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Ezxercise series N° 1 @) i yhetd) dhds 1.1

Exercise N°— 1 — gy 3 ped

-7 2 1 2 3 1 {1 0
A=10 —-1|,B=|2 3 1|, C=]0|.,D=2
2\1 1
—4 3 21 -3
9

1 2

E=[1-30

-8 6

= bgaall 03D vo viiberoe) dileall groleal) JF —ws-i (4

Calculate all possible sums of two of these matrices.

= ogaioal) 03D to oribgRoe) Glaad) wlslasdl JF s (B

Calculate all possible products of two of these matrices.



Matrices &oqonll Ezercise series N° 1y o3;Wi) &lwlw 1.1

5B +4EAT 9 3A 4 2E —ws\ (C
Calculate 3A + 2F and 5B + 4E AT

bwgaal) Gogpaall A — aF 2as a g9 (D

Find o where A — aF is the null matriz.

Solution -  Jemd!

@2 Ol2 gaaddl 0ld (4o (1Cd ghiaed LiSasd| aocolomad (A

The possible sums of two of these matrices are

—6 4
A+E=|-3 -1
7 2

Other combinations are not possible.

fo Olb gaiact) 04D (e (jGd gaiaet WiSeod! jud Olsluxtl (B

The non-possible products of two of these matrices are:

AB, AC,CA, DA, AE, EA,CB, BD, DB, EB,CD, DC,CE, EC, DE

:Q’A WSt Dlelastt o
The possible products are:

1 3 -7 2 -4 —12
BA= |2 1 0O —-1]1=1-13 -3
3 1 —4 -20 0

2
3
2
2 |
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Matrices &oqonll Ezercise series N° 1 y8 ) o3 ;\Wi) &lwdw 1.7

5B+4EAT = 94 15 —7
287 —14 —123

G @ a9 ¥ (D

There is no « where

—a—7 2-2 00
A—aF = 3a —1 =10 O
S8a+1 —6a—4 00

0# —1 0%
because 0 # —1 .

Exercise N°— 2 — @ i w2

(6B Y 0o JF (B cmbyR0 o9k Loais BA g AB olasd) s (1
Calculate the product AB and BA when is defined, in each of the following cases:

Unwversity of Mohamed Kheidar, Biskra 5 Brahim Brahimi-Jihane Abdelli



Matrices &oqonll Ezercise series N° 1y o3;Wi) &lwlw 1.1

A:<1 0)7 B:<0 0>(a
2 0 0 3

0 3 6 L
A= —200,B:< )(b
0 1 0
2 1 9
13

s
I
—

1 -1 0 1
0 1 0 2
0 2
Sy} = \oqaoel) Jetio —wns- 1 (2

Calculate the transpose of the previous matrices.

Solution : (emsd!

LA et Olg st ol (1

Calculation of possible product:

j.QUSAABAjAB&J‘..\.?J‘Q!ﬁ4@ﬂ|w&wauyﬁgf&}&.m3314a:ﬁ|J.Ié.'y °
o

Since A and B are square matrices of the same order, the product AB and BA are

A= ("), a0 0).
0 0 0 0

.hﬁAMBYjAMM‘YLQJ%ABZBA:OzL,A}MJ‘s\:.-j‘_,.\.C

possible and we find:

In particular, AB = BA = 0 while neither the matrix A nor B is zero.

A 1 o pdaw e B g duesl WM e Goioo A OY Byae pé AB slasdl e

The product of AB is undefined because A has three columns and B has two rows. So

we find

Unwversity of Mohamed Kheidar, Biskra 6 Brahim Brahimi-Jihane Abdelli



Matrices &oqonll Ezercise series N° 1 y8 ) o3 ;\Wi) &lwdw 1.7

-1 2 1
BA = .
( -1 -5 -3 )

@M¢$Pi@ﬁbﬁ0ﬁd)ﬂ#&31‘l;h\?—” °
The product BA is undefined but on the other hand, we have

33 01
AB=|1 2 0 1
6 3 00

TAdsled) Ol gaaet! J gdie wluws (2

Calculation of transpose of the past matrices:

1 2 00
e (1) (D)
0 —2 2 1 0
AT=13 0 1|, Bf'=| -1 1| (®
6 0 2 1 0
1 0
11 -1 1
.AT: s BT: (C
31 2 0 0
1 2

Exercise N°— 3 — @dy i g

) &d Rl Gbgpaall A, B € My(R) o)
Let A, B € My(R) be the matriz defined by:

=(L7) 0 e (0h)

A?+AB+BA+B? g (A+B)? pxo¢manl) gu u 8 5 .A*+24AB+ B g (A4 B)? paidgaonl) g u,e

Unwversity of Mohamed Kheidar, Biskra 7 Brahim Brahimi-Jihane Abdelli



Matrices &oqonll Ezercise series N° 1y o3;Wi) &lwlw 1.1

Compare the two matrices (A + B)? with A*> +2AB + B%. Then compare the two matrices
(A + B)? with A>+ AB + BA + B>

Solution : (e

A Aalionad! Ol ij-"'-’

We make various calculations and find out

9 0
(A+B)*=A>+ AB+ BA+ B*= (5 4)

and 9

8 1
A2 +2AB + B? = .
0 5

B gluwadl (g yT Ay (o OB gaia ol Ll Uns (A+ B)? = A4+ 2AB + B? o das S ( SLIL 9
Old ganell pramt Ao (7 93 3ol a2 )9l LaLEST SO (A + B)? = A* + AB + BA + B?

B 9 A day yadt
So we can see that (A + B)?> = A? + 2AB + B? is false for matrices. On the other hand, the
equality (A + B)? = A? + AB + BA + B2, which we prove by double distribution, is true for all

square matrices A and B.

Exercise N°— 4 — @ (4 w2
Let \;J:ﬁ
()
Find all matrices —\oqaownl) IS s

AB = BA 32 A go Jsl of Wy )
which can be exchanged with A, i.e. AB = BA.

Unwversity of Mohamed Kheidar, Biskra 8 Brahim Brahimi-Jihane Abdelli



Matrices &oqonll Ezercise series N° 1 y8 ) o3 ;\Wi) &lwdw 1.7

Solution : Jemd!

