�� T�wm�� r}An�  wktF , «r�� ­CAb`�

.Tyqyq�  �d�� Ty¶Ahn�� T�wm�m�� r}An�  wktF¤

Ty�Ayb�� �wFr�� ¨l§ Amy� .x 7→ f(x) ,T�A� Xs�� ¨¡¤ :f : I ⊂ R → R ,n = 1 (1 : 1 �A��

: x 7→ arccosx ¤ x 7→ x cosx ��¤dl�

x

y

x cosx

(0, 0)

(x, f(x))

x

f(x) x

y

arccosx

0 1−1

π

π
2

�t§ ,(x, y) 7→ f(x, y) ��¤d�� .(x, y) z�r�A� ��ry�tm�� Y�� z�r� .f : E ⊂ R2 → R ,n = 2 (2

: �WF±� �®� �� ,�A�m�� �ybF Yl� ,Ahly�m�

−2 −1 0 1 2 −1
0

1
−0.5

0

0.5

x
y

.(x, y) 7→ −x · e−x2−y2 T��d�� ��m§ Yn�n�

.��ry�t� ­d� ��Ð ��¤dl� Ty�wFC T§¦C Yl� �wO��� �d� 	`O�� �� , n > 2  wk§  �  r�m�
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�A§Ahn�� .1.3.1

­d� ��Ð ��¤d�� Yl� d��¤ ry�t� ��Ð ��¤dl� C�rmtF¯�¤ �A§Ahn�� �whf� �ym`� �km§

.©dyl�³� CAy`m�A� TqlWm�� Tmyq�� ��dbtF� ¨fk§ ,dyq`�  ¤ ��ry�t�

.x0 TWqn�� «d�A� x0 ∈ Rn
TWqn�� C�w� ¨� T�r`� f : E ⊂ Rn → R T�� f �kt�

: A� �Ð� x0 Y�� �¤¥§ x A�dn� ` ¨qyq���  d`�� T§Ahn� �bq� T��d�� : 1.3.1 �§r`�

∀ε > 0, ∃δ > 0, ∀x ∈ E : 0 < ‖x− x0‖ < δ =⇒ |f(x)− `| < ε

	tk�¤

lim
x→x0

f(x) = ` ¤� f(x) −→
x→x0

`

: ¨l§Am� limx→x0 f(x) = +∞ T§Ah�¯Am�� ¨� T§Ahn�� �r`� Tq§rW�� Hfn�

∀A > 0 ∃δ > 0 ∀x ∈ E : 0 < ‖x− x0‖ < δ =⇒ |f(x)| > A

¨l§ Am� T�r`m�� f T��d�� �kt� : 2 �A��

f(x, y) = x2 + y sin(x+ y2).

.(x, y)→ (0, 0) Am� 0 Y�� �¤¥� f  � 
b�n� (1

−2 0
2

4 −2
0

2
4

0

10

x
y

d�� : | sin(t)| ≤ 1 �Am`tFA� ­ ¤d�� f(x, y) T��d��

∣∣f(x, y)
∣∣ =

∣∣x2 + y sin(x+ y2)
∣∣ ≤ x2 + |y|

∣∣ sin(x+ y2)
∣∣ ≤ x2 + |y|
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��� �� ,x2 < ε
2

An§d� ,x ∈] − a, a[ ��� �� ¾�Ð� ,b = ε
2

¤ a =
√

ε
2
, 0 < ε < 1 @���

.|y| < ε
2
An§d� y ∈]− b, b[

:d�� (x, y) ∈]− a, a[5]− b, b[ ��� �� ¢n�¤

∣∣f(x, y)
∣∣ ≤ x2 + |y| < ε

2
+
ε

2
= ε

|x| < δ = ε
2
≤
√

ε
2
 �� ‖(x, y)‖ < δ  A� �Ð� ,¾Tqyq� δ = ε

2
¨¡ T§Ahn�� �q�� ¨t�� δ �y� d��

.(0, 0) Y�� �¤¥� (x, y) Am� ,0 T§Ah� �bq� f : �tnts� .|f(x, y)| < ε ¢n�¤ |y| < δ = ε
2
¤

An§d�  wk§ (x, y) ∈ U �� ��� �� �y�� 0 Yl� ©wt�§ �wtf� �A�� U �� ��b� (2

.|f(x, y)| < 1
100

,]− a, a[5]− b, b[ �A�m�� �� (x, y) �� ��� �� .b = 1
200

¤ a = 1√
200

An§d� ε = 1
100

��� ��

.|f(x, y)| < 1
100

An§d�

x

y

a =
√

ε
2

b = ε
2 δ

�A§Ahn�� Yl� �Aylm�

�� :T�A`�� �A§r\n�� �d�ts� , ��Ð �� ¾¯d� ¤ �A§Ahn�� 
As� ¨� �§r`t�� �d�ts§ A� �C A�

.��Ð ¨� T��d� ¤� T�w`} ©� d�w� ®� ,��ry�t� ­d� ��Ð ��¤d�� Yl� �A§Ahn�� Yl� �Aylm�

An§d� .x0 dn� T§Ah� �bq� g ¤ f �y� x0 ∈ Rn C�w� ¨� �yt�r`�f, g : Rn → R �kt� : 1 ��rt��
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Ty�At�� Q�w���

lim
x0

(f + g) = lim
x0
f + lim

x0
g, lim

x0
(fg) = lim

x0
f lim

x0
g

lim
x0

1

g
=

1

limx0 g
, lim

x0

f

g
=

limx0 f

limx0 g

��ASm�� ��Akt�� 4.1

.D ⊂ R2
­ ¤d�m�� T�wm�m�� Yl� T�r`� T�� f : R2 −→ R �kt�

�� Ki �A`�rm�� �� Sδ T�wm�m�� D T�wm�ml� T¶z�� ¨ms� ,δ > 0 �� ��� �� : 1.4.1 �§r`�

:�yty¶z��� �yt¶z�t�� rbt`� .δ �AyF ­wW� ©� ¨� D �mK� ¤� ¨W�� ¨t�� δ 	n�

,(�CA��� ��) Tl�AJ TyW�� ¨n`� Sextδ •

.(���d�� ��) �CA} ºAW� ¨n`� S intδ •

.S intδ ⊂ Sextδ An§d�¤ , �A`�rm�� ��  ¤d��  d� Yl� Ty¶z��� T¶z�t�� ©wt�� ,  ¤d�� D  ±¤

.D þ� ∂D XbS�A� T�A��� ¨W�� Sextδ \ S intδ T�wm�m�� ¨� ­ w�wm�� �A`�rm�� , ���w�� ¨�

Sext/intδ Ty¶z��� T¶z�tl� ���rm�� f  Am§C �w�� ¨ms� ,(xi, yi) ∈ Ki ∩D ªAqn�� �� CAyt�� ©±

�y�A�m�� {(xi, yi)} ªAqn�� ¨� ¤

R
ext/int
δ (f, {(xi, yi)}) =

∑
Ki∈S

ext/int
δ

f(xi, yi) δ
2,

­CAJ� �� f(xi, yi) �Af�C¯� ¤Ð Ki T§E�wtm�� ­d�Aq�� �� ©rb��� ����� ��m§ f(xi, yi) δ
2 d� ©� �y�

.(xi, yi) dn� f ­CAJ� ¨¡ ¨t�� ±

�A§Ahn�� 
�A� �Ð� : 2.4.1 �§r`�

lim
δ→0

R
ext/int
δ (f ; {(xi, yi)})

¨ms� T�A��� £@¡ ¨� .�yq�AWt� �h� (xi, yi) ∈ Ki ∩ D ªAqn�� CAyt�� �� Tlqts� ¨h� , ­ w�w�

:T§Ahn�� £@¡ D Yl� f þ� ¨¶An��� ��Akt��∫∫
D

f(x, y) dx dy = lim
δ→0

R
ext/int
δ (f ; {(xi, yi)}).
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Hy�¤ ¨qyq�  d�) ¢tn�
∫∫

D
f(x, y) dx dy ��Akt��  A� �Ð�  Am§C 	s� D Yl� f ��Ak� ¢�� �wq�

.(±∞
. ¤d��  wk§ D  �� ­rmts� f T��d�� 
�A� �Ð� T}A� T�A�

��Ð T�r`m�� ��¤d�� �mKy� �Fwm��  d�m�� ��Akt�� ��w�� d�� w¡ ¨¶An��� ��Akt�� : 3.4.1 �§r`�

 A� (xOy) ©wtsm�� �� D ¨� T�r`� f(x, y) T��d�� 
�A� �ÐA� , �§ry�t�∫∫
R
f (x, y) dxdy

.D ¨� f(x, y) T��dl� ��ASm�� ��Akt�� ¤� ¨¶An��� ��Akt�� Yms§

TWFwtm�� z��rm��  A�§�¤ �wWs�� T�As�  A�§� ¨� Ty¶An��� �®�Akt�� Tym¡� �mk�¤

¨¶An��� ��Akt�� �WF 
�� ���w�� �����  A�§�¤ T§wtsm�� �wWsl� ¨��@�� CwOq�� �z�¤

. «r�� �yR�w�¤ �y�Akym��¤ Ty�wO�� �A�wm��¤ ­C�r���¤ TysyVAn��¤rhk�� ¨�¤

©@��¤ ¨l��d�� ��Akt�A� ¯¤� �db� ,£®�� T�yO�� ¨� �ybm�� ¨¶An��� ��Akt�� �� ��� ��¤

¢l�Ak� ©@��¤ ¨�CA��� ��Akt�� Tmy� d�� �� At�A� y ry�tm�� rbt`� �y� x þ� Tbsn�A� ¢l�Ak�

.y þ� Tbsn�A�

¨¶An��� ��Aktl� ¨Fdnh�� Yn`m��

x

y

z

x y

z

þ� ¨�Ayb�� �Fr�� �y� CwO�m�� ºz�l� ©rb��� ����� ¨¡
∫∫

D
f(x, y) dx dy Tmyq�� (1 : 1 T�yt�

.xOy «wtsm��¤ f
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.xOy «wtsm��¤ f þ� ¨�Ayb�� �Fr�� �y�  w�wm�� zy��� ºz� ��� w¡
∫∫

D
|f(x, y)| dx dy Amny� (2

­rk�� ��� : 1 �A��

B =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1
}
­rk�� �O� ��� �`R w¡

B+ =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1, y ≥ 0
}
,

�Ð� An§d� . xOy Cw�m��¤ z =
√

1− x2 − y2 T��d�� Yn�n� �y� ­CwO�m��

V olume(B) = 2

∫∫
D

√
1− x2 − y2 dx dy, �y� D =

{
(x, y) ∈ R2 | x2 + y2 ≤ 1

}
.

.�y� d�� �ytq§rV¤ Ty�At�� P¶AO��� �d�ts� ,Ty¶An��� �®�Akt�� 
As��

¨nyby� T§r\� ¨¶An��� ��Akt�� 
As�

.D = [a, b]5[c, d] �yWtsm�� Yl� T�r`� ¤ ­rmts� T�� f : R2 −→ R �kt� :Y�¤±� T�A��� ¨�∫∫
D
f(x, y) dx dy =

∫ b
a

(∫ d
c
f(x, y) dy

)
dx =

∫ d
c

(∫ b
a
f(x, y) dx

)
dy. : 1.4.1 T§r\�

: 2 T�yt�∫∫
[a,b]5[c,d]

f1(x) f2(y) dx dy =

∫ b

a

f1(x) dx

∫ d

c

f2(y) dy.

:­CAb`�� T�At� AS§� Annkm§ : 1 T\�®�∫ b

a

dx

∫ d

c

dy f(x, y) =

∫ b

a

(∫ d

c

f(x, y) dy

)
dx.

. : 2 �A��

¨�At�� ¨¶An��� ��Akt�� 	s�n� (1∫∫
[0,1]5[0,π/2]

x cos y dx dy =

∫ 1

0

x dx

∫ π/2

0

cos y dy

=

[
1

2
x2

]1

0

[sin y]π/20 =
1

2
.
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:��Akt�� 	s�n� (2∫∫
[−1,1]5[0,1]

(x2y − 1) dx dy =

∫ 1

−1

dx

∫ 1

0

(x2y − 1) dy

=

∫ 1

−1

dx

[
1

2
x2y2 − y

]y=1

y=0

=

∫ 1

−1

(
1

2
x2 − 1

)
dx

=

[
1

6
x3 − x

]1

−1

= −5

3
.

,Tyfyk�� D ­ ¤d�m�� T�wm�m�� Yl� T�r`� ­rmts� T�� f : R2 −→ R �kt� :Ty�A��� T�A���

:¢n�¤

a ≤ x ≤ b �y� a, b ∈ R �yq�� d�w� (x, y) ∈ D �� ��� �� (1

c(x) ≤ y ≤ d(x) �y� c(x), d(x) ∈ R �yq�� d�w� x ∈ [a, b] �� ��� �� (2

¢y�  wk§ ©@�� w�n�� Yl�

D =
{

(x, y) ∈ R2 | x ∈ [a, b], y ∈ [c(x), d(x)]
}
.

�yyn�nm��  � ^�®�

∂D− =
{

(x, y) ∈ R2 | x ∈ [a, b], y = c(x)
}

¤

∂D+ =
{

(x, y) ∈ R2 | x ∈ [a, b], y = d(x)
}

:��Aqm�A� .D T�A� �� �mK§

c ≤ y ≤ d �y� c, d ∈ R �yq�� d�w� (x, y) ∈ D �� ��� �� (1

a(y) ≤ x ≤ b(y) �y� a(y), b(y) ∈ R �yq�� d�w� ,y ∈ [c, d] �� ��� �� (2

¢y�  wk§ ©@�� w�n�� Yl�

D =
{

(x, y) ∈ R2 | y ∈ [c, d], x ∈ [a(y), b(y)]
}
.
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 Ayn�nm�� Am¡  �@¡ , T�A��� £@¡ ¨�

∂D− =
{

(x, y) ∈ R2 | y ∈ [c, d], x = a(y)
}

¤

∂D+ =
{

(x, y) ∈ R2 | y ∈ [c, d], x = b(y)
}

.D T�A� ��  ®mK§  �@l��

:Ty�At�� T§r\n�� ��Ð d`� An§d� , D �}w� £dmt`� �wF ©@�� CAy��� Yl� ¾ºAn�

: 2.4.1 T§r\�∫∫
D

f(x, y) dx dy =

∫ b

a

(∫ d(x)

c(x)

f(x, y) dy

)
dx =

∫ d

c

(∫ b(y)

a(y)

f(x, y) dx

)
dy

.

, �fF±� ¨� y = x2 ¸�Akm�� �Wq�� xwq� � d�� xOy «wtsm�� �� ºz��� w¡ D  � |rfn� : 3 �A��

T�wm�m�� ¢�� Yl� D �}¤ ��Ð d`� Annkm§ .Yl�±� ¨� y = 1 X���¤

D =
{

(x, y) ∈ R2 | x ∈ [−1, 1], y ∈ [x2, 1]
}
.

:An§d� ��@�∫∫
D

x2y dx dy =

∫ 1

−1

x2dx

∫ 1

x2
y dy

=

∫ 1

−1

x2

[
1

2
y2

]1

x2
dx

=

∫ 1

−1

1

2
(x2 − x4) dx

=
1

2

[
1

3
x3 − 1

5
x5

]x=1

x=−1

=
2

15
.

ry�tm�� ry�� , ¨¶An��� ��Akt�� 
As�

¨¶An��� ��Akt�� �ky�∫∫
D

f(x, y) dx dy
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ry�tm�� ryy��¤

(x, y) = h(u, v) =
(
x(u, v), y(u, v)

)
�� rb`�  � 	�§ f̃(u, v) = f

(
x(u, v), y(u, v)

)
T��d�� TWF�w� ��Akt�� �� rb`�  � ��� �� .

¢n�¤ :(u, v) TWF�w� dx dy º�d��� ¤ D

TqWnm�� Y�� D TqWnm�� �w�� (1

D̃ = h−1(D) =
{

(u, v) ∈ R2 | (x, y) = h(u, v) ∈ D
}
.

Y�� �w�t� dy ¤ dx r}An`�� (2
dx = ∂x

∂u
du+ ∂x

∂v
dv

dy = ∂y
∂u
du+ ∂y

∂v
dv

©�

 dx

dy

 = Jh(u, v)

 du

dv

 �y� Jh(u, v) =


∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v


.�Ay��d�³� ryy�t� Ty�wq`y�� T�wfOm�� ¨¡

:¨�wq`y�� ��A`l� TqlWm�� Tmyq�� �� , Ty�At�� T�yO�� ¨nb� ¨fk§¤

dx dy =
∣∣∣∂x
∂u

∂y

∂v
− ∂x

∂v

∂y

∂u

∣∣∣ du dv =
∣∣∣ det Jh(u, v)

∣∣∣ du dv.
:An§d� TybWq�� �Ay��d�³� T�A� ¨� ry�tm�� ryy�� , QwO��� ¢�¤ Yl�

dx dy = ρ dρ dϕ .

:Ty�At�� T§r\n�� Y�� A¾ry�� �O�

: 3.4.1 T§r\�∫∫
D

f(x, y) dx dy =

∫∫
h−1(D)

f (x(u, v), y(u, v)) |det Jh(u, v)| du dv.

��� �� : 4 �A��

B =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1
}

	s��

V olume(B) = 2

∫∫
D

√
1− x2 − y2 dx dy, �y� D =

{
(x, y) ∈ R2 | x2 + y2 ≤ 1

}
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Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of����ASm�� ��Akt�� .4.1

,TybWq�� �Ay��d�³� ¨� ��ry�tm�� ryy�� ��

(x, y) = h(ρ, ϕ) = (ρ cosϕ, ρ sinϕ).

:An§d� x2 + y2 = ρ2  ±

√
1− x2 − y2 =

√
1− ρ2 ¤

h−1(B) =
{

(ρ, ϕ) ∈ [0,∞[5[0, 2π[
∣∣ ρ ≤ 1

}
= [0, 1]5[0, 2π[

:An§d� �tn§ ,��ry�tm�� �Of� ¨nyby� T§r\� �m`ts� ¤ dx dy = ρ dρ dϕ  � Aml� ,¢n�¤

V olume(B) = 2

∫∫
[0,1]5[0,2π[

√
1− ρ2 ρ dρ dϕ = 2

∫ 1

0

√
1− ρ2 ρ dρ

∫ 2π

0

dϕ.

t = 1− ρ2 An`R¤ �Ð� , r�µ� ºz��� ��� �� .
∫ 2π

0
dϕ =

[
ϕ
]2π

0
= 2π : Xys� w¡ ϕ ¨� ��Akt��

An§d�

ρ = 0 =⇒ t = 1 ¤ ρ = 1 =⇒ t = 0,√
1− ρ2 =

√
t = t1/2,

dt = −2ρ dρ =⇒ ρ dρ = −1

2
dt,

:Yl� �O�� ¾�ry��¤

V olume(B) = −2

2
2π

∫ 0

1

t1/2 dt = 2π

∫ 1

0

t1/2 dt = 2π

[
1

1
2

+ 1
t
1
2

+1

]1

0

= 2π
2

3

[
t
3
2

]1

0
=

4π

3
.

¨¶An��� ��Akt�� Tmy� 	s�� : 5 �A��

∫∫
D

(
3y2 − x

)
dxdy

 � 
ml� �Ð�

D = {(x, y) : 0 ≤ x ≤ 2, 1 ≤ y ≤ 2}
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¢n�¤

∫∫
D

(
3y2 − x

)
dxdy =

∫ 2

1

(∫ 2

0

(
3y2 − x

)
dx

)
dy

=

∫ 2

1

3xy2 − 1

2
x2

∣∣∣∣2
0

dy

=

∫ 2

1

(
6y2 − 2

)
dy

= 2y3 − 2y
∣∣2
1

= 12

¨¶An��� ��Akt�� Tmy� 	s�� : 6 �A��

∫ 2

1

∫ y2

y

dxdy.

¢n�¤

∫ 2

1

∫ y2

y

dxdy =

∫ 2

1

x|y
2

y dy

=

∫ 2

1

(
y2 − y

)
dy

=
1

3
y3 − 1

2
y2

∣∣∣∣2
1

=
5

6
.

¨¶An��� ��Akt�� Tmy� 	s�� : 7 �A��

∫ π

0

∫ x

0

x sin ydydx
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¢n�¤

∫ π

0

∫ x

0

x sin ydydx =

∫ π

0

(∫ x

0

x sin ydy

)
dx

=

∫ π

0

−x cos y|x0 dx

=

∫ π

0

−x (cosx− 1) dx

=
1

2
x2 − x sinx− cosx

∣∣∣∣π
0

=
π2

2
+ 2.

¨�®��� ��Akt�� 5.1

T�r`m�� ­ ¤d�� T�wm�� Ω ⊂ R3
�kt�¤ (x, y, z) ��ry�t� �®� ��Ð T�� f : R3 −→ R �kt�

.f T��d�� Ahyl�

þ� Sδ T¶z�tl� ��rm��  Am§C �wm�� T§Ah� Ω Yl� f T��dl� ¨�®��� ��Akt�� �r`� : 1.5.1 �§r`�

:rfOl� ¨htn§ δ �y� δ3  A`�±� ��Ð Ki ­ry�O�� �Ab`km�� Yl� Ω

∫∫∫
Ω

f(x, y, z) dx dy dz = lim
δ→0

∑
Ki∈Sδ

f(xi, yi, zi) δ
3,

.(xi, yi, zi) ∈ Ki ªAqn�� CAyt��  A� A§�

�®�Akt��  �� , ¨�At�A�¤ .3 d`b�� ¨� Ty¶An��� �®�Akt�� �§r`� ry\� w¡ �§r`t�� �@¡

rmts§ f)  w�w�� �A§r\� Hf�¤ ,A¾A�Am� T�¤ zm�� �®�Akt�� P¶AO� Hf� Ah� Ty�®���

.( ¤d�� Ω Yl�

����� �bO§ , xAyq�� �§rV �� :T§d§r�� r��� ¨�®��� ��Aktl� ¨Fdnh�� Yn`m�

(©rb���) ¨�A�r�� ����� xOy «wtsm��¤ f þ� ¨�Ayb�� �Fr�� �y� T�Asm�� ºz�� (©rb���)

.Oxyz ºASf��¤ f þ� ¨�Ayb�� �Fr�� �y� Ty�A�r�� T�Asm�� �� ºz��

­rks� rSy� dm�� T`�A�23¨�db�  Ahy� :­ÐAtF±�
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¨nyby� T§r\� ¨�®��� ��Akt�� 
As�

: �� , �wWs�� ©E�wt� Ω = [a, b][c, d][e, g]  A� �Ð� (1 : 1.5.1 T§r\�∫∫∫
Ω

f(x, y, z) dx dy dz =

∫ b

a

dx

∫ d

c

dy

∫ g

e

dz f(x, y, z) £d§r� ©@�� 	y�rt�A� .

 A� �Ð� (2

Ω =
{

(x, y, z) ∈ R3
∣∣ x ∈ [a, b], y ∈ [c(x), d(x)], z ∈ [e(x, y), g(x, y)]

}
: Ð� , ­ ¤d�� T�wm�� ©� ¨¡∫∫∫

Ω

f(x, y, z) dx dy dz =

∫ b

a

dx

∫ d(x)

c(x)

dy

∫ g(x,y)

e(x,y)

dz f(x, y, z) ©rs� 	y�r� .

��Akt�� 	s�n� (1 : 1 �A��∫∫∫
[0,1]5[1,2]5[2,3]

(x2 − 2yz) dx dy dz =

∫ 3

2

dz

∫ 2

1

dy

∫ 1

0

dx (x2 − 2yz)

=

∫ 3

2

dz

∫ 2

1

dy

[
1

3
x3 − 2xyz

]x=1

x=0

=

∫ 3

2

dz

∫ 2

1

dy

(
1

3
− 2yz

)
=

∫ 3

2

[
1

3
y − y2z

]y=2

y=1

dz =

∫ 3

2

(
2

3
− 4z − 1

3
+ z

)
dz

=

∫ 3

2

(
1

3
− 3z

)
dz =

[
1

3
z − 3

2
z2

]3

2

=
3

3
− 27

2
− 2

3
+

12

2
=

1

3
− 15

2

= −43

6
.

D =
{

(x, y, z) ∈ R3 | x2 +y2 ≤ 1, z = 0
}

Qrq�� Ah�d�A� , Tl�Ak�� T��wWF¯� ¨¡ Ω  A� �Ð� (2

	tk�  � �yWts� 3 �Af�C³� ¤Ð

Ω =
{

(x, y, z) ∈ R3 : | x2 + y2 ≤ 1, 0 ≤ z ≤ 3
}

=
{

(x, y, z) ∈ R3 : | x ∈ [−1, 1], y ∈
[
−
√

1− x2,
√

1− x2
]
, z ∈ [0, 3]

}
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¢n�¤

∫∫∫
Ω

(1− 2yz) dx dy dz =

∫ 3

0

dz

∫∫
D

(1− 2yz) dx dy

=

∫ 3

0

dz

∫ 1

−1

dx

∫ √1−x2

−
√

1−x2
(1− 2yz) dy

=

∫ 3

0

dz

∫ 1

−1

[
y − y2z

]y=
√

1−x2

y=−
√

1−x2 dx

=

∫ 3

0

dz

∫ 1

−1

(√
1− x2 − (1− x2)z +

√
1− x2 + (1− x2)z

)
dx

=

∫ 3

0

dz

∫ 1

−1

2
√

1− x2 dx

= 3

∫ π/2

−π/2
2 cos2 t dt = 3π.

ry�tm�� ry�� ¨�®��� ��Akt�� 
As�

: �� ry�t� ryy�� (x, y, z) = h(u, v, w)  A� �Ð� : 2.5.1 T§r\�

∫∫∫
Ω

f(x, y, z) dx dy dz

=

∫∫∫
h−1(Ω)

f (x(u, v, w), y(u, v, w), z(u, v, w)) |det Jh(u, v, w)| dudvdw

T§¤rk�� �Ay��d�� ¤� Ty��wWF±� �Ay��d�²� ��ryy�t�� ��� �� , QwO��� ¢�¤ Yl�

: An§d�

dx dy dz = ρ dρ dϕ dz = r2 sin θ dr dϕ dθ.
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x

z

y

O

M

H

−→ex
−→ez −→ey

x

y

z

M

r = r1 surface

z = z1 plane

φ = φ1 plane

φ1

r1

z1

¨�db�  Ahy� :­ÐAtF±�26­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��¨�®��� ��Akt�� .5.1

O

H

x

y

X

Y

Z

M

θ

Omega Tl�Ak�� T��wWF¯� Yl� f(x, y, z) = 1 − 2yz T��d�� ��Ak� «r�� ­r� r�@tn� : 2 �A��

�Ay��d�³� ¨� .3 �Af�C³� ¤Ð D =
{

(x, y, z) ∈ R3 | x2 + y2 ≤ 1, z = 0
}

Qrq�� Ah�d�A� ¨t�A,

:An§d� , Ty��wWF±�

Ω =
{

(x, y, z) ∈ R3 | x2 + y2 ≤ 1, 0 ≤ z ≤ 3
}

=
{

(ρ, ϕ, z) | ρ ∈ [0, 1], ϕ ∈ [0, 2π[, z ∈ [0, 3]
}

 ± ,¨�At�A�¤

dx dy dz = ρ dρ dϕ dz
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:An§d� �tn§∫∫∫
Ω

(1− 2yz) dx dy dz =

∫ 3

0

dz

∫∫
D

(1− 2yz) dx dy

=

∫ 3

0

dz

∫ 1

0

ρ dρ

∫ 2π

0

(1− 2ρ sinϕz) dϕ

=

∫ 3

0

dz

∫ 1

0

ρ dρ [ϕ+ 2ρ cosϕz]ϕ=2π
ϕ=0

=

∫ 3

0

dz

∫ 1

0

(2π + 2ρz − 2ρz) ρ dρ

=

∫ 3

0

dz

∫ 1

0

2π ρ dρ = 3 π
[
ρ2
]1

0
= 3π.
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Ty�At�� �®�Akt�� 	s�� : 1 �§rm�

1)
∫ √

3x log xdx 3)
∫
x2exdx

2)
∫ 1

0
(7x2 − ex) dx 4)

∫
x
√
x2 + 1dx

¨�At�� ��Akt�� �y� xC � : 2 �§rm�

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

0 ≤ In+1 ≤ In  � 
b�� −1

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2

��Akt�� Tmy� 	s�� −3

lim
n→+∞

nIn.