We have Lot

AB:<C+6 d—l—f>’ BA:<C c—l—d>.
e f e e+ f

because we assume AB = BA, we get the system: @ el e Juasmis AB = BA Lus ,a Lo¥

c+e = ¢
d+f = c+d
J o= e+f

Zd&ﬁd!&n;@éBQlﬁMid&Mﬁ.C:f3€:0@M|dae

Solving the system, we find e = 0 and ¢ = f then, all the matrices B are of the form:

(i)

b0em0ell g GwgiRe pé dainds 31ae T b g a oIl

Let aandb be non-zero real numbers and the matriz

= < a b )
0 a
AB = BA &V A g0 J5185 o) @ay N B € My(R) - \ogiaall J4 18-
Find all the matrices B € Ms(R) that can interchange with A, i.e. AB = BA.

Exercise N°— 5 — @ (d w2

Solution : jemsd!
Let OSd
c d
B:
(6 f)
then, we have Lo da g
AB — ac+be ad+bf . BA- ac bc+ ad |
ae af ae be+af

D dlesd) e Juasis AB = BA Lus ,a LoY

Unwversity of Mohamed Kheidar, Biskra 9 Brahim Brahimi-Jihane Abdelli



Ezercise series N° 1 w0, oWl Sl . 7.7 Matrices a.ogmaai\

because we assume AB = BA, we get the system:

ac+be = ac
ad+bf = bc+ad
af = be+af

ZM‘MﬁBQ&M‘J&Mﬁ.C:fjezob\qu!dae

Solving the system, we find e = 0 and ¢ = f, and then, all the matrices B are at the form:

Exercise N°— 6 — gdy Od w2

BA£09AB=0: 2% My(R) 9o B g A 15
Find A and B from My(R) where: AB =0 and BA # 0.

Solution : emsd!

IQ\gﬁb#Oj&%O@jMﬁé&béMd&d@ioﬁm

For example, for each non-zero real number a # 0 and b # 0, then:

) (]

Note that Of as M

R BIDR

and 9
BA— 0 b a 0 _ 0 0
00 0 0 0 0

Brahim Brahimi-Jihane Abdelli 10 University of Mohamed Kheidar, Biskra




Ezercise series N° 1 w0, oWl Sl 1.1 Matrices a.oc;mad\

Exercise N°— 7 — a8y od g

Let the matrix Sbaioal) Jj:!

s
I
= = O
=

Is there a matriz B € Ms3(R) where AB = I3? If yes, give the matriz formula of B.

C Gogael) 6200 B Ry N\ 9\ o) SCA = [, 2as C € My3(R) Gogaon 156 JB (2
Is there a matriz C' € My 3(R) where CA = I,? If yes, give the matriz formula of C.

Solution : (e

‘;’.n:/.." Jsad ".LC uus_i. S5 B e M273(R) ",S_d"
Let B € M;3(R) be written in the following form:

a b c
B = .
(d e f)
So the product of AB is equal to & gbay AB glamtl dice g

d e f
AB = a b c
a+d b+e c+f

29 a+d=09ga=09d=1 Lk josasl a9 Ao Jamiwd AB =I5 Lol Hls 13

In particular, if we have AB = I3, we get d =1, a =0, and a + d = 0. It is impossible.

AL il e asS O € Mas(R) s
Let C € My 3(R) be written in the following form:

(a b c>
C = )
d e f

Brahim Brahimi-Jihane Abdelli 11 University of Mohamed Kheidar, Biskra




Matrices &oqonll Ezercise series N° 1y o3;Wi) &lwlw 1.1

So the product of C'A is equal to S gbun CA slusd) dia g

OA - b+c a+c '
e+ f d+f
(OlEs 13) dadd g 13) CA = [ Lo
We have C'A = I, if and only if:

b+c =
a+c =
e+ f =
d+f =

_ o O =

the solution of the system is 19 Alesd! Yo

a = —c
b = 1—c¢
—f
d = 1—f

™

tOlad e e (C dcwlicn 42 gaias dsd Of Sien Salid

So we can find a suitable matrix C, for example:
010
C= .
1 00

Exercise N°— 8 — a8 y g g

Let the following matrices as: SV RERTLT JS:!

1 -1 11
A= , B= :
-1 1 0 2
n>138 38 e A" ge tbiim) 8.4 A% sl (1
Calculate A%, A®. Then deduce from A™ for everyn > 1.

B 6ogoal) 481 oo Jigdl wes Jo 1 (2

Answer the same question for the matrixz B.

Unwversity of Mohamed Kheidar, Biskra 12 Brahim Brahimi-Jihane Abdelli
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Solution : Jemd!

Lot ASled) dauall (e A gloed A™ 3 ‘,33;}" 3 guiond! Ol Tudw
We'll start by calculating the first terms of A™ to try to guess the final formula. we’ve got

o 2 2 i 4 —4
2 2 )’ 4 4 ]

tn > 1 Jal (e OF ;0L Sl @B
Then we prove by induction that for n > 1:

2n71 _anl
A" = ( _2n—1 2n—1 ) ’
227 =27 e Wolaeg dalan g (ALl dain a2 L GLAY O

The induction proof is very simple, it simply depends on 2"~ 4 2n~1 = 2»

BJM\%M;‘;&ZJ‘JM

5 1 3 B 17.
0 4 )’ 0 8

tn > 1 Jal e OF il ;0L Sl @B

We do the same for B:

Then we prove by induction that for n > 1 :

Exercise N°— 9 — @ (4 w2

E0q0al) —glhe (588! pal) Gog0el) Gy 5 WOgE Gy Y JleRiwh s

Calculate using the submerged method and then the conjugate matriz method, the inverse of the

matrix

— N
— = N

Brahim Brahimi-Jihane Abdelli 13 University of Mohamed Kheidar, Biskra
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Solution - Jemad!

15y aedl A2 gaaddl (o 98 Adn ybo Jleaiuwls A 43 ganall O glae wlws (1

Calculating the inverse of the matrix A using the Gauss method. The augmented matrix is:

1 1.2]1 00 L
Al)=]112 1|0 10 Lo
21 1|0 0 1 Ls
(I 9¥I 2 geall B ,glay 0 Jamd
We make 0 appear in the first column:
11 271 0
O ]_ —]_ —1 1 0 L2(7L27L1
O _1 _3 —2 0 1 L3<—L2—2L1
then @3
11 211 00
01 —-1|{-1 10
O O _4 —3 1 1 L3<—L37L2
11 211 0 0
0 —-1/-1 1 0
00 1]ttt ) e
]_ ]_ _% % % L1(7L172L3
O _i % _zll Lo<Lo+Ls
00 e B
and finally R e 9
00—+ -1 3 Lie-Li~Lo
13 1
O)-% % —3
3 1 1
013 -3 -1

D omed e Lgde J guasd @3 S 4B sanasdl 9o A 4b ghiaell L glie OLb (JILUL

Thus, the inverse matrix of A is the matrix obtained on the right:

Unwversity of Mohamed Kheidar, Biskra 14 Brahim Brahimi-Jihane Abdelli
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Ezercise series N° 1 y8 ) o3 ;\Wi) &lwdw 1.7

5
-
I
|
=

Y

We use the adjoint matrix method:

We calculate the adjoint matrix

A*

_|_ —

= =
S

NS
|

—1

=

dutall o [AA8 yodl A gaaell Ady ybo Jeatwd (2

we calculate the determinant

N —
— N

2
1 | = det(4)=—-4
1

2\.33|)-o-” 2\3}4.«44.”%.1

11 1 2
+
2 1 2 1
1 1 =3
1 2 11
— =1 1 -3 1
2 21
-3 1 1
1 2 11
_l’_
11 1 2

T

T (o pliall Olamt A dastl Gdad

Applying the theorem to calculate the inverse, we find:

Alt= —

PN TN
|
=
Y
I
|
I
—_ =
w

NI
|

NS
=
N L

Unwversity of Mohamed Kheidar, Biskra
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Exercise N°— 10 — @d ) (d g

Prove that 09‘ Yy

1+ a a a
D = b 1+b b =1+a+b+c
c @ 1+¢

Solution : (e

LiSon 1+ a+b+c o 085 o o Juami Jo¥l plaudl L3 Lgadad g ylau¥l JS o
2919 Juady éi oot (o Lgio STl
We sum all the lines and put them on the first line. We get a line consisting of 1 + a 4+ b + ¢ that

we can extract from the determinant, that is we get:

1 1 1
D=(1+a+b+c)|b 1+b b
c c 1+¢

tte uasi Oy <— O3 — Cre Oy +— O — O e ¥ e LI o gLy a 945 @F
Then we do the following transformation on the columns: Cy «— Cy — C; , C3 +— C3 — C we

get:

1
D=(1+a+b+c)| b

0
0
c 01

ddomod| de 9.1 La Jhad ol (Adow Adlio 43 gowan duiome o fasd

We get the determinant of the lower triangular matrix, elements of diagonal 1. Then de determi-

nant is:

D=1+a+b+c.

Unwversity of Mohamed Kheidar, Biskra 16 Brahim Brahimi-Jihane Abdelli
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Matriz diagonalization &oedon phos

Ezercise series N° 2 ady O jbald| dds 1.2

Exercise N°— 1 — a8y gd

D WS 66 2all A4(R) va Gogae A oI
Let A be a matriz of #5(R) defined as follows:

0 10
A=1-4 40
-2 1 2

Is the matriz A diagonalizable? ¢ phaill 6o A Sogaaal) B (1

A" wdidnd € N JE 38 oo (A —20)" @5 (A — 205)2 s (2
Calculate (A — 2I3)? then (A — 2I3)™ for each n € N. Deduce A™.

Solution - Jumsd!

A dd gaaall et 3 gustl b Olws (1

17



Ezercise series N° 2y 93;Wi) &lwlw 7.2 Matriz diagonalization &o¢aoe phos

We compute the characteristic polynomial of the matrix A.

PiX)=|-4 4-X 0 |=2-X)(X?—4X +4)=(2—-X)>.
-2 1 2-X
&2.]32\33.&.«46.\.‘ML&AQM&%MQ\&B!Q@E»‘j@‘SMMAMM‘
el BT ALIS O 9SS O HSen ¥ ST Jladl 98 el 108 9 273 3 A glue O 9w SIS

The matrix A accepts a single eigenvalue is 2. If it were a diagonal, it would be similar to the

matrix 2.13, so it would be equal to 213 which is not the case, so it cannot be diagonalizable.

we have Lowt (2
-2 1 0\ (-2 10 000
(A-2L°=|-4 2 0| |—-4 20f[=]00 0],
-2 10/ \-210 000
SO (A_2[3)0 = I, A(A-Q[g)o =7 ‘”_,.N;'du.j
-2 10
(A-2L)'=]1-4 2 0
-2 10

(A=2L)"=0Lat n>2 i (e 9
and for n > 2 we have (A — 2[3)" = 0.
2 Aaudll LI Leladdl sloaall of das
We note that the eigen-vectorial space associated to 2 ) )
By = {(z,y,2) eR’: 20—y =0}
= {(w,Za:,z) ST,y € R?’}
= ((1,2,0),(0,0,1))

ZR3;L¢'4.&J!..\.1.}L‘,.:Q:.\:@..\.M.33

It has a dimension different from the space dimension of R3 :

dim (By_s) = 2 # 3

Brahim Brahimi-Jihane Abdelli 18 University of Mohamed Kheidar, Biskra
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daBTY AL & A W gauaell O Liasi uss §o Lo 1 g

This also confirms that the matrix A is not diagonalizable.
9Me m2>2 Yl ye B"=0 o> A=A—-2[3+ 23 =B+ 23 Lot g B=A—2[3 pguiad
EI (Al 215 g B Old gacasdl ¢ S Lo
We put B = A — 213 and we have A = A — 213 + 213 = B + 2[5 where B" = 0, for n > 2.

Furthermore, the matrices B and 2[5 are interchangeable, therefore:

A" = (B 4+ 2I5)" chBsz

SRS LA PR LY P PP S GLELIPS
where C* are Newton’s binomial coefficients:

ko n!
Cn = El(n — k)

n>2daige BF =0 L0 k> 2 Jai (e« S35 a0 g
However, for k > 2 we have B* = 0, for n > 2,
A" = COBY(2I5)" + CL B (2I)"
=2"[3+ 2" 'nB
=2"I3 + 2" 'n(A - 2I3)
=2"(1 —n)I; + 2" 'nA.

then 4 g

A" = 2"(1—n)l; +n2" A

100 0 10
= 2"1-n)| 01 0 |+n2""| -4 4 0
00 1 -2 1 2

—(n—1)2" n2l 0
_ _n2n+1 (Tl + 1) on 0
—n2" n2n—! 2"

Unwversity of Mohamed Kheidar, Biskra 19 Brahim Brahimi-Jihane Abdelli



Ezercise series N° 2y 93;Wi) &lwlw 7.2 Matriz diagonalization &o¢aoe phos

Exercise N°— 2 — a8y 4d g

Let the matrix Sbaioal) Jj:!
—1
A= 2
-1 0 3

A mgmo.eﬂ ).\aa.“ 59)}:‘\ ,.\3; )..5,—99\ (1

Find the characteristic polynomial of the matrixz A.