Ty�At�� �A§Ahn�� 	s�� : 3 �§rm�

1) lim
x→0
y→0

√
x2y2 + 1− 1

x2 + y2
3) lim

x→0
y→0

x2 + y2√
x2 + y2 + 1− 1

2) lim
x→0
y→2

sinxy

x2 + y2
4) lim

x→∞
y→k

(
1 +

y

x

)x
k ∈ R

(x0, y0) = (0, 0) TWqn�� dn� f T��d�� T§C�rmtF� xC � : 4 �§rm�

f (x, y) =


x3 + y3

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
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(x0, y0) = (0, 0) (x0, y0) = (0, 1) TWqn�� dn� g T��d�� ��

g (x, y) =

 x+ y, (x, y) 6= (0, 1)

0, (x, y) = (0, 1)

¨�At�� ��Akt�� �y� xC � : 5 �§rm�

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

0 ≤ In+1 ≤ In  � 
b�� −1

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2

��Akt�� Tmy� 	s�� −3

lim
n→+∞

nIn.

�þþ���

¤ 0 < x + n ≤ x + n + 1 An§d� ,0 ≤ x ≤ 1 �� ��� �� : 0 ≤ In+1 ≤ In  � �Ab�� −1

d�� , ¢n�¤ ,sin(πx) ≥ 0

0 ≤ sin(πx)

x+ n+ 1
≤ sin(πx)

x+ n

.��Akt�� Ty�A�§� Ty}A� �ybWt�

An§d� 0 ≤ sin(πx) ≤ 1 �®� �� −2

sin(πx)

x+ n
≤ 1

x+ n

d��

0 ≤ In ≤
∫ 1

0

1

x+ n
dx = [ln(x+ n)]10 = ln

n+ 1

n
→ 0.

��Akt�� Tmy� 
As� −3

lim
n→+∞

nIn.
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u′(x) = − 1

(x+ n)2
¢n�¤ v′(x) = sin(πx) ¤ u(x) =

1

x+ n
�S��y� ,T¶z�t�A� ��Ak� ©r�n�

d�� v(x) = − 1

π
cos(πx) ¤

nIn = n

∫ 1

0

1

x+ n
sin(πx) dx

= −n
π

[
1

x+ n
cos(πx)

]1

0

− n

π

∫ 1

0

1

(x+ n)2
cos(πx) dx

=
n

π(n+ 1)
+

1

π
− n

π
Jn

Tmy�  A�§� An� Yqb§

Jn =

∫ 1

0

cos(πx)

(x+ n)2
dx.

∣∣∣n
π
Jn

∣∣∣ ≤ n

π

∫ 1

0

| cos(πx)|
(x+ n)2

dx ≤ n

π

∫ 1

0

1

(x+ n)2
dx

=
n

π

[
− 1

x+ n

]1

0

=
n

π

(
− 1

1 + n
+

1

n

)
=

1

π

1

n+ 1
→ 0.

:¢n�¤

lim
n→+∞

nIn = lim
n→+∞

n

π(n+ 1)
+

1

π
− n

π
Jn =

2

π
.
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2 ��C �§CAmt�� TlslF

:Ty�At�� Tf�ASm�� �®�Akt�� 	s�� : 6 �§rm�

1)
∫∫

D
(xy + y2 + 1) dxdy D = {(x, y) ∈ R2 : 1 ≤ x ≤ 2, 0 ≤ y ≤ 3}

2)
∫∫

D
(xyex+y) dxdy D = {(x, y) ∈ R2 : 1 ≤ x ≤ a, 1 ≤ y ≤ b}

3)
∫∫

D
(xexy) dxdy D = {(x, y) ∈ R2 : 1 ≤ x ≤ 2, 1 ≤ y ≤ 2}

4)
∫∫

[0,1][0,1]

1

x+ y + 1
dxdy

¨�At�� ¨¶An��� ��Akt�� 	s�� : 7 �§rm�∫∫
D

(
xyex+y

)
dxdy, D =

{
(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x2 + y2 ≤ 1

}
:¨l§Am� T�r`m�� ∆ T�As� 	s�� : 8 �§rm�

∆ =
{

(x, y) ∈ R2 :
x

a2
+
x

b2
≤ 1
}
, (a, b) 6= (0, 0)

:¨�At�� ¨�®��� ��Akt�� 	s�� : 9 �§rm�∫∫∫
D

xaybzcdxdydz, (a, b, c) ∈
(
R∗+
)3

D =
{

(x, y, z) ∈ R3 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ xy
}

:¨�At�� ¨�®��� ��Akt�� 	s�� : 10 �§rm�∫∫∫
V

x y z dx dy dz,

V =

{
(x, y, z) ∈ R3 :

x2

a2
+
y2

b2
+
z2

c2
≤ 1

}
(a, b, c) 6= (0, 0, 0)
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¨�A��� �Of��

�Fwm�� ��Akt��

±∞. Yl� �Fwm�� ��Akt�� 1.2

�§CA`� .1.1.2

 � �wq� , [a,+∞[ Yl� �W� ¨� rmts� ¤� rmts� f  A� �Ð� : 1.1.2 �§r`�∫ +∞

a

f (t) dt

+∞. Yl� �Fw� ��Ak�

A¡dn� 	tk�¤ M → +∞ A�dn� ­ ¤d�� T§Ah� �bq§
∫M
a
f (t) dt  A� �Ð� 
CAqt§

lim
M→+∞

∫ M

a

f (t) dt =

∫ +∞

a

f (t) dt.

.−∞ Tq§rW�� Hfn� (.d�Abt§ ¢��� ¯�¤)

.¢tmy� 	s�� �� 
CAqtm(+∞ dn� �Fw�)
∫ +∞

0
e−xdx  � �y� : 1 �A��

∫ M

0

e−xdx =
[
−e−x

]M
0

= −e−M + 1→ 1

1. ¢tmy�¤ 
CAqt§
∫ +∞

0
e−xdx ¢n�¤

.α 6 1  A� �Ð� d�Abt§ ¤ 
CAqt§
∫ +∞

0
1
xα
dx  �� α > 1  A� �Ð� ¢�� �y� : Am§C �®�Ak� : 1 �§rm�
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P¶AO�

, ��@� �k§ �� �Ð� 
CAq� TlkK� ¢y� d�w� ¯ ©@�� ¨¶z��� ��Akt�� Y�� ­ w`�� w¡ AhWs��

.�m`�� �b� ºz� �� 
CAq� �Ab�� ¾¯¤� ©C¤rS�� �m�

: 1 ��rt��

 �� 
CAqt�
∫ +∞
b

f (t) dt  A� �Ð� :�AJ T�®� (1∫ +∞

a

f (t) dt =

∫ b

a

f (t) dt+

∫ +∞

b

f (t) dt

 A� �Ð� :TyW��� (2∫ +∞

a

f (t) dt ¤

∫ +∞

a

g (t) dt,

: �� 
CAqt�∫ +∞

a

αf (t) + βg (t) dt = α

∫ +∞

a

f (t) dt+ β

∫ +∞

a

g (t) dt

 A� �Ð� :Ty�A�§³� (3∫ +∞

a

f (t) dt ¤

∫ +∞

a

g (t) dt

:�y� 
CAqt�

f (t) 6 g (t) Yl� [a,+∞[

: ��∫ +∞

a

f (t) dt 6
∫ +∞

a

g (t) dt

 A� �Ð� :­ ¤d�� T�� ��Ak� (4∫ a

−∞
f (t) dt

: �� 
CAqt�

G (x) =

∫ x

−∞
f (t) dt

¤ ­rmts� f T��d��  wk� �§� �AqtJ²� Tl�A�

G′ (x) = f (x)
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�ky� : 2 �A��

F (x) =

∫ x

−∞

et

t2
dt.

:¨l§ Am� T�r`m�� T��d�� �tKm�� 	s�� �� ]−∞, 0[ Yl� �AqtJ²� Tl�A� F  � 
b��

f (t) =
et

t2

R∗. Yl� ­rmtsm��

:−∞Yl� �Fwm�� ��Akt�� a < 0, ��� ��∫ a

−∞

et

t2
dt

¤ ]−∞, a] Yl� �AqtJ²� Tl�A� F ¢n�¤ .Tb�wm�� ��¤dl� (
et

t2
≤ 1

t2
)  ¤d�� ¤ 
CAqt�

F ′ (x) =
ex

x2
.

	s�� .¨¶z��� ��Akt�� Y��  w`� : 2 �§rm�∫ +∞

1

ln (t)

t2
dt

∫ +∞
a

f  A� �Ð� ¢��� ( f = o (g) ¤�) [a,+∞[ Yl� f 6 g ¤ Tb�w� g ¤ f  A� �Ð� : 1.1.2 T§r\�

." Tb�wm�� T��dl� ¨lfs�� d��� �§rV �� Å AS§� d�Abt�
∫ +∞
a

g  �� d�Abt�

. Å Tb�wm�� T��dl� ©wl`�� d��� �§rV �� Å AS§� 
CAqt�
∫ +∞
a

f  �� 
CAqt�
∫ +∞
a

g  A� �Ð�

 �� +∞ Yl� f ∼ g �y� Tb�w� g ¤ f  A� �Ð� : 2.1.2 T§r\�∫ +∞

a

f ¤

∫ +∞

a

g

.Tb�wm�� ��¤d�� ¥�Ak� �Am`tF�� ,T`ybW�� Hf� �� �¡

 Am§C ��Ak� : 1 T\�®�∫ +∞

0

1

xα
dx
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α 6 1.  A� �Ð� d�Abt�¤ α > 1  A� �Ð� 
CAqt�

: TyF±� T��d��∫ +∞

1

eαxdx

α ≥ 0  A� �Ð� d�Abt�¤ α < 0  A� �Ð� 
CAqt�


CAq� �Ab�� : 3 �A��∫ +∞

1

x2 + e−x

x4 + x
dx

.+∞ dn� �Fw�

:®�� �¤r`� ¥�Ak� �� ��b�

x2 + e−x

x4 + x
=
x2 (1 + e−x/x)

x4 (1 + 1/x3)
∼ 1

x2
≥ 0

Tb�wm�� ��¤d�� ¥�Ak� �Am`tF�� ,¢n�¤ +∞. dn� 
CAqt§ ��Akt�� �y�∫ +∞

1

x2 + e−x

x4 + x
dx

.
CAqt§


CAqt� �Ð� wh� .AqlW� 
CAqt�
∫ +∞
a

f �wqn� 
CAqt�
∫ +∞
a
|f |  A� �Ð� : 3.1.2 T§r\�

.­ry�tm�� ­CAJ³� ��Ð ��¤d�� Yl� Tq�As�� T�CAqm�� ry§A`� �ybW� Ty�Ak�� T§r\n�� £@¡ �yt�∑
k≥0 f (k) :Tlsls��  �� ,TO�Ant�¤ �W� Yl� ­rmts� ¤� ­rmts� Tb�w� T�� f 
�A� �Ð� : 1 T�yt�

.T`ybW�� Hf� Ah� +∞ :
∫ +∞

0
f (t) dt Yl� �Fwm�� ��Akt�� ¤

Annkm§ �y� Tyl}±� ��¤d�� �� d§zm�� AnyW`§ Tlsls�� 
CAq� �� ¾¯d� ��Akt�� 
CAq� TF�C ­zy�

.Ty¶z� ��Ak� �Aylm`� �Ayq��

TWq� Yl� �Fwm�� ��Akt�� 2.2

a. dn� �Fw� ��Ak�
∫ b
a
f  � �wq� ]a, b] . �W� Yl� ­rmts� ¤� ­rmts� f T��d�� �kt� : 1.2.2 �§r`�

¤ 
CAqt§
∫ b
a
f  � �wq� x→ a, Am� Tyhtn� T§Ah� �bq§

∫ b
x
f  A� �Ð�∫ b

a

f = lim
x→a

∫ a

x

f.
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�Fwm�� ��Akt�� .¨�A��� �Of��TWq� Yl� �Fwm�� ��Akt�� .2.2

∫ 1

0
ln (t) dt. 	s��¤ 
CAqt�� 
b�� : 1 �A��

��� ��

x > 0 :

∫ 1

x

ln (t) dt = [t ln (t)− t]1x = −1 + x ln (x)− x→ −1,

1 Tmyq�� w�� 
CAqt§
∫ 1

0
ln (t) dt ¢n�¤

Hk� w¡) α < 1.  A� �Ð� d�Abt�  wk§ ¤ α ≥ 1  A� �Ð� 
CAqt�
∫ 1

0
1
xα
dx  Am§C ��Ak� : 1 T\�®�

( +∞ dn� �wls��

A�� Tqq�� Yqb� Tb�wm�� ��¤dl� «rbk��¤ «r�O�� Tmyq�A� rO���¤ T�CAqm�� �A§r\� : 1.2.2 T§r\�

.ºz� �� 
CAq� �� �q�t�� d`� ¯� �q�t�¯ Ty�A�§³�¤ TyW��� Ty}A���¤ �AJ T�®�

�wF .	¶�wK�� ªAq� �� TWq� �� �z`� An��� ,ªAq� ­d� ¨� �Fw� ry� ��Akt��  A� �Ð� : 2 T\�®�

.T`Fwm�� Ty¶z��� �®�Akt�� �wm��  wktF 	¶�wK�� ªAq� �� TWq� �� dn� 
�CAq� �Ð� 
CAqt�

 A� �Ð� f (x) = 1
x2

�ky� : 2 �A�� f (x) = 1√
−x  A� �Ð� x ∈ [0, 1]

f (x) = e−x  A� �Ð� x > 0.

	s��∫ +∞

−∞
f (t) dt

+∞ dn�¤ 0− dn� −∞, dn� �Fw�
∫ +∞
−∞ f (t) dt  �� [0,+∞[ ¤ ]−∞, 0[ �W� Yl� ­rmts� f T��d��

−∞ : dn� (a (1 : 1 ��rt��∫ −1

x

f (t) dt =

∫ −1

x

1

t2
dt =

[
−1

t

]−1

x

= 1 +
1

x
→ 1

¢n�¤∫ −1

−∞
f (t) dt = 1.