Sugll) P sl Soghinng So 0l D Gogioa)) 15qf w5 phil) abls A sogroal) of =il (2
A=PDP! 28
Prove that the matriz A is diagonalizable and then find the diagonal matriz D and the

invertible transit matriz P where A = PDP™!.

.nENd}‘mA"..ﬁm}-;\ (3
Calculate A™ for n € N.

Solution - Jemsd!

A 42 ganslt Py jueedl 3 gusd) pdisn Ulwe (1

Compute the characteristic polynomial P4 of the matrix A.

3—X 0 -1

= (4— X)(X®—6X +8)
(4— X)(X —4)(X —2)
=(2-X)4-X)

Aed N = 2 Gl (pdiend Soled A A2 gaaell de g oyl Sy Py jeeeed) 3 gusdl pdiss (2
.MWM‘SMAQZZ_LJMM"J

Brahim Brahimi-Jihane Abdelli 20 University of Mohamed Kheidar, Biskra



Matriz diagonalization &oeoe phos Ezercise series N° 2 w9 o3\ &l 1.2

The characteristic polynomial P4 accepts two roots, of which the matrix A has two eigen-
values A\ = 2 simple eigenvalue and Ay = 4 a double eigenvalue.

OSed L Aa8 pedl AN A ladd) Gleliaall sasd
Let’s define the associated eigen-vectorial spaces. So let
E,={V = (2,y,2) : AV =2V}
We solve the system: falead! Joma p gad
3r — 2z =2z

2=
20 +4y+22 =2y < {
y=—2
—r+3z2=2z

e1=(1,-2,1) 92 dgua o5 ¢ Lo mudicwe 98 2 LGN doydll 331 podl B SIAN Geladdlslinall

The eigen-vectorial space E; associated to the eigenvalue 2 is a straight line whose directional
vector e; = (1,—2,1).

Let

Ey={v=(z,y,2) : Av = v}
We solve the system: falead! Joma a gad
3r —z=4x
2e+4y+22 =4y <= z=-x
—x+3z=4z

z

—7 Alalasdl 93 (§giwedl 52 4 AGIAN Aedl 331l By SN eladdlsliadll
e3 = (1,0,—1) g e = (0,1,0) 2aa¥l Jd o Jliadl Juow ole ¢ Lgului slac) @i il

The eigen-vectorial space F5 associated to the eigenvalue 4 is the plane with the equation:

z = —z whose basis is given, for example by the vectors es = (0,1,0) and e3 = (1,0, —1).

Wa ye G315 ¢ lad 9o & ¢ Ladd) O Wi (A 43 gauacd) (e b piilis el HaT1 LiSay 431 dasd

4 AGINY deally

Unwversity of Mohamed Kheidar, Biskra 21
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Matriz diagonalization &oeoe phos Ezercise series N° 2 9 ) o3 ;W) &lwlw 1.2

Note that we can read directly from the matrix A, the fact that the vector é; is an eigenvector

associated with the eigenvalue 4.

£ Ll (L 9 2381 podl AGIAN @udll duiad (6 glad 20N A0 jondl Ao ladd) Sileliadl) slayi

elodi A0I8 A A8 9ol g AGIAN Aad¥) ulei Sy R?
The dimensions of the sub-eigen-vectorial spaces are equal to the multiplicity of the associated
eigenvalues. Thus, the space R? accepts the basis of the eigenvectors and the matrix A is

diagonalizable.

A g (yguall A2 g2an P bm.'
We put P as the transit matrix, from which:

1 0
P=1-21 0
1 0 —1
Lgd 4z3l oot D 40 padll 40 gawasll g
and the associated diagonal matrix D
2
D=10 4 ,
0 4
We have the relationship: TAEMaY Lons
1 0 1 2 00\ (3 0 3
A=PDP'=-21 0 04011 1
1 0 -1)\0 04/ \5 0 -2

n €N Ui po A" Ul (3
Compute A™ for n € N.
9 A" =PD"P ' i eN Ui ye dieg A= PDP7! Lot Gabed) J1 5l yo
From the previous question we have A = PDP~!, then for n € N, A" = PD"P~! and

2" 0 0
D"=10 4 0|,
0 0 47

Unwversity of Mohamed Kheidar, Biskra 22 Brahim Brahimi-Jihane Abdelli



Ezercise series N° 2y 93;Wei) &lwlw 1.2 Matriz diagonalization &o¢aoe phos

Of @lad g Pl Gl Lide oo
We are left with the calculation of P! and we know that

1

-1 _ P* T
det P (F)
where Ol
-1 -2 -1 . -1 0 -1
detP=-2, P"=[0 -2 0 9 Pl'= 5 -2 -2 -2
-1 -2 1 -1 0 1
then, we have: Lo de g
1 0 1 2" 0 0 -1 0 -1
n 1
A" = —3 -2 1 0 0 4" 0 -2 -2 =2
1 0 —1 0o 0 47 -1 0 1

2"+ 1 0 1-2"
— 271—1 2n+1 _ 2 2n+1 2n+1 _ 2

1-2" 0 2"+ 1

Exercise N°— 3 — @) (d pad

Let the matriz A 1 A Sogaonl \,\Tﬂ

0 1
10

o
I
R

A dogaasll ol (1

Diagonalize the matriz A.

AR e o fg Sl G W a6 Lo X7 = AX Guliotaill alasdt Jols oo pe (2
Express the solutions of the differential system X' = AX in the eigenvector rule and draw

their paths.

Solution - Jumsd!

Brahim Brahimi-Jihane Abdelli 23 University of Mohamed Kheidar, Biskra



Ezercise series N° 2y 93;Wi) &lwlw 7.2 Matriz diagonalization &o¢aoe phos

Diagonalization of the A matrix.

BYT N (RPN | R Wh =
characteristic polynomial
-X 1

D == e,

P Ze: ik '2\.\9\5‘“_,.@54.';»3“,.44.\.«_"-..»”“’“' OO (il Juds A A2 gaaqgll
The matrix A accepts two different eigenvalues, therefore it is diagonalizable.
A3 SIS el sl
Finding the eigen-basic vectors of A.

w=(z,y) € R? (s
Let u = (z,y) € R?,

Au=u <= =y 3 Au=-u <= = —vy.