 Am§C �b� �� 
CAqt�� T§¦C A¾AS§� Annkm§
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0− : dn� (b∫ x

−1

f (t) dt =

∫ x

−1

1√
−t
dt =

[
−2
√
−t
]x
−1

= −2
√
x+ 2→ 2

¢n�¤∫ 0

−1

f (t) dt = 2.

+∞ : dn� (c∫ x

0

f (t) dt =

∫ x

0

e−tdt =
[
−e−t

]x
0

= −e−x + 1→ 1

 ��∫ +∞

0

f (t) dt = 1.

w�� 
CAqt§
∫ +∞
−∞ f (t) dt : ��Akt�� ¢n�¤ (2∫ −1

−∞
f (t) dt+

∫ 0

−1

f (t) dt+

∫ +∞

0

f (t) dt = 4
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3 ��C �§CAmt�� TlslF

:Ty�At�� �®�Akt�� T`ybV xC � : 1 �§rm�

∫ +∞
−∞

t

(1 + t2)2dt,
∫ +∞

1

ln(t)

t
dt,

∫ 1

0

t

(1− t)2dt,∫ +∞
2

(
1− cos

(
1

t

))
dt,

∫ +∞
0

e−t

t
dt,

∫ +∞
1

esin(t)

t
dt.

:¨l§ Am� T�r`m�� F T��d�� �kt� : 2 �§rm�

F (x) =

∫ x

1

ln(1 + t2)

t2
dt.

.F (x) 	s�� (1

.¢tmy� d�¤� ¤ 
CAqt� F (+∞) ��Akt��  � �tntF� (2

��Akt��  � 
b�� : 3 �§rm�

I =

∫ +∞

1

sin (t)

t
dt.

.AqlW� 
CAqt� Hy� �k� 
CAqt�

�S� : 4 �§rm�

In =

∫ +∞

0

ent

(1 + et)n+1dt, ∀n ∈ N∗.

.( 
CAqt� ��Akt�� ) In  w�¤ �� �q�� (1

. In �y� ���r� T�®� d�¤� (2

. limn→∞ In �tntF� (3
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TylRAft�� �¯ A`m��

TylRAft�� �¯ A`m�� ¨� �AyFAF� 1.3

�¡� ��¤ , TylRAft�� �¯ A`m�� ¨� �y¡Afm��¤ �Af§r`t�� �� T�wm�� �Of�� �@¡ �mSt§

: �y¡Afm�� �l�

�ky�¤ ��A� ry�t�¤ x �ky�¤ �qts� ry�t� �y� ©¤As� T�®� ¨¡ : TylRAft�� ¢� A`m�� : 1.1.3 �§r`�

... TylRAft�� �AqtKm�� �� r���¤� d��¤ �� , y(x)

. T� A`m�� ¨� TqtK� Yl�� Tb�C ¨¡ : TylRAft�� T� A`m�� Tb�C : 2.1.3 �§r`�

¨� ¨lRAf� ��A`� Yl�� x� ¤� ­w� ¤� T�C ¨¡ :TylRAft�� T� A`m�� T�C : 3.1.3 �§r`�

. T§rs� «w� ©w�� �®�A`� Yl� T� A`m�� º�wt�� �d� ªrK� T� A`m��

. T� A`m�� ¨� �AqtJ� Tb�C Yl�± x� rb�� ¨¡ �Aq§ ¤�

TylRAft�� �¯ A`m�� �� .1.1.3

: 
�A� �Ð� F (x, y, y′, y′′, . . . , yn) TylRAft�� T� A`ml� ®� y = y(x) ¢��d�� ¨ms� : 4.1.3 �§r`�

. ­r� n �AqtJ°� Tl�A� -1

: ©� TylRAft�� T� A`m�� �q�� -2

F (x, y(x), y′(x), . . . , y(n)(x)) = 0
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TylRAft�� �¯ A`ml� QA��� ����¤ �A`�� ���� .2.1.3


��w��� �� n Yl� ©wt�§ �� w¡ n Tb�r�� �� TylRAf� T� A`m� �A`�� ���� : 5.1.3 �§r`�

. TylRAft�� T� A`m�� �q�§ �bW�A�¤ T§CAyt�±�


��w��� �� n Yl� Am¶� dmt`§ �A`�� Ahl�  � d�� n Tb�r�� �� TylRAf� T� A`� ©� : 6.1.3 �§r`�

: ­CwO�� Yl� 	tk§¤ T§CAyt�±�

F (x, y, c1, c2, ..., cn) = 0

T§d���¤ ª¤rK��¤ Ty¶�dt�³� ª¤rK�� .3.1.3

 A�§� AS§� �nkm§ ,T§ A`�� TylRAft�� T� A`m�� �� �� �q�t�� �n� 
wlWm�� �¶Asm�� ¨�

Ty¶�dt�³� ª¤rK�� �§rV �� �t§ ��Ð¤ ,T� A`ml� �A`�� ���� ¨� ­r¡A\�� T§CAyt�³� 
��w���

. T§�db�� ¨� YW`� ¨t��

�yt�A� Yl� ©wt�� ,®�� Ty�A��� Tb�r�� �� TylRAf� T� A`m� �A� ��  w�¤ �A� ¨�¤

.T� A`ml� �yy�AR� �yVrJ �yt�A��� d§d�t� �zl§ ,�y§CAyt��

ª¤rK�� 
�A� y(x2) = y2 , y(x1) = y1 �ytflt�� �ytWq� dn�  AVrK�� 
yW�� �Ð�

Tmyq�� T��sm� T§d��� ª¤rK�� Y�� T�AR³A� TylRAft�� T� A`m�� ¨ms� A¡dn� , T§d� AV¤rJ

.T§d���

TylRAft�� �¯ A`m�� ¨� �§CA`� 2.3

r��� ¤� ��At� �AqtK� ¤� �®RAf� Yl� ©w�� T� A`� �� ¨¡ TylRAft�� T� A`m�� : 1.2.3 �§r`�

�kK�� �� ¨¡¤ �¯w�tm� Tbsn�A�

(E) F
(
x, y, y′, . . . , y(n)

)
= 0

: 1 �A��
dx

dy
z + ydx = u
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TylRAft�� �¯ A`m�� .��A��� �Of��Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� .3.3

: Y�� TylRAft�� T� A`m�� �nO�¤

T§ A� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : T§ A� TylRAf� T� A`� -1

r��� ¤� ��At�

: 2 �A��

ydx+ xdy = ez

Ty¶z� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : Ty¶z� TylRAf� T� A`� -2

r��� ¤� ��At�

: 3 �A��
∂x

∂y
= zx

��At�� �� �k� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� T§ A`�� TylRAft�� T� A`m�� -3

. Ah� ��º�d� Yl� ©w�� ¯ ¤ Ah�AqtK�¤ ���wt�� ¤�

�AqtKml� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� Ty¶z��� TylRAft�� T� A`m�� -4

.­ w�wm�� ���wt�� ¤� ��Atl� Ty¶z���

. : 1 T\�®�

.Ahy�  w�w� �tK� Yl�� Tb�r� ¨¡ T� A`m�� Tb�r�  � -1

.Ahl� �yhst� r�µ �kJ �� TylRAft�� T� A`m�� �§w�� �km§¤ -2

Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 3.3

�y�¤ y (T�wh�� rbt`�) T�� �y� T�®� ¨¡ , Y�¤±� Tb�r�� �� TylRAft�� T� A`m�� : 1.3.3 �§r`�

. y þ� x ry�tm��¤ Y�¤±� AhtqtK�

dy

dx
= F (x, y)

¤�

M(x, y)d(x) +N(x, y)d(y)

: Ty�At�� �rW�� �bt� �¯ A`m�� £@¡ ��� ���¤
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��ry�tm�� �O� Tq§rV .1.3.3

­CwO�� Yl� T� A`m�� �R¤ �k�� �Ð�

f(x)dx+ g(y)dy = 0

 wk� ��ry�tm�� �O� Tylm�  �� ��@�¤ y ¨� ¢�� g(y) ¤ Xq� x ¨� T�� f(x)  � �y�

: ����  wky� rJAbm�� ��Akt�� �d�ts� , �Of�� Tylm� d`� T� A`m�� ���¤ 
qq��∫
f(x)dx+

∫
g(y)dy = c

©CAyt�¯� 
�A��� �R¤ �km§¤ , �A`�� ���A� ���� ��Ð Yms§¤ , ©CAyt�� 
�A� c �y�

. �A`�� ���� �kJ Xysb� �AblWt� 	s� ­Cw} ©� Yl�

.A}A� ®�  wk§ ��An�� ����¤ ©CAyt�¯� 
�A��� �@� �yWts� , ¨¶�dt�� ªrJ �l� �Ð�¤

: Ty�At�� TylRAft�� T� A`m�� �� : 1 �A��

xy2dx+ (1− x2)dy = 0

: Yl� �O�n� y2(1− x2) Yl� T� A`m�� ¨�rV �sq� : ����

xdx

1− x2
+
dy

y2
= 0

: ¨l§Am�  wk� Ahl� Tq§rV¤ ��ry�tm�� �Of� Tl�A� TylRAf� T� A`� ¨¡ ¨t��¤

�y�rW�� ��Akt�∫
xdx

1− x2
+

∫
dy

y2
= 0⇒ −1

2
ln
(
x2 − 1

)
− 1

y
= c

⇒ ln
(
x2 − 1

)− 1
2 − 1

y
= c

⇒ 1

y
= ln

(
x2 − 1

)− 1
2 − c

w¡ TylRAft�� T� A`m�� �� ¨�At�A� ¤

y =
(

ln
(
x2 − 1

)− 1
2 − c

)−1
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T�At�� TylRAft�� �¯ A`m�� .2.3.3

: TylRAft��T� A`m�� 
�A��Ð�

P (x, y)dx+Q(x, y)dy = 0

:  � �y� f(x, y) T�� d�w� T��� , T�A�

P (x, y)dx+Q(x, y)dy = df

:  � ©�

(1)
∂f

∂x
= P (x, y)

¤

(2)
∂f

∂y
= Q (x, y)

d�� x þ� Tbsn�A� (2) T� A`m�� ¤ y þ� Tbsn�A� (1) T� A`m�� TlRAfm�

∂2f

∂x∂y
=
∂P

∂y
¤

∂2f

∂y∂x
=
∂Q

∂x

: ¨�At�� ªrK�� r�w� ©C¤rS�� �m� T�A� T� A`m��  wk� Yt�¤

∂P

∂y
=
∂Q

∂x

 ± �q�� w¡ ¤

∂2f

∂x∂y
=

∂2f

∂y∂x

: Ah`bt� ��wW� �S� �An¡ T�At�� T� A`m�� ���

�q�� A� T�� |rtf� -

df (x, y) =
∂f

∂x
dx+

∂f

∂y
dy = 0

�q�� ¤ .
�A� c  � �y� f(x, y) = c Ahl�  wky�

∂f

∂x
= P ¤

∂f

∂y
= Q
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d�� ��Akt�A�

(3) f (x, y) =

∫
P (x, y) dx+ ψ (y)

. x Y�� Tbsn�A� 
�A� C�dq� ψ (y)  � �y�

d��
∂f
∂y

= Q T� A`m�� ��d�tF�¤ y � Tbsn�A� Ay¶z� (3) ��rV� �RAf� -

∂f

∂y
=

∂

∂y

∫
P (x, y) dx+ ψ′ (y) = Q (x, y)

 � ©�

ψ′ (y) = Q (x, y)− ∂

∂y

∫
P (x, y) dx

?(�ÐAm�) . Xq� y ¨� ¢�� Am¶� ­ry�±� T� A`m�� ¨� �m§±� �rW��  � ^�®�

: �y� ψ′ (y) ¢��d�� �kJ �tnts� , y Y�� Tbsn�A� ­ry�±� T� A`m�� ¨�rV ��Ak� -

ψ (y) =

∫
Q (x, y) dy −

∫ (
∂

∂y

∫
P (x, y) dx

)
dy

Yl�  wk§¤ , T�At�� TylRAft�� T� A`m�� �� Yl� �O�� (3) T� A`m�� ¨� {§w`t�A�¤

: ­CwO��

∫
P (x, y) dx+

∫
Q (x, y) dy −

∫ (
∂

∂y

∫
P (x, y) dx

)
dy = c

: T� A`m�� �� d�¤� : 2 �A��

(6x2 + 4xy + y2)dx+ (2x2 + 2xy − 3y2)dy = 0)

: ����

: �S�

∂P

∂y
=

d(6x2 + 4xy + y2)

dy
= 4x+ 2y

∂Q

∂x
=

d(2x2 + 2xy − 3y2)

dx
= 4x+ 2y
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�S� : ¨l§A� �bt� T� A`m�� ���¤ . T�A� T� A`m��  � ¨n`§ �@¡¤

P (x, y) =
∂f

∂x
= 6x2 + 4xy + y2

Q (x, y) =
∂f

∂y
= 2x2 + 2xy − 3y2

: d�� ��Akt�A�∫
P (x, y) dx = 2x3 + 2x2y + xy2∫
Q (x, y) dy = 2x2y + xy2 − y3

d�� �RAft�A�

∂

∂y

∫
P (x, y) dx = 2x2 + 2xy

d�� ��Akt�A� ¤∫ (
∂

∂y

∫
P (x, y) dx

)
dy = 2x2y + xy2

:Yl� �O�t�  w�Aq�� �bW�

2x3 + 2x2y + xy2 + 2x2y + xy2 − y3 −
(
2x2y + xy2

)
= c

⇔ c = f(x, y) = 2x3 + 2x2y + xy2 − y3.

Ts�A�tm�� TylRAft�� �¯ A`m�� .3.3.3

Tl�A� �bO� �}±� ¨� ��ry�tm�� �Of� Tl�A� ry��� TylRAft�� �¯ A`m�� �� �nO�� �@¡

. ry�tm�� �§w�� d`� �Ofl�

: �kK�� Yl� Aht�At� �km§ �¯ A`m�� £@¡

dy

dx
= F

(
x

y

)
:  � d�� v = y/x �Rw� ��Ð¤ �Ofl� ��A� �bO§ �¯ A`m�� �� �wn�� �@¡

y = vx⇒ dy

dx
= x

dy

dx
+ v.
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Tl�A� Y�¤±� Tb�r�� �� TylRAf� T� A`� Yl� �O�� Tyl}±� T� A`m�� ¨� {§w`t�A�¤

. ��ry�tm�� �Of�

: Ty�At�� T� A`m�� �� d�¤� : 3 �A��

y′ =
x2 + y2

xy

¨l§A� T�At� �km§ F (x, y) = x2+y2

xy
�Rw�

F (x, y) =
x

y
+
y

x

Tyl}±� TylRAft�� T� A`m�� ¨� {§w`t�A�¤ . Ts�A�t� TylRAft�� T� A`m��  � �tnts� v = y/x �Rw�¤

:  � d��

dy =

(
1

v
+ v

)
dx

y = xv :�k�¤

�bO§ �y�rW�� �RAft�¤

dy = xdv + vdx

: Ty�At�� T�®`�� Yl� �O�� dy �� ¯d� {§w`t�A�¤

xdv + vdx =

(
1

v
+ v

)
dx⇒ xdv =

1

v
dx⇒ vdv =

dx

x

d�� �y�rW�� ��Akt�∫
vdv =

∫
dx

x
+ c⇒ 1

2
v2 = lnx+ c

­CwO�A� T� A`m�� T�At� �km§¤

y2 = 2x2 lnx+ 2x2c.

: �kK�� �� 	tk� ¨t�� TylRAft�� �¯ A`m�� : 2.3.3 �§r`�

N (x, y)
dy

dx
= M (x, y)

. Ts�A�t� TylRAf� �¯ A`� Ah�� �wq� ,T�Cd�� Hf� �� Ts�A�t� ��¤ M , N  � �y�

: �kK�� �� Aht�At� �km§¤

dy

dx
= F

(
x

y

)
. ��ry�tm�� �Of� Tl�A� �bO� ry�tm�� �§w�� d`� ¨�At�A�¤
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T�Cd�� �� Ts�A�t� Ah�� (x, y) �y� �� ��� �� T�r`m�� g(x, y) ¢��d��  � �wq� : 3.3.3 �§r`�

:  A� �Ð� n

g(tx, ty) = tng(x, y)

.(x, y) �y� �� ��� ��

? Ahl� d�¤� �� Ts�A�t� Ty�At�� T� A`m�� 
�A� �Ð� Amy� �y� : 4 �A��

xy′ − y = xex/y

T�At� �km§ :����

xy′ − y = xex/y ⇒ xy′ = y + xex/y

�Rw�

N (x, y) = x ¤ M (x, y) = y + xex/y

d��

N (tx, ty) = tx = tN (x, y)

¤

M (tx, ty) = ty + txetx/ty = t
(
y + xex/y

)
= tM (x, y)

: �kK�� �� Aht�At� �km§ Y�¤±� T�Cd�� �� Ts�A�t� ��¤ M , N ��¤d��  �� ¢n�

dy

dx
= F

(
x

y

)
: ¢� A`m�� �bO� x Yl� T� A`m�� ¨�rV Tmsq� : ¨l§Am� Ahl� Tq§rV

y′ − y

x
= ey/x ⇒ y′ =

y

x
+ ey/x

d�� v = y/x �Rw�

y = vx⇒ y′ = x
dv

dx
+ v

:Yl� �O�� �AW`m�� TylRAft�� T� A`m�� ¨� |w`�

x
dv

dx
+ v = v + ev ⇒ x

dv

dx
= ev ⇒ dx

x
= e−vdv
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Yl� �O�� �y�rW�� ��Akt�∫
e−vdv =

∫
dx

x
+ c =⇒ −e−v = lnx+ c

�y�rW�� Yl� ln þ�� �A� ��

ln
(
−e−v

)
= ln (ln x+ c) =⇒ v = ln (ln x+ c)

T� A`m�� �bO� v = y/x �Rw�

y

x
= ln (lnx+ c) =⇒ y = x ln (lnx+ c)

TyW��� TylRAft�� T� A`m�� 4.3

�� T� A`m�� ¨� T�AqtK�¤ ��At��ry�tm��  A� �Ð� TyW� TylRAft�� ¢� A`m��  wk� : 1.4.3 �§r`�

. Y�¤±� T�Cd��

:  wk� Y�¤±�Tb�r�� �� TyW��� TylRAft�� T� A`ml� T�A`�� ­CwO�A�

dy

dx
+ yP (x) = Q (x)

.y ¨� TyW� Yms�¤

: ­CwO�� Yl� Ah��� x ¨� TyW��� T� A`m�� A��

dx

dy
+ xa (y) = b (y)

: �kK�� �� Y�¤±� Tb�r�� �� TylRAft�� T� A`ml� �A`�� ����

y = e−I(x)

(∫
eI(t)Q (t) dt+ c

)
: �y�

I (x) =

∫
P (x) dx

. 
�A�  d� c ¤
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: Ty�At�� TylRAft�� T� A`ml� �A`�� ���� d�¤� : 1 �A��

(y + y2)dx− (y2 + 2xy + x)dy = 0

: ¨�At�� �kK�� Yl� Ah`R¤ �km§ �y� , x ¨� TyW� T� A`m�� : ����

dx

dy
+ xa (y) = b (y)

d�� dy(y + y2) Yl� T� A`m�� ¨�rV Tmsq�

dx

dy
− y2 + 2xy + x

y + y2
= 0

 � ©�

dx

dy
− y2

y + y2
− 2xy + x

y + y2
= 0 =⇒ dx

dy
− 2y + 1

y + y2
x =

y2

y + y2

d�� Y�¤±� T� A`m�� �� T��An�� T� A`m�� T�CAqm�

b (y) =
y2

y + y2
, a (y) = −2y + 1

y + y2

¢n�¤

I (y) = e
−
∫ 2y+1

y+y2
dy

= e
ln
(

1
y+y2

)
= e− ln(y+y2) =

1

y + y2

¤∫
I (y) b (y) dy =

∫
1

y + y2

y

y + 1
dy =

∫
1

(y + 1)2dy = − 1

y + 1

T� A`m�� ��  wk§

I (y)x =

∫
I (y) b (y) dy + c

1

y + y2
x = − 1

y + 1
+ c

©�

x = −y + c(y2 + y), c ∈ R

. TylRAft�� T� A`ml� �A`�� ���� w¡¤
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Ty�A��� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 5.3

Tb�r�� �� TylRAf� T� A`� �wl�  A�§� Tyfy� �rK§ ©@�� ¨�At�� ¨�yRwt�� �A�m�� �ky�

.Ty�A���

:Ty�At�� T� A`m�� �wl�  A�§� �� 
wlWm�� : 1 �A��

x2y′′ + xy′ + y = 2

�� �lt�� T� A`m�� £@¡ �k�¤ ,Aq�AF A¡A�r�Ð Yt�� Tq§rW�� Ahn� �rV ­d`� T� A`m�� £@¡ �� �nkm§

T� A`m��

y′′ + ay′ + by = 0

.x ¨� T�� £@¡ �®�A`�  � ¨�

: Tt�A��� �®�A`m�� ��Ð TyW��� �¯ A`m�� w¡¤ r�µ� �wn�� A��

(II) y′′ + ay′ + by = Q(x)

: w¡ Ah� �A`�� ����¤

y = C1e
r1x + C2e

r2x + QA� ��

�� rb`§ «@�� Y¶z��� ��Akt��  A�§� �� ��¤ Ts�A�t� TylRAf� T� A`� 
�A� w� Am� ��� Yn`§

. �m§±� �rW�� ¨� Yt�� T��d��

: �kt�¤ ,Ts�A�t� TylRAf� T� A`� ��� ¾¯¤� �db�

y′′ + 3y′ − 4y = 0

 � |rf� :T�A��� £@¡ ¨�

y = Cerx

Y�¤±� TqtKm�� d�w�  µ� .¢yl� �O�� �y� Aq�¯ �rK� �wF (
�A�) A� Yqyq�  d� r �y�

£®�� TylRAft�� T� A`m�� ¨� Ty�A���¤

y′ = rerx ¤ y′′ = r2erx

d�� T� A`m�� ¨� {§w`t�A�

y′′ + 3y′ − 4y = 0
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r2erx + 3rerx − 4erx = 0

d�� �rtK� ��A� erx @���

erx[r2 + 3r − 4] = 0

: Y�A��� ���� @��� ¾�Ð� ,�y�ts� �@¡¤ erx = 0 A�� Ahn�¤

r2 + 3r − 4 = 0 =⇒ (r + 4)(r − 1) = 0.

.r = −4 ¤� r = 1 d��

: ¨¡ Tq�As�� T� A`ml� Tnkmm�� �wl��� �ym�  wk� ¢yl� ºAn�¤

y1 = C1e
x

¤� y2 = C2e
−4x

. 
��w� C2 ¤ C1  � �y�

T� A`ml� �A`�� ����  wk§ ¢n�¤ .¾AS§� T� A`ml� ®�  ®kK§ �yl�l� ¨W��� �zm�� ®�  � �Ab�� �km§

: �kK�� ��

y = C1e
x + C2e

−4x

: �kK�� Yl� y′′ + ay′ + by = 0 TylRAft�� T� A`ml� �A`�� ���� T�A� TfO�¤

y = C1e
r1x + C2e

r2x

­zymm�� T��dl� ¾�C¤@� Am¡ r2 ¤ r1 �y��

r2 + ar + b = 0

: ¨�At�� �kK�� Yl� Yt�� ©� Ts�A�tm�� ry� �¯ A`m�� Y�� Y���  µ�

(II) y′′ + ay′ + by = Q(x)

: w¡ Ah� �A`�� ����¤

y = C1e
r1x + C2e

r2x + QA� ��

Ts�A�tm�� ry� T� A`m��  µ� �kt�

y′′ + 3y′ − 4y = x2
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w� Am� ��� �¯ A`m�� �� �wn�� �@¡ . rfO�� �� ¾¯d� x2 �R¤ �� Tq�As�� T��d�� Ahsf� ¨¡ ^�®�

.Ts�A�t� y′′ + 3y′ − 4y = 0: 
�A�

: �wq�� AnflF� Am� �A`�� Ahl�¤

y = C1e
x + C2e

−4x

:  � T�} An� d�¥§ «@�� ���� �� ��b�  µ ,TylRAft�� T� A`m�� £@h� Y¶z� �� w¡ ���� �@¡

y′′ + 3y′ − 4y = x2

A���  � |rf� ��@� Ty�A��� T�Cd�� ��  ¤d� ry�� T�� �� ­CAb� �m§±� �rW��  � ^�®�  µ�

: �kK�� �� ¨¡ ¢� T�A`�� ­CwO��¤ Ty�A��� T�Cd�� �� T�� w¡ Ah� QA���

y = ax2 + bx+ c

d�� T� A`m�� ¨� {§w`t�A� y′′ = 2a ¤ y′ = 2ax+ b ¢n�¤

y′′ + 3y′ − 4y = x2 =⇒ 2a+ 3(2ax+ b)− 4(ax2 + bx+ c) = x2

. 
��w� a, b, c  � CAbt�� �� r�}±� x±� Y�� rb�±� x±� �� T� A`m�� £@¡ 	�r�

2a+ 6ax+ 3b− 4a2 − 4bx− 4c− x2 = 0

(−4a− 1)x2 + (6a− 4b)x+ (2a+ 3b− 4c) = 0

:©� rf} ©¤As§ º¯¥¡ �� ��A� ��  wk§  � ªrtK� T�y�} T� A`m�� £@¡  wk� ¨k�

4a− 1 = 0 =⇒ a = −1/4

6a− 4b = 0 =⇒ b = −3/8

Ts�A�tm�� ry� T� A`m�� £@h� �A`�� ����  wk§ ¢n�¤ . c = −13/32 AnyW`§ 2a+ 3b− 4c = 0 ¾�ry��¤