R? 3 Luluf OMSEd 10 (bdas OMETwoe Les —1 L0100 Aeall B8) yodl SSII ¢ Ladl) up
Cos A= PDP7! Lot I3
Note that uy = (1,1) and us = (—1,1), where: wu; eigenvector of eigenvalue 1 and wus

eigenvector of eigenvalue —1 are linearly independent, so they form the basis of R? and thus
we have A = PDP~! where

O3 Lot PY = X 2o VoS4 (2
Let Y where PY = X then we have

X' = AX <= PY' = APY <= Y' =P 'APY < Y'=DY.

Y= DY dlendt J gl oo (U1, Uuz) &SI 2ad¥W) (pulai 2 X' = AX Ldolaid) alemtl J ol
9 a(t) = act oo Aamdl Jsbs L /(1) = —y(t) 5 2/(t) = 2(t) Lot ¥ = (z,y) ol 13
o Ble (11, 2) AN (ulwd) B Ledl jluce O 53 9 Acduds Culgd b g a o y(t) = be!

351 31 ¢ gladll he g 98 CER 2oy = /T Walasd LI Olia
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Ezercise series N° 2y 93;Wei) &lwlw 1.2 Matriz diagonalization &o¢aoe phos

The solutions of the differential system X’ = AX in the eigenvector (uy, us) are the solutions
of the system Y’ = DY. If Y = (z,y) we have 2/(t) = z(t) and y/'(t) = —y(t) then the
solutions to the system are x(t) = ae’ and y(t) = be~* where a and b are real constants, and
their trajectories in the eigenvalue (uj,uy) are curves of the equation y = ¢/x with ¢ € R

branches of hyperboles.

Exercise N°— 4 — a8y jd g

Let the matriz A - A boemaml! JS:S

3 2 4
A=1]1-1 3 -1
-2 -1 -3

S0gi0al) GusIi) yadll as-gf w3 Jolee clas () A S jreall sl pi8 Jis (1

Factorize the characteristic polynomial of A and then find the eigenvalues of the matriz.

A D 631 a8 ji) Gas \RE) e baad) asg) (2

Find the sub-eigen-vectorial spaces of A.

¢ pal) 6yls A bosmonl) JB (3

Is the matrix A diagonalizable?

Solution - Jemd!

Lot fJelge slis JSG Ao A 48 gawmaall jcaedl 3 guad! pdiso wliss (1

Writing the characteristic polynomial of the matrix A as a product of factors: We have

e Cs

3_X 2 4

PO =1"_, 3-X -1
9 1 _3_X
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Matriz diagonalization &oeoe phos Ezercise series N° 2 9 ) o3 ;W) &lwlw 1.2

Ch +— C) — Cy
o —1-x p 4 L
B 0 3-X -1 Ly
1+ X 13- X| I
1-X 2 4
| 0 3-X -1
0 1 1-X| ILye—Ly+ Ly

=(-1-X)(X?—4X +4) = (X + 1)(X —2)?
.l&.cl.«'a.n@|3MA2:23M@‘3M>\1:—1&,AAMM PUEINS (R ev-1g
The eigenvalues of A are \; = —1 a simple eigenvalue and A\, = 2 multiplicative eigenvalue.

A 48 gaael A0 jond) ASIY deladd! Olelndll sl (2

Find the eigen-sub-vectorial spaces of the matrix A.
b yaedl By 8 jondl peladdl slaaddl oS —1 20100 dardll ddly
For the eigenvalue —1 let the sub-vectorial space E_; be defined as
E={ucR® Au=—u}.

let u = (x,y,2) € R3, w=(z,y,2) € R® &

20 +y+22=0

r—4y+2=0

dr +2y+42=0
ue kb | < —r+4y—2=0 <:>{

—2r—y—22=0

D dg> o3 tl.gﬁb‘n:«.ﬁlms}bEfl slaall
The space F_; is a straight line whose directional vector

Uy = (1,0, —1)

b yasll By peladdl sliadll 2 dedll 3ol poll o8 jaudl peladd) sliadll

The sub-vectorial space associated with the value 2 is the vectorial space Fy defined by
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Matriz diagonalization &oeoe phos Ezercise series N° 2 w9 o3\ &l 1.2

Ey = {u e R® Au=2u}.

let u= (z,y,2) € R? u=(z,y,2) € R? (s
r+2y+42=0
r+2y+42=0
u€ by <— —x4+y—2=0
rT—y+z2=0
—2r—y—>52=0

dgu> 93 tMﬁM}AEQ slaal (3
The space Es is a straight line whose directional vector

up = (2,1,-1).

.M@@MAMM!Mﬁ&l.\yﬁhEggS}aJ‘gcb.&J‘gL@.éﬂ

The sub-vectorial space Fj5 is of dimension 1, then the matrix A is not diagonalizable.

Exercise N°— 5 — @y 3 pad

ol 1slg G910 91 Gus-go Suiads o1xe | WNeIRe =3V 13) SuSlgis A € 4, (R) Soghon o
1 Colw 1® an oo JF = Yoo ¢ ga%o
We call a matriz A € M,(R) random if its coefficients are positive or null real numbers and

if the sum of the coefficients of each of its rows is 1.

& &

JAl <1 olo A bogmanl) Guily bad A € C w8 1) os) st (1
Prove that if A € C is an eigenvalue of A then |\| < 1.

o 881l S 2126 sqT 5 il b 10} s (2

Prove that 1 is an eigenvalue and then find its eigenvector.

Solution -  Jumsd!

OSed LS Aol 3B ye S5 plad 2 (St g A Wb gdaaclt 4G Aed A € O O o pas (1

Juad LA suclal alusiiwl g dalla ol doall ..\:-L A2 S glew O G 102 g Z?:l a; jZj
w
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Ezercise series N° 2y 93;Wi) &lwlw 7.2 Matriz diagonalization &o¢aoe phos

Let A € C be an eigenvalue of the matrix A and let z be an eigenvector of the eigenvalue.

Let i € {1,...,n} where |z;| = max;_;__, |2;|. be column number i from the coordinates of

the matrix Az, make 2?21 a;j7; and this should equal Az;. By taking the absolute value

and using the triple rule, we get

n n
Mzl < aislz] < aiglal < il
j=1 j=1

.|>\|§1Qig.’uf‘f.\.b (‘43..\.1.6.” tmm Q}S:izfﬂﬁ)

We also use a;; > 0 and )7 a;; = 1. Then, we get |A|[z] < [z]. because |z # 0

(otherwise z is the zero vector). This means that |[A| < 1.