: w¡

y = C1e
x + C2e

−4x − (1/4)x2 − (3/8)x− (13/32)

: 
�A�  d� A �y� ? x2 
sy�¤ ¾®�� Q(x) = A sin(x) ¨¡ T��d�� 
�A� w� �`f� ÐA�

:¨�At�� �kK�� �� w¡ QA��� ����  � |rf� An¡

y = C sinx+D cosx

¨�db�  Ahy� :­ÐAtF±�56­rks� rSy� dm�� T`�A�



TylRAft�� �¯ A`m�� .��A��� �Of��Ty�A��� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� .5.3

¾®�  A�§³ Anl`� Am� ¾AV¤rJ �S� �� ��¤ ,Tyl}±� T��d�� ¨� |w`�¤ ¨�A���¤ �¤±� �tKm�� 
As��

. D ¤ C ��

.y = Cx+D �kK�� �� ©� Tyf��� T�� QA��� ����  � |rf� A��� Q(x) = ax T��d�� 
�A� w�

. y = CeAx:  � |rf� An��� Q(x) = eAx ¨¡ �m§±� �rW�� ¨� T��d�� 
�A� w�

. �m§±� �rW�� ¨� Yt�� T��d�� TlyO� Hf� ��  wk� TyRrf�� CAOt���

.x ¨� «r�� T�� ���w`�� Ahy� Yt�� T�A��� Y�� �qtn� ¢�AK� 
wlF��

(III) P (x)y′′ + q(x)y′ +R(x)y = Q(x)

.�wn�� �@¡ �� TylRAft�� �¯ A`m�� �� Tq§rV A`� �hf� ¨� �¤rWm�� �A�m�� �� �}�w�

x2y′′ + xy′ + y = 2

��A`t� ©� (TlkKm�� 
ht��¤) x ¨� Tt�A� T�� A¡rbt�� ¤� x ¨� T�� �m§±� �rW��  � ^�®�

. Ty�A��� T�Cd�� �� Ts�A�t� ry� TylRAf� T� A`�

: ¨¡¤ ­d��¤ ­rk� ¨� P�lt� YJw� - rl§¤� Tq§rV

: �kK�� Yl� «r�� T� A`� Y�� Tq�As�� � A`m�� �§w�� �nkm§

y′′ + ay′ + by = 2

t r�� ry�t� Y�� x ry�tm�� �� T��d�� �qn� �A�n� Tq§rW�� £@¡ �t� ¨k� �k�¤ ,
��w� b , a �y��

(x®� ¯ �§w�t� ¾Ay¶z� Th�AK� Tq§rV ¨¡¤)

d2y

d2x
Ahn� dOq� y′′ 	tk� A�dn�¤

dy

dx
w¡ Ahn�  wOqm�� y′ T�At� dn� Tq�As�� T� A`m�� ¨� ^�®�

. x þ� Tbsn�A� ¨�A��� �tKm�� ©�

.
dy

dt
Y��

dy

dx
�w�§ ®§w�� �S�  µ�
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t þ� Tbsn�A� �y�rW�� �tK� x = et :  � |rf�

dx

dt
= et

: Ty�At�� ­d�Aq�� �Am`tF��
dy

dt
d§r� Annk� x þ� ¾AS§� Y�¤±� TqtKm��¤ et = x  � �l`�

dy

dt
=
dx

dt
.
dy

dx

¾�Ð�
dx

dt
= x An§d� �k�¤

dy

dt
= x

dy

dx

d�� t ry�tml� Tbsn�A� Ty�A� ­r� �tK�

d2y

d2x
=

d

dt

(
x
dy

dx

)
: ¨�At�� �kK�A� ���� Xysb� �nkm§

d2y

d2x
=

d

dx

(
x
dy

dx

)
.
dx

dt

:©�

d2y

d2x
=

(
dy

dx
+ x

d2y

d2x

)
dx

dt

{§w`t�A�
dy

dt
= x  �  Aml�

d2y

d2x
=

(
dy

dx
+ x

d2y

d2x

)
x

d2y

d2x
= x

dy

dx
+ x2 d

2y

d2x

:  � d�� T��sm�� �¤� Yl� ­r\� Yq��

x
dy

dx
=
dy

dt

{§w`t�A�

d2y

d2x
=
dy

dt
+ x2 d

2y

d2x

: ¢n�¤

x2 d
2y

d2x
=
d2y

d2x
− dy

dt
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d�� x2y′′ + xy′ + y = 2 Tyl}±� T� A`m�� ¨� {§w`t�A�

d2y

d2x
− dy

dt
+
dy

dt
+ y = 2

. rOt��

d2y

d2x
+ y = 2

. AnflF� Am� Ahl� �nkm§ �y�� .t ry�tm�� ¨� Ts�A�t� ry� Tyl}Af� T� A`� Y�� 
�w��

: �kK�� ��  wk§ Ahl�

y = C1e
r1t + C2e

r2t + QA� ��

. ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 . 
��w� C2 ¤ C1 �y�

: �Rw� £®�� T� A`ml� Y¶z��� ���� d�w� ¾¯¤�

d2y

d2x
+ y = 0

����  wk§ ¢n�¤ . Tyly�� ­d�¤ i �y� r2 = −i ¤ r1 = i ¢n� ¤ r2 + 1 = 0: ¨¡ ­zymm�� T� A`m��

�kK�� Yl�

y = C1e
it + C2e

−it + QA� ��

.( rl§¤� T�y} ¨¡¤ «r�� ­Cw} ¨� ¢`R¤) C�dqm�� �@¡ Xysb� d§r� An¡¤

C1e
it = C1 cos(t) + iC1 sin(t)

¤

C2e
−it = C2 cos(t)− iC2 sin(t)

:d�� (Th�AKm��  ¤d��� ­A��r� ��) ¾A`� �yt� A`m�� �m��

y = C1e
it + C2e

−it = (C1 + C2) cos(t) + i(C1 − C2) sin(t)

: ¨¡ T� A`m�� �bOt� 2 þ� ©¤As� QA��� ����  � ©�
d2y

d2x
+ y = 2 T� A`m�� ¨� {§w`t�A� ¤

y = A cos(t) +B sin(t) + 2

: w¡ (x ¨�) T� A`m�� �kJ �bO§ ry�±� ¨�¤ t = ln(x) : �tn§ �y�rWl� ln @��� x = et: þ� �w�r�A�

y = A cos(ln(x)) +B sin(ln(x)) + 2

. T� A`ml� �A`�� ���� w¡ �@¡¤
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TylRAft�� T� A`m�� �kt� : 1.5.3 T§r\�

(I) y′′ + ay′ + by = Q(x)

�h� ­zymm�� T� A`m�� zym� ∆ �ky�¤

r2 + ar + b = 0

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 
�A� ¤ ∆ > 0  A� �Ð� -1

y = C1e
r1x + C2e

r2x + QA� ��

.
��w� C2 ¤ C1 �y�

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� Af�AS� ¾�C@� r  A� ¤ ∆ = 0  A� �Ð� -2

y = erx (C1 + C2x) + QA� ��

.
��w� C2 ¤ C1 �y�

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C@� r = α + iβ  A� ¤ ∆ < 0  A� �Ð� -3

y = eαx (C1 cos (βx) + C2 sin (βx)) + QA� ��

.
��w� C2 ¤ C1 �y�
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4 ��C �§CAmt�� TlslF

:Ty�At�� TylSlft�� �¯ A`m�� �wl� R �� I �A�m�� ¨� d�¤� : 1 �§rm�

1) x lnxy′ + y = x, I =]1,+∞[

2) x(xy′ + y − x) = 1, I =]−∞, 0[

3) 2xy′ + y = x4, I =]−∞, 0[

�þþ���

 � Y�� ryK� .Y�¤±� T�Cd�� �� TyW� Ahl� �§rmt�� �@¡ ¨� Ahl� 
wlWm�� TylRAft�� �¯ A`m��

. (EH) ¨¡ Ah� Tb�AOm�� Ts�A�tm�� T� A`m�� ¤ (E) T�rtqm�� TylRAft�� T� A`m��

I ¨� ­rmts� x 7→ 1

lnx
¤ x 7→ 1

x lnx
 At��d�� −1

�� w¡ y1 ¤ (EH) þ� H�A�tm�� �� w¡ y0 �y� y0 + λy1 �kK�� �� I Yl� (E) �wl�  � �l`�¤

.(E) þ� �¤d`� ry� QA�

.I Yl� (E) T� A`ml� �� Ah�� �wq� I Yl� �AqtJ²� Tl�A� T�� y �kt�

⇔ ∀x ∈ I, x lnxy′(x) + y(x) = x

⇔ ∀x ∈ I, lnxy′(x) +
1

x
y(x) = 1

⇔ ∀x ∈ I, (lnx.y)′(x) = 1

⇔ ∃λ ∈ R, ∀x ∈ I, y(x) =
x+ λ

lnx

61
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I Yl� ­rmts� x 7→ 1 +
1

x2
¤ x 7→ 1

x
��¤d�� −2

.I Yl� (E) T� A`ml� �� Ah�� �wq� I Yl� �AqtJ²� Tl�A� T�� y �kt�

⇔ ∀x ∈ I, x(xy′(x) + y(x)− x) = 1

⇔ ∀x ∈ I, (xy)′(x) = x+
1

x

⇔ ∃λ ∈ R, ∀x ∈ I, xy(x) =
x2

2
+ ln(−x) + λ

⇔ ∃λ ∈ R, ∀x ∈ I, y(x) =
x

2
+

ln(−x) + λ

x
.

�kK�� �� ��¤ ¨¡ I Yl� (E) �wl�

x 7→ x

2
+

ln(−x) + λ

x
, λ ∈ R

I Yl� ­rmts� x 7→ x3

2
¤ x 7→ 1

2x
��¤d�� −3

.I Yl� (E) T� A`ml� �� Ah�� �wq� I Yl� �AqtJ²� Tl�A� T�� y �kt�

⇔ ∀x ∈ I, y′(x) +
1

2x
y(x) =

x3

2

⇔ ∀x ∈ I, eln |x|/2y′(x) +
1

2x
eln |x|/2y(x) =

x3

2
eln |x|/2

⇔ ∀x ∈ I, (
√
−xy)′(x) = −1

2
(−x)7/2

⇔ ∃λ ∈ R/ ∀x ∈ I,
√
−xy(x) =

1

9
(−x)9/2 + λ

⇔ ∃λ ∈ R/ ∀x ∈ I, y(x) =
1

9
x4 +

λ√
−x

�kK�� �� ��¤ ¨¡ I Yl� (E) �wl�

x 7→ x4

9
+

λ√
−x

, λ ∈ R
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TylRAft�� T� A`m�� �wl� ]0,+∞[ T�wm�m�� ¤ } −∞, 0[ T�wm�m�� ¨� d�¤� : 2 �§rm�

|x|y′ + (x− 1)y = x3

:]0,+∞[ �A�m�� Yl� T� A`m�� �wl���  A�§��þþ���

¢n� ¤ ,T� A`ml� �� ��m� ¨t�� ]0,+∞[ �A�m�� Yl� �AqtJ²� Tl�Aq�� f T��d�� �kt�

∀x ∈]0,+∞[, |x|f ′3

⇔ ∀x ∈]0,+∞[, xf ′3

⇔ ∀x ∈]0,+∞[, f ′(x) + (1− 1

x
)f(x) = x2

⇔ ∀x ∈]0,+∞[, ex−lnxf ′(x) + (1− 1

x
)ex−lnxf(x) = ex−lnxx2

⇔ ∀x ∈]0,+∞[, (
ex

x
f)′x = ((x− 1)ex)′

⇔ ∃λ ∈ R, ∀x ∈]0,+∞[, f(x) = xe−x((x− 1)ex + λ) = x2 − x+ λxe−x

�kK�� �� ��¤ ¨¡ ]0,+∞[ �A�m�� Yl� T� A`m�� �wl�

x 7→ x2 − x+ λxe−x, λ ∈ R

:]−∞, 0[ �A�m�� Yl� T� A`m�� �wl���  A�§�

¢n� ¤ ,T� A`ml� �� ��m� ¨t�� ]−∞, 0[ �A�m�� Yl� �AqtJ²� Tl�Aq�� f T��d�� �kt�

⇔ ∀x ∈]0,+∞[, −x (f ′)
3

⇔ ∀x ∈]−∞, 0[, f ′(x) + (−1 +
1

x
)f(x) = −x2

⇔ ∀x ∈]−∞, 0[, e−x+ln |x|f ′(x) + (−1 +
1

x
)e−x+ln |x|f(x) = −e−x+ln |x|x2

⇔ ∀x ∈]−∞, 0[,
(
(−xe−xy)′

)3
e−x (∗)

. (ax3 + bx2 + cx+ d)e−x �kK�� �� x 7→ −x3e−x T��dl� Tyl}±� T��d�� �� ��b�

((ax3 + bx2 + cx+ d)e−x)′3 + bx2 + cx+ d) + (3ax2 + 2bx+ c))e−x

= (−ax3 + (3a− b)x2 + (2b− c)x+ c− d)e−x,

­rks� rSy� dm�� T`�A�63¨�db�  Ahy� :­ÐAtF±�
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¤

(
((ax3 + bx2 + cx+ d)e−x)′

)3
e−x ⇔


−a = −1

3a− b = 0

2b− c = 0

c− d = 0

⇔


a = 1

b = 3

c = 6 = d

.

d�� ¢n� ¤

(∗)⇔ ∃λ ∈ R, ∀x ∈]−∞, 0[, xe−xf(x) = (x3 + 3x2 + 6x+ 6)e−x + λ

⇔ ∃λ ∈ R, ∀x ∈]−∞, 0[, f(x) = x2 + 3x+ 6 +
λex + 6

x
.

�kK�� �� ��¤ ¨¡ ]−∞, 0[ �A�m�� Yl� T� A`m�� �wl�

x 7→ x2 + 3x+ 6 +
λex + 6

x
, λ ∈ R.
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���r�� �Of��

T§ d`�� �þþF®s��

T§ d`�� Tlsls�� 
CAq�¤ �§CA`� 1.4

:TWF�w� (Sn) Ty�Attm��  d�n�¤ Tyqyq� T§ d� TlslF (un) �kt� : 1.1.4 �§r`�

Sn = u0 + u1 + u2 + ...+ un =
n∑
k=0

uk

�y� n→ +∞ A�dn� T§Ah� �bq� (Sn) Ty�Attm�� 
�A� �Ð� (1

+∞∑
n=0

un = lim
n→+∞

Sn = lim
n→+∞

n∑
k=0

uk

	tk�¤ .T�CAqt�
∑
un Tlsls��  � �wq�¤

S =
+∞∑
n=0

un =
∑
n≥0

un =
∑

un.

. n ≥ 0(Sn) Ty�Attm�� TF�C Y�� �¤¥§ Tlsls�� TF�C T�A��� £@¡ ¨�

.­d�Abt�
∑
un Tlsls��  � �wq� Tyhtn� ry� T§Ah� Ah� ¤� Tt�A� T§Ah� �bq� ¯ (Sn) 
�A� �Ð� (2

T§ d`�� Ty�Attm�� (3

Sn = u0 + u1 + u2 + ...+ un =
n∑
k=0

uk

.
∑
un Tlslsl� n Tb�r�� �� ¨¶z��� �wm�m�� Yms§
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.
∑
un Tlslsl� �A`�� d��A� un Yms� (4

�kt� : 1 �A��

Un =
∑
n≥1

1

(2n− 1) (2n+ 1)
,

:An§d�  wk§ �y� B ¤ A �ytmyq�� �� ��b� ¢n�¤

Sn =
n∑
k=1

1

(2k − 1) (2k + 1)
=

n∑
k=1

(
A

(2k − 1)
+

B

(2k + 1)

)

.B = −1
2
¤ A = 1

2
d��

Sn =
1

2

n∑
k=1

(
1

(2k − 1)
− 1

(2k + 1)

)
=

1

2

[(
1− 1

3

)
+

(
1

3
− 1

5

)
+ · · ·+

(
1

(2n− 1)
− 1

(2n+ 1)

)]
=

1

2

[
1− 1

(2n+ 1)

]
.

 �� ¢n�¤

lim
n→∞

Sn = lim
n→∞

1

2

(
1− 1

(2n+ 1)

)
=

1

2
= S

.T�CAqt� Un Tlsls��

Tlsls�� : 2 �A��

+∞∑
k=0

1

(k + 1)(k + 2)
=

1

1 · 2
+

1

2 · 3
+

1

3 · 4
+ · · ·

:¨¶z��� �wm�m�� � � �kK�¤ , ���dt� �wm�m� ¢t�At� �km§ , ���w�� ¨� .1 w�� T�CAqt�

Sn =
n∑
k=0

1

(k + 1)(k + 2)
=

n∑
k=0

(
1

k + 1
− 1

k + 2

)
= 1− 1

n+ 2
→ 1 Am� n→ +∞

Ah�¤ T�CAqt�
∑+∞

k=2
1

k(k−1)
¤
∑+∞

k=1
1

k(k+1)
Tlsls�� AS§� An§d� , rJ¥m�� ¤� xrhf�� ryy�� �®� ��

.1 �wm�m�� Hf�
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T§ d`�� �þþF®s�� .���r�� �Of��T§ d`�� Tlsls�� 
CAq�¤ �§CA`� .1.4

Tlsls�� �k� : 3 �A��

Un =
∑
n≥0

(−1)n

An§d�

Sn =
n∑
k=0

Uk =
n∑
k=0

(−1)k

:©�

S1 =
1∑

k=1

(−1)k = 1− 1 = 0

S2 =
2∑

k=1

(−1)k = 1− 1 + 1 = 1

S3 =
3∑

k=1

(−1)k = 1− 1 + 1− 1 = 0

¢n�¤

n ¨�¤E ⇐⇒ Sn =
n∑
k=0

(−1)k = 1

n © r� ⇐⇒ Sn =
n∑
k=0

(−1)k = 0.

­d�Abt� Tlsls��  � ¨n`§ A� ­ w�w� ry� T§Ahn��  � ©�

TyFdnh�� Tlsls�� .1.1.4

.a, q ∈ R �y�
∑
a · qn �kK�� �� TlslF ¨¡ TyFdnh�� Tlsls�� : 2.1.4 �§r`�

TyFdn¡ Ty�Att� �wm�� (1

Sn = a+ aq + aq2 + · · ·+ aqn =

 a

(
1− qn+1

1− q

)
,  A� �Ð� q 6= 1,

(n+ 1) a  A� �Ð� q = 1.

An§d�¤ |q| < 1  A� �Ð� Xq�¤ �Ð� T�CAqt� Tlsls�� (2

lim
n→∞

Sn = lim
n→∞

a

(
1− qn+1

1− q

)
=

a

1− q
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 �� |q| ≥ 1 :  wk§ Am�

lim
n→∞

qn+1 = +∞ =⇒ lim
n→∞

Sn = +∞

­d�Abt�  wk� Tlsls�� A¡dn�

	�wm�� d��� ��Ð TlslF .2.1.4

.n ∈ N �� ��� �� un ≥ 0  A� �Ð� 	�w� d� ��Ð TlslF
∑
un  � �wq� : 3.1.4 �§r`�∑∣∣sin 1

n

∣∣ ,
∑

1
3n

,
∑

1
n2 : 4 �A��

 Am§C TlslF

.α ∈ R �y�
∑ 1

nα
�kK�� �� 
�A� �Ð�  Am§C TlslF ¨¡

∑
un  � �wq� : 4.1.4 �§r`�

.α > 1  A� �Ð� Xq�¤ �Ð� T�CAqt�
∑ 1

nα
 Am§C TlslF  wk� : 1 ��rt��

T�CAqt� Ty�At��  Am§C �F®F : 5 �A��∑(
1

n

)2

,
∑ 1

n

3

.

­d�Abt� Ty�At�� �F®s�� ¤∑ 1

n
,

∑
n3,

∑ 1√
n

Tlsls� ¨¶z��� �wm�m�� T�A�C .3.1.4

.
∑
uk Tlslsl� ¨¶z��� �wm�m�� Ty�Atm� (Sn) �kt�

: n �� ��� �� un > 0 :©� Tb�w�  ¤d� ��Ð Tlsls�� 
�A� �Ð�

Sn+1 =
n+1∑
k=0

uk = Sn + un+1 > Sn

.­d§�zt� (Sn) Ty�Attm��  ��

.T�CAqt� TlslF
∑
un  �� ,­ ¤d�� Ty�Att� (Sn)  A� �Ð� : 2 ��rt��
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T�CAqm�� ry§A`�

Tny`� T�C �� �º�dt�� An§d�  A� �Ð� ,�ytb�w� �yty�Att� (vn) ¤ (un) �kt� : 1.1.4 T§r\�

:¢��� 0 6 un 6 vn

.AS§� T�CAqt�
∑
un  �� T�CAq�

∑
vn 
�A� �Ð�

.AS§� ­d�Abt�
∑
vn  �� ­d�Abt�

∑
un 
�A� �Ð�

.d�Abt�� ¤� 
CAqt��  d�� ¨k�  Am§C Tlsls� Ty�At�� �F®s�� T�CAqm� �wq� : 6 �A��

: ± T�CAqt�
∑ | cos(n)n|

n2
Tlsls�� (1

∑ | cos(n)n|
n2

≤
∑ 1

n2
→ 1

6
π2

: ± T�CAqt�
∑

sin
( π

2n

)
Tlsls�� (2

∑
sin
( π

2n

)
≤
∑( π

2n

)
= π

∑ 1

2n
= π

∑(
1

2

)n
→ 2π

Tlsls��  � :2 �A�m�� ¨� Aq�AF An§�C dq� : 7 �A��

+∞∑
k=0

1

(k + 1)(k + 2)
.

��Ð �tnts� �wF¤ .T�CAqt�
+∞∑
k=1

1

k2
.

:An§d� ���w�� ¨� ,T�CAqt�

lim
k→+∞

1
2k2

1
(k+1)(k+2)

=
1

2
.

: k ≥ k0 ��� �� �y� k0 d�w§ , QwO��� ¢�¤ Yl�

1

2k2
≤ 1

(k + 1)(k + 2)

�A`�� d��� TlslF  � �tnts� .k0 þ� Tqy� Tmy� 
As�� ¨�� ¯ �k� , k ≥ 4 ��� �� �y�} �@¡

.TyW��� �Am`tF�� T�ytn�� d�� ¢n�¤ , 
CAqt�
1

2k2
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T·�Aktm�� �Ay�Attm��

T�C �� �º�dt�� ¢��� ,T�¤d`� ry� vn �y� �ytyqyq� �yty�Att� (vn) ¤ (un) �kt� : 5.1.4 �§r`�

: A� �Ð�  A·�Akt� Amh�� (vn) ¤ (un)  � �wq� Tny`�

lim
n→+∞

un
vn

= 1.

	tk� ¢n�¤

un ∼∞ vn .

Hf� ��
∑
vn ¤

∑
un �F®s��  �� �yt·�Akt�¤ �ytb�w� (vn) ¤ (un) 
�A� �Ð� : 2.1.4 T§r\�

.T`ybW��

�yt·�Aktm�� �ytlsls�� �kt� : 8 �A��

1

n(n+ 1)
∼
∞

1

n2

.T`ybW�� Hf� ��
∑

1
n2 ¤

∑
1

n(n+1)
¢n�¤ T�CAqt� TlslF ¨¡¤  Am§C TlslF

∑
1
n2  � �l`� .

?T�CAqt� Ty�At�� �F®s�� �¡ : 1 �§rm�∑ 1

n2 + 1
,

∑ n√
n3 + 1

,
∑ 1

n
sin

π

n
.

Cauchy ­d�A�

Yl� ¨kyF®� �A�� .­d�Abt�
∑

k≥0 uk �k� limk→+∞ uk = 0 �y�
∑

k≥0 uk TlslF d�w�

­d�Abtm�� Harmonique TqFAntm�� Tlsls��∑
k≥1

1

k
= 1 +

1

2
+

1

3
+

1

4
+ · · ·

.(k → +∞ �y�) uk = 1
k
→ 0 An§d� ��Ð ��¤ .limn→+∞ Sn = +∞ :An§d� , � � ryb`t�

.¨Jw� CAy`� ��d�tF� 	�§ ,­d�Abt� Tlsls��  � �Ab�³
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CAq�¤ �§CA`� .1.4


�A� �Ð� Xq�¤ �Ð� 
CAqt� (Tb�rm�� ¤�) Tyqyq���  �d�±� �� (sn) Ty�Attm�� ,ry�@tl�

:¨n`§ �@¡¤ , ¨Jw� TlslF ��

∀ε > 0, ∃n0 ∈ N, ∀m,n ≥ n0 : |sn − sm| < ε

:AnyW`§ �@¡ , �F®sl� Tbsn�A�

�Ð� Xq�¤ �Ð� T�CAqt�
∑+∞

k=0 uk Tlsls�� : 3.1.4 T§r\�

∀ε > 0, ∃n0 ∈ N, ∀m,n ≥ n0 :
∣∣un + · · ·+ um

∣∣ < ε .

:¨�At�� w�n�� Yl� A¾AS§� ¢t�Ay} �km§

∀ε > 0, ∃n0 ∈ N, ∀m,n ≥ n0 :

∣∣∣∣∣
m∑
k=n

uk

∣∣∣∣∣ < ε

AS§� ¤�

∀ε > 0, ∃n0 ∈ N, ∀n ≥ n0 : ∀p ∈ N
∣∣un + · · ·+ un+p

∣∣ < ε

Alembert ­d�A�

 A� �Ð� : 3 ��rt��

un > 0 ¤ lim
un+1

un
= l,

:¨¡ ¨t�� Tnkm� �¯A� �®� d�w� ¢���

.T�CAqt�
∑
un Tlsls�� ¢n�¤ l < 1  A� �Ð� (1

.­d�Abt�
∑
un Tlsls�� ¢n�¤ l > 1  A� �Ð� (2

.d�Abt�� ¤� 
CAqt�� P�§ Amy� C�r� ©� ÐA��� �yWts� ®� l = 1  A� �Ð� (3

?T�CAqt� Ty�At�� �F®s�� �¡ : 2 �§rm�∑ x2n+1

(2n+ 1)!
,

∑ x

n!
	�w� ¨qyq�  d� x �y� ,

∑(
1

2n

)
n

,
∑ n2

(2n)!
,

∑ 2n

n!
.
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CAq�¤ �§CA`� .1.4T§ d`�� �þþF®s�� .���r�� �Of��

T�¤Antm�� �F®s�� ­d�A� .4.1.4

�� un ¤ un+1 Tny`� T�C �� �º�dt��  A� �Ð� T�¤Ant�
∑
un Tlsls��  � �wq� : 6.1.4 �§r`�

.�ytflt�� �y�CAJ�

: 9 �A��

1)
∑

(−1)n,

2)
∑

(−1)n
n

1 + n
,

3)
∑

(−1)n+1|sin(nx)|, x ∈ R

4)
∑

sin (nπ + x) , x ∈ R

:®�� T�¤Ant� TlslF �An¡  � «r�  � Am¶� ©Cwf�� �� Hy� : 1 T\�®�

un = sin

(
π
n2 + 1

n

)
.