Enough take A asy (2

1 G eyl 3B pe 1D ¢ lad 2 O 950 SLIL g Az = 2 O das M S

To note that Az = z. So z is an eigenvector associated to the eigenvalue 1.

Exercise N°— 6 — gdy Od w

Ezplain without calculating why the : &)W\ Sogiaal) phiss Q.u“:! P& —aw — s gop ¢4

following matrix diagonalization is not possible:

7 1 1
A= 0 2 1
0 0 =

Solution -  Jumsd!
13) 0 o8 Bislg ded B Aol i jolic o WS lged Wgle adlin A 4bgandl
(3423 P € GL3(C) dwySe 4850m0 slou) adaind Lelisnd pdadill ahld A 4bgamoll Cols

Brahim Brahimi-Jihane Abdelli 28 University of Mohamed Kheidar, Biskra



Ezercise series N° 2y 93;Wei) &lwlw 1.2 Matriz diagonalization &o¢aoe phos

The matrix A is an upper triangular matrix whose eigenvalues are the elements of a single value 4
of diagonal. If the matrix A is diagonalizable then we can find an invertible matrix P € GL3(C)
check:

A= P(il;)P".

TOLe L2 ghasdl pres e Adald I3 42 gaaddl ¥ 9 (ST

However, because the matrix I3 is commutative with all matrices, then:

i 00
A=ibPP'=ils;=| 0 i 0
00 i

this is not the case, so the matrix A is not diagonalizable.

Exercise N°— 7 — a8y o g

foh W e wle Y Lo slhmall A Gbghowl) gy RY o SV S £ inds a0 m ol
Let m be a real number and f endomorphism of R with matriz A given in canonical basis as

follows:

¢ f kil Gt wdl) g (1
Find the eigenvalues of f?

¢ phil) Bl s kil ogly s m b Blo (2

What are the values of m for a linear application to be diagonalizable?

keNYE I8 oo A sV m =20V o085 (3
Suppose that m = 2. Calculate A* for each k € N.

Solution : (emsd!

Brahim Brahimi-Jihane Abdelli 29 University of Mohamed Kheidar, Biskra



Ezercise series N° 2y 93;Wi) &lwlw 7.2 Matriz diagonalization &o¢aoe phos

A 42 gansll et 3 gusd! udiss sl (1

Find the characteristic polynomial of the matrix A.

X -1 0 -1 X -1 0 -1
PA(X) = 1 X -2 —1 =Ci4+Cs—0, | X —1 X —2 —1
m—2 2—-m X —m 0 2—-m X —m
X -1 0 -1
=Lo—Li—Lo 0 X-2 0 = (X -1) ro2 ! ‘
2—m X —m

0 2—m X —m
= (X — 1)(X =2)(X —m).

1S (e dadd Jdy f Ol 2 9T m = 1 Lasi 3] pols JSdn 2 91 o f 3 AGIA) gl

The eigenvalues of f are 1 and 2 in particular if we take m = 1 or 2 then f accepts only two

eigenvalues.

D Aalisne WSy @B OMS by W R e SN JSslaitl f pla m £ 2 g m # 1 plss 1) (2

(1=X)22-X) 92 f 3 juoedl dgustl ybisn glam =1 oles 13) g ,udadilt I8 f L O ¢S

1 2010 agdll GIAT 5 jandl poladdl sladll day Ol 13) dadd ,dadill Juld f O 9Sa

u=(2,y,2) Jai o (m =1 01 ,£05) S 3ot Lucladdl Slsladll il (o Eomdd 2§ gl
Lt

If m # 1 and m # 2 then f is an endomorphism of R?® which has three different eigenvalues:

here f is diagonalizable and if m = 1. The characteristic polynomial of f is (1 — X)?*(2 — X),

and f is diagonalizable only if the dimension of the eigen-sub-vectorial space of eigenvalue 1

is 2. Let’s find these eigen-sub-vectorial space (remember that m = 1). For u = (z,y, z) we

have:

z =0 r = T
flu)=u <= { —2+y+2 = 0 <= S y = =
r—y = 0 = 0

Wgametl dieg i 1 #2 AN sliaatt war (1,1,0) ¢ ladt Ker(f — 1) sliaald jululss 2l

Jai e Lol Ker(f — 21) sbiaddl das e o 1 = 2 O 0¥ o pad - pdadill ALlE i
w = (z,y,2)
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Matriz diagonalization &oeoe phos Ezercise series N° 2 w9 o3\ &l 1.2

We take as a basis for the space Ker(f — I) the vector (1,1,0). eigen-sub-vectorial space
dimension is 1 # 2 : of which the matrix is not diagonalizable. Now let m = 2. We are

looking for the dimension of space Ker(f — 2I). We have for u = (z,y, 2):

—r+z =0 r = x
flu) =2u <= —r+z = 0 <~ y =y
0 =0 z =

sladl ams gold JSén (0,1,0) o (1,0,1) cuweladdt Ker(f — 2I) sbaall gulwls asxb

udadilt L3 L f 92 ga Ker(f —21)
We take as a basis for the space Ker(f — 2I) the vectors (1,0,1) and (0, 1,0). Specifically
the space dimension of Ker(f — 21) is 2 and f here is diagonalizable.

(m =2) 1 &8I0 Zaydl Yol (e 2 AGI Aen@ll Bl 315 pului Lolw L 5 . f add (3
fu=(2,y,2) Jal (e Lo
Let’s diagonalize f. We previously found an eigenvector for the eigenvalue 2. For the

eigenvalue 1, (m = 2) we have for u = (z,y, z) :

y4 == O €T g €T
flu)=u <= < —2+y+2z = 0 <= < y = =z
z =0 z =0

w=(1,0,1) gv = (0,1,0) cw = (1,1,0) x5 .(1,1,0) g Laaht Ker(f—I) sLiaalt pululss asls
iop [ A2 ghmn ulu¥I1Ma B f 3 S5 ulad (u,0,w) 4 g
We take as a basis for the space Ker(f —I) the vector (1,1,0). Let u = (1,1,0), v = (0,1,0)

and w = (1,0,1). From which (u, v, w) is an eigenvector of f. In this basis, the matrix f is:

1
D=10
0

S N O
O O

P adgamett (u,v,w) pula¥ I RS clnall 59306 juluw¥l yo ygll 4B gawme P (S
— Ollaagd
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Matriz diagonalization &oeoe phos Ezercise series N° 2 9 ) o3 ;W) &lwlw 1.2

Let P be the transit matrix of the canonical basis of space R? to the base (u,v,w). The

matrix P is given by:

10
P=111
0 0

=

HEE R Pt e O e A=PDP! Lot g
We have A = PDP~!'. We have to calculate P~!. We find:

1 0 —1
Pl=1 11 1
0 0 1

Lot & ,dad D a2 gamedt 0¥ 9 oS3 AP = PDPP7! (i aat )00 it A = PDP™! (e

From A = PDP~!', we conclude bu induction that A* = PD*P~!. But since the matrix D

is diagonal, we have:

1 0 0
DF=110 28 0
0 0 2F
After the calculations we find in the latter ).:_&S'! 5,3 womd Ot | g
1 0 2F—1
AP = 1—2k 2k ok _1
0 0 ok
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Linear equations &asd) =¥}

Ezxercise series N° 3 fd) i jheld! disds 1.3

Exercise N°— 1 — a8y jd g

10088 G D el Sl Gulasd) Jasd) s

Solve the following linear system using the Gauss method:

z +ty 12z = 3 75 +z = L
z +2y 4z = 1, -y 4z = 2.
2 +y +z = 0 T —2y = 1
Solution -  Jemd!

PGS (o oW Alesml Al (o 98 Aan b Aluviwb

Using the Gauss method for the first system, we write:

I+y+22 = 3 L1
r+2y+z =1 Lo
2v4+y+z2z = 0 Ls

33



Ezercise series N° 3 w9, 3! &lwlw 1.3 Linear equations &ulsd) = 5\%al)

r+y+2z = 3
<~ y—z = -2 L2<—L2—L1
—y—?)Z = —6 L3¢+ L3—2L4

r+y+2z = 3

<~ y—z = —2
—4z = -8 LQ(—L3—|—L2
r = —1
<~ y = 0
z =

(7,,2) = (=1,0,2) oo Modl J ol ain g

The solutions to the system are (z,y,2) = (—1,0,2).
iy Al adiy e (ROL Alanl] Ay

For the second system, we proceed in the same way:

r+2z =1 L1
—y+z = 2 Ly
r+2z =1
— —y+z = 2
L —2y—22 =0 Ly <+ Ls— 14
( r+2z =1
<~ —y+z = 2
\ —4z = —4 Ly <+ L3 —2Ls
zr = —1
<~ Y —1
= 1

(09:2) = (=1, =1, 1) b Alendl J sl e
The solutions of the system are (z,y,2) = (=1, —1,1).

Exercise N°— 2 — @) (4 w2

by (ogR) Sy gl Gl I ¢ pmneRlL) Sdliske §,9 2L G et Jels gt (1
(o) )8 6210 ) a8l g Ve \Ral) SogR00
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Linear equations &) NN | Ezercise series N° 3 w9 3;\ed) &lwlw 1.3

Find the solutions to the following system in four different ways (by substitution, by the

pivot-Gauss’s method, by matriz inversion coefficient and by using Cramer’s method):
2r + y = 1
3z + Ty = -2

Choose the method that seems to be the fastest to solve, according to the values of a, to

find solutions to the following system:

ax + y = 2 (a+1)x + (a—1y =1
(a*>+ 1Dz + 2ay = 1 =

Solution -  Jemsd!

Substitution method yad gall| 4dy yda (1.1
Wilaoll 2 Y Aeid bgad y = 1 — 20 AL JSE e I ¥ Walaet BlS adaius
NES LT
We can write the first equation as y = 1 — 2x. Substituting the value of y into the second

equation, we get:

9
Jr+Ty=-2 = 3x+71-22)=-2 = llz =9 = = —.

11
LY et
We get y :
9 7
y=1-20=1-2— = ——
11 11
(T —17) "&BLA o Alastl ol Jol> die g .
9 7
i 1)

The solutions to this system is the pair: (

Gauss’s method e ¢é 4y yb (2.1

el wmd 2Ly — 3L pawdly Ly yawd! gl ge jaidg alSe L J ¥ pladdly dadis
I (A (P AL |
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Ezercise series N° 3 w0, 3\ &lwlw 1.3 Linear equations &ulsd) = 5\%al)

We keep the first line L; in its place and change the position of the line L, in the line

2Ly — 3L we find the following trigonometric system:

ey = 20 + y = 1

<
v+ Ty = =2 1y = —7

9 i J g1 el (e dieg Y = — T giiiad g
9

then from the first line we find x = 1

X =

_T
117

and we deduce y =
Matrix inverse method 42 ghaed! o elde (3.1

Lol e B shuacdl US| e Alemdl LOSS

The system is written in matrix form as follows:

wer as () x() v-(4)

We find the solution to the system by the matrix inverse:

X =AY,

Z&M&WQXQ@)J!OAMMQM
The inverse of a matrix of order 2X2 is calculated as follows:

a b 1 d —b
A= sla ATl =
(C d) O3 ad — be (-c a >

AM‘Q?A&@|L§')3JJAMQ.53

It is necessary to ensure that the determinant

det A = |°

b
‘:ad—bc
d

c

It differs from O. 0 e walis

-

we find N

A*1:i7_1 3 X:A711:i9:%
11\-3 2 -2 11\ —7 =

Cramer’s method S 4y y (4.1

b@!g@amﬂ‘d\é‘bjgm‘?ﬂlw&'ﬁamOﬁwwﬁlﬁ&mgﬂ
sad—bc#0
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Cramer’s formulas for a linear system of two equations are as follows, if the determinant of

course satisfies ad — bc # 0 :

e b a e
ar + by = e I d c f
cx + dy = f a b a b
c d c d
which gives us: Dldaay (gl
1 1 2 1
-2 7 3 =2 7
T YT
37 37

Ol 13) dadd g 13] Alondl oo 00gd i 9 o L Oles 3] Lo 42 a0 I) allaid e 63 b (2
D98 dimal) OB (Y o) Aleslt Aty Lo gie et Sdsmol
Firstly, we look to see if there is a unique solution, which is the case if and only if the

determinant is not null. For the first system, the determinant is:

a 1
a*+1 2a
a# 41 Hlea 13) dadd g 13) w9 > Sl oI

So there is only one solution if and only if a # +1.
(g i) Ayl Jleniuals JUiall s ad il pudi 1) §335 3kl J& adally
aad LI et B pangaillg @ = 2 — ax IJSAN Gl J oY1 plawd) Wliss Ga b e g
(a®+ 1)z +2a(2 —azx) =1

=a’-1

Of course, all methods lead to the same result, for example by using the substitution method,
and by writing the first line in the form: y = 2 — ax, and by substituting in the second line
we find (a® + 1)x + 2a(2 — ax) = 1.