Ah���
∑
un TO�Ant� (|un|) ¤ limn→+∞ un = 0  A� �Ð� .T�¤Ant� TlslF

∑
un �kt� : 4 ��rt��

.(¢� 	§rq� ©� ¤� �wm�m�� An§d� Hy�) |S − Sn| ≤ |un| An§d� ¤ . T�CAqt�

?T�CAqt�
∑ (−1)n

n
¤
∑

(−1)n n2

1+n
�F®s�� �¡ : 10 �A��

�lWm�� 
CAqt�� .5.1.4

.T�CAqt� TlslF
∑
|un|
�A� �Ð� AqlW� T�CAqt�

∑
un Tlsls��  � �wq� : 7.1.4 �§r`�

T}A��� Tq�As�� d��wq�� �ybW� �km§¤ Tb�w�  ¤d� ��Ð TlslF ¨¡
∑
|un| Tlsls��

.Ahyl� Tb�wm�� �F®s�A�

.T�CAqt� TlslF ¨h� AqlW� T�CAqt� TlslF �� : 4.1.4 T§r\�

. : 11 �A��

Tlsls�� (1
+∞∑
n=1

cos(nπ)

n2

T�CAqt� ¨h� AqlW� T�CAqt�
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Tlsls�� (2
+∞∑
n=1

cos(nπ)

n

.­d�Abt� ¨h� AqlW� T�CAqt� 
sy�

��¤d�� �þF®F 2.4

�\tnm�� 
CAqt�� ¤ Xysb�� 
CAqt�� .1.2.4

R ¨� A �� T�r`m�� ��¤d�� �� TlslF (fn) �kt�¤ ,R �� Ty¶z� T�wm�� A �kt� : 1.2.4 �§r`�

: A� �Ð� A Yl� f Y�� TVAsb� 
CAqt§ (fn)  � �wq� .f : A→ R ¤

∀ε > 0, ∀x ∈ A, ∃n0 ∈ N �y� ∀n ≥ n0, |fn(x)− f(x)| ≤ ε.

: A� �Ð� A Yl� f Y�� �A\t��� 
CAqt§ (fn)  � �wq� : 2.2.4 �§r`�

∀ε > 0, ∃n0 ∈ N �y� ∀x ∈ A, ∀n ≥ n0, |fn(x)− f(x)| ≤ ε.


CAqt�� |rf§ ¤ .x ∈ A �� ��� �� ¢�� ¨n`§ f(x) w�� (fn(x)) Xysb�� 
CAqt�� : 1 T\�®�

 �� , ­ ¤d�� f ¤ fn �¯�d�� �ym� 
�A� �Ð� .T�rs�� Hfn� Am¶� 
CAqt�� �d�§  � A¾AS§� �\tnm��

�y� , 0 Y�� ¨htn� (‖fn − f‖A,∞)  A� �Ð� Xq�¤ �Ð� A Yl� f w�� �\tn� �kK� 
CAqt§ (fn)

‖g‖∞,A = sup{|g(x)|; x ∈ A}.

P¶AO�

.f : I → R ¤ R ¨� I ��¤ Ty�Att� (fn) ,R �� �A�� I �ky�

 �� .I Yl� f w�� Ay�A\� 
CAqt� (fn) ¤ a ∈ I dn� ­rmts� fn ��¤d�� ��  � |rf� : 1.2.4 T§r\�

.a dn� ­rmts� f

.I Yl� rmts� f  �� I Yl� ­rmts� fn ��¤d�� �ym� 
�A� �Ð� , QwO��� ¢�¤ Yl�
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TVAsb� 
CAqt§ (fn) �q�§ g : I → R d�w§ ¤ C 1 T·f�� �� fn ��¤d�� �ym�  � |rf� : 1 ��rt��

.I Yl� f w��

C1 T·f�� �� f T��d��  �� .I �� Tmyqtsm�� �Wq�� �ym� Yl� g w�� Ay�A\� 
CAqt� (f ′n) ��¤d�� Ty�Att�

.f ′ = g ¤

�� ��� �� �y� gj : I → R ��¤ d�w§  �¤ C 1 T·f�� �� fn ��¤d�� �ym�  � |rf� : 2 ��rt��

Yl� gk w�� Ay�A\� 
CAqt� (f
(k)
n ) ¤ I Yl� gj Y�� TVAsb� 
CAqt� (f

(j)
n ) T��d�� j = 0, . . . , k − 1

.g
(j)
0 = gj, j ≤ k �� ��� �� ¤ I Yl� Ck T·f�� �� g0  �f.I ¨� ­ w�wm�� Tmyqtsm�� �Wq�� �ym�

.I Yl� f w�� Ay�A\� T�CAqt� (fn)  � ¤ ­rmts� fn ��¤d�� ��  � |rf� ,I = [a, b] �ky� : 3 ��rt��

:  ��

lim
n→+∞

∫ b

a

fn(t)dt =

∫ b

a

lim
n
fn(t)dt =

∫ b

a

f(t)dt.

 � ��@� |rf� .I Yl� f w�� Ay�A\� T�CAqt� (fn) ��¤d��  � |rf� I = [a, b[ �ky� : 2.2.4 T§r\�

.b dn� `n T§Ah� �bq� fn T�� ��

.limx→b f(x) = ` ¤ b dn� T§Ah� �bq� f ,` T§Ahn�� w�� 
CAqt� (`n) Ty�Attm��  ��

.b = +∞ �� T§r\n�� £@¡ �ybW� �t§ A� A¾Ab�A�

¢y§Cw� �þF®F 3.4

:�kK�� �� �A`�� A¡d� TlslF ¨¡ ¢y§Cw� TlslF : 1.3.4 �§r`�

un = an cos(nωt) + bn sin(nωt)

:�kK�A� Aht�At� �km§ TlslF �� ­CAb� ¨h� ��@� ,Tyqyq�  �d�� t ¤an, bn, ω �y�

a0 +
∑
n≥1

an cos(nωt)+bn sin(nωt) = a0 +a1 cos(ωt)+b1 sin(ωt)+a2 cos(2ωt)+b2 sin(2ωt)+ . . .

.¢y§Cw� �®�A`� Yms� bn ¤ an �®�A`m��
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: 1 �A��

3 +
∑
n≥1

(−1)n cos(2πnt) + 18 sin(2πnt) , a0 = 3 , an = (−1)n , bn = 18 , ω = 2π

π

2
+
∑
n≥1

(−1)n

n
sin(nt) , a0 =

π

2
, an = 0 , bn =

(−1)n

n
, ω = 1

∑
n≥1

(5)n + 3

n+ 6
cos(3nt) , a0 = 0 , an =

(5)n + 3

n+ 6
, bn = 0 , ω = 3

:¨l§Am� S T��d��  d�� An��� , ¨qyq� t ©± Tlsls�� £@¡ 
�CAq� �Ð� : 2.3.4 �§r`�

S(t) = a0 +
+∞∑
n=1

an cos(nωt) + b sin(nωt)

.S T��d�� �� 
CAqt� ¢y§Cw� TlslF  � �wq�

. d� Y�� 
sy�¤ T�� Y�� Tlsls�� 
CAqt� : 1 T\�®�

Ty�l�� TlslF Y�� T�� �yl�� .1.3.4

.T A¡C¤ T§C¤ �A§wts� Yl� ­rmts� T�� f  � |rtfn� : 1.3.4 T§r\�

: �� a0 +
∑

n≥1 an cos(nωt) + b sin(nωt) ¢y§Cw� Tlsls� �wm�m� f T�At� 
m� �Ð�

ω =
2π

T

a0 =
1

T

∫ α+T

α

f(t)dt ∀α ∈ R

∀n > 0, an =
2

T

∫ α+T

α

f(t) cos(nωt)dt ∀α ∈ R

∀n > 0, bn =
2

T

∫ α+T

α

f(t) sin(nωt)dt ∀α ∈ R

C1 Y�� ¨mtn§ f  � AS§� �wq�) Dirichlet ª¤rK� ¨f� f T§C¤d�� T��d��  � �wq� : 3.3.4 �§r`�

: A� �Ð� (CM1 z�r�A� ¢� z�r§ A� w¡¤ , �A§wtsm��  d`t�

AhqtK�¤ �AqtJ²� ��A� , ­rmts� T�� f , A� C¤ �®� Tny`m�� ªAqn�� ��  d��  d� ºAn�tbFA� (1

.rmts� f ′
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.A¾Anym§ ¤ A¾CAs§ ­ ¤d�� T§Ah� f ′ ¤ f �bq§ , Tny`m�� ªAqn�� £@¡ ¨� (2

 Ð� , Dirichlet ª¤rJ ¨bl� T§C¤ T�� f 
�A� �Ð� : 2.3.4 T§r\�

f(t) w�� 
CAqt� f þ� TWb�rm�� ¢y§Cw� TlslF  �� , t ¨� A¾rmts� f  A� �Ð� (1

1

2
[f(t+) + f(t−)] w�� 
CAqt� f þ� TWb�rm�� ¢y§Cw� TlslF  �� , t ¨� A¾rmts� f �k§ �� �Ð� (2

¢y§Cw� �®�A`� 
As� .2.3.4

Ty�¤E T�� f 
�A� �Ð� (1 : 1 ��rt��

∀n �y� , bn = 0

a0 =
2

T

∫ T
2

0

f(t)dt

��� �� n > 0 �y� , an =
4

T

∫ T
2

0

f(t) cos(nωt)dt

T§ r� T�� f 
�A� �Ð� (2

∀n, an = 0

��� �� n > 0 �y� , bn =
4

T

∫ T
2

0

f(t) sin(nωt)dt

¨fyW�� �yl�t�� .3.3.4

TlslF ¨�At�A� An§d� , Dirichlet ª¤rJ �� �q�tl� T C¤d�� ��Ð T§C¤d�� f T��dl� Tbsn�A�

:ω =
2π

T
{bn�� �� , ¢y§Cw�

a0 +
∑
n>1

an cos(nωt) + bn sin(nωt)

:AS§� ¢t�At� �km§ ©@��

a0 +
∑
n>1

An sin(nωt− ϕn)

.An =
√
a2
n + b2

n ���w`�� ��

.(An) �®�A`m�� Ty�Att� w¡ f T��d�� Le spectre �yV : 4.3.4 �§r`�
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Parseval T�®� .4.3.4

An§d� ¢n�¤ ,�A§wts� Yl� ­rmts� T§C¤ T�� f  � |rtfn� : 3.3.4 T§r\�

1

T

∫ T

0

[f(t)]2dt = a2
0 +

1

2

+∞∑
n=1

(a2
n + b2

n)

Dirichlet ª¤rJ f �q�§  � ©C¤rS�� �� Hy� : 2 T\�®�

¢y§Cw� Tlsls� ¨ly�t�� �kJ .5.3.4

Q�wþþ�

:¨l§ Am� f T��d�A� TWb�rm�� ¢y§Cw� TlslF T�At� �km§ (1

+∞∑
−∞

cne
inωt

�y�

cn =
1

T

∫ α+T

α

f(t)e−inωtdt

:¨¡ cn Tb�rm�� �®�A`m��¤ bn ¤ an Tyqyq��� �®�A`m�� �y� �A�®`�� (2

c0 = a0, cn =
an − ibn

2
.

:�kK�� Yl� �A�wFCA� T�y} 	tk� (3

1

T

∫ T

0

[f(t)]2dt =
+∞∑
−∞

|cn|2.
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5 ��C �§CAmt�� TlslF

:Ty�At�� ��¤dl� cosinus ¤ sinus ­CAb`�) ¢y§Cw� TlslF  d� : 1 �§rm�

: ¨l§ Am� T�r`m�� 2π− C¤d�� ��Ð T§C¤d�� f T��d�� (1

f(x) = x  A� �Ð� − π ≤ x < π.

:T�Är`m�� , 2π C¤d�� ��Ð T§C¤d�� f : T��d�� (2

f(x) = 1  A� �Ð� x ∈ [0, π[ ¤ f(x) = −1  A� �Ð� x ∈ [−π, 0[.

: ¨l§ Am� T�r`m�� L > 0C¤d�� ��Ð T§C¤d�� T��d�� (3

f(x) = |x|  A� �Ð� x ∈ [−L/2, L/2].

T�r`m�� 2π C¤d�� ��Ð T§C¤d�� T��dl� ¢y§Cw� TlslF  d� : 2 �§rm�

f(x) = x2, ��� �� − π ≤ x ≤ π.

:�F®s�� £@¡ �wm�� �tntF�

∑
n≥1

1

n2
,

∑
n≥1

(−1)n+1

n2
,

∑
n≥1

1

n4

.

:¨l§ Am� T�r`m�� 2π C¤d�� ��Ð T§C¤d�� T��d�� f �kt� : 3 �§rm�

.f(x) = x2 : x ∈ [0, 2π[ �� ��� ��
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.f T��dl� ¢y§Cw� TlslF d�¤� (1∑
n≥1

1
n4 . ��

∑
n≥1

1
n2 �wm�m�� 	s�� (2

:¨l§Am� T�r`m�� 2π C¤d�� ��Ð T§C¤d�� T��dl� ¢y§Cw� TlslF d�¤� : 4 �§rm�

∀x ∈ [−π, π] : f(x) = |x|

:Ty�At�� �y�A�m�� Tmy� �tntF� .

+∞∑
n=0

1

(2n+ 1)2
¤

+∞∑
n=0

1

(2n+ 1)4
.

.x ∈ [−π, π[  A� �Ð� f(x) = ex2π C¤d�� ��Ð T§C¤d�� T��d�� f �kt� : 5 �§rm�

:Ty�At�� �y�A�m�� Tmy� �tntF� .f T��dl� ¢y§Cw� TlslF d�¤�

∑
n≥1

1

n2 + 1
¤

∑
n≥1

(−1)n

n2 + 1
.
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