OLd a # 1 Hles 13) ad] g
We conclude that if @ # +1 then

4da — 1 —2a’>+a—2
T = = —
T @ —1

a2 —
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DUsal 2l et Olb a =1 Ol 13 0 ped s dolnd) O ae Jelals OY)

Now we deal with the special cases according to the values of a. If a = 1, then the system

takes the form:

r + y = 2
20 + 2y =1
Jol> gV dg 2 +y =3 9 2+Y =2 le CBell udd LB Juamid Of adaiens ¥ (ST

But we cannot have x +y =2 and 2+ y = % at the same time then, there are no solutions.

DS WA U Aleadt Bl2 a = —1 Ol 13)
If a = —1, then the system takes the form:

-r + y = 2

2c — 2y =1
and there are no solutions. Jol> >3 Y
here the determinant dmod| L

a+1 a—1

:(a+1)2—(a—1)2:4a.
a—1 a—+1

98 pal 45 druo Jleaiiuwls Mie (7,Y) dus o3 Joud) dde g a # 0 Ol 13)

If a # is0 then the only solution is (x,y). For example using Cramer’s formula is

1 a—-1 a+1 1
1 a+1 1 a—1 1 1
v 4a T 2 YT 4a T 2

Jo> w8 ¥ a =0 gl 13)

If a = 0 there are no solutions.
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Exercise N°— 3 — gdy id w

D Gl Glasdt gl s8-q)

Find solutions to the following system:

3z +2z =0
Jy 4z +3t =

Solution - Jemiad!
We start by simplifying the system: Padead ! dacwdn Tlo

098 ygme oslielg Jo¥ Jaddt M Ly ylawdl GlSe sy o

We change the position of the line L3 to the first line and consider it a Gauss’s axis

Jramid J2alls ad! paw¥l (e 330w ¥, 1,7, 2 LI Cald ;00 O pdiadl ol 55 dgad o
Adesd e
We rearrange the variables in the following order: y,t, x, z to take advantage of the already

simple lines, and we get the system.

y + t + x + z =0 L
dy + 3t + =z 0 Lo
-y — t 4+ 2z + =z 0 Lg
3r + 2z = 0 L4

We start with a Gauss method with the following transformations:

y +t + = + 2z =0
- 3xr — 2z 0 Lo+ Ly—3L4
3r + 2z 0 Ly L3+ 1L,

3r + 22 =0

(GRS Alal dis g A glin 5 NI AL Sl w¥) Ot
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We find that the last three lines are equal, and then, the system is equivalent to:

y +t + o + z =0
3r + 2z =
‘“_,.AZ\.\@J\JPMQ.t:—:U—y—z:%x—yjz:—%x‘\.'«.njda.&uﬁyjzjm

3

We choose = and y as arguments, of which z = —sz and t = —v —y — 2 = %x — y. Then, the set

solutions is

1(s) = { (23030 -0) ey er)

Exercise N°— 4 — @ (4 pd

Solve the following system: DB Gdesd) s

3r — y + 2z =
-z + 2y — 3z
T + 2y + 2z = ¢

S 2

Solution : (e

S
Depending on the Gauss’s method, we perform the following transformations Ly <— 3L + Ly and

L3 < 3L3 — Ly, so we get:

3r — y + 22 = a 3r — y + 22 = a
—x + 2y — 3z = b < by — 7z = 3b+a
r + 2y + z = c Ty + z = 3c—a
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Then the transformation L3 <— 5L3 — 7Ly which gives us the trigonometric system:

3r — y + 2z = a
Sy — Tz = 3b+a
bdz = 53c—a)—T(3b+ a)

el e Juamiy passaidlh @3 2z = o(—12a — 210 + 15¢) @ dmd 3 W1 Waleodl (e

From the last equation, we find: z = 51—4(—12a — 21b 4 15¢) Then, by substituting, we get the

solutions:

= 15(—4a —Tb+5c).

Exercise N°— 5 — gd y id w2

o) € G Jlaily S Jesd) Js-

Solve the following systems using Cramer’s method:

z+y+2z = 3 x+2z =1
DS z+2y+2z = 1 2)8 —y+z = 2
2r+y+2 = 0 r—2y =1

Solution -  Jumsd!

Aatl ddms Ol ol pSo Ales dlead) O Ga=iid (1

Let’s check that the system is Cramer’s system, calculates the determinant of the system

2
det 1 | =-4+#0
1

G -
[ -

UG e LY gl pel pS dles Aot e g
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Ezercise series N° 3 w9, 3 ;i) &lwlw 1.3

then, the system is Cramer’s system, its solutions are of the form:

31 2

1 21

011 4
T = - :_—4:—1

1 3 2

1

11 3

1 21

210 -8
z= ) :_—4:2

Alodl duomn Uluoa ol x5 Ales (Alead! O Gasaicd (2

Let’s check that the system is Cramer’s system, calculates the determinant of the system

1 0 2
det| 0 =1 1 | =4#0
1 -2 0

IS e Lt gl pel 4 Ales Aot Ade g

then, the system is Cramer’s system, its solutions are of the form:

1 0 2

2 -1 1

1 -2 0 —4
r = 1 —T:_l

1 2

0 2

1 10 —4
y=—g — ~ 1

Unwversity of Mohamed Kheidar, Biskra

Brahim Brahimi-Jihane Abdelli



Ezercise series N° 3 w9, 3! &lwlw 1.3 Linear equations dulsd) = 51%al)

1 0 1
0 -1 2
-2 1 4
z = 1 —Zzl

Exercise N°— 6 — @) (4 s

aboss I Gsadill o 6B pudid! Loy SwglRall Goghasll b b JlaZub Syl dlesd) Js
Solve the following system using the inverse matriz method, and what is the geometric — $\Quls

explanation for the result that you get?

r+my = -3
mx+4y = 6
Solution - Jemd!
of the system form Ao JSa (e
r+my = -3
mx+4y = 6
we get N
1 m 9
det =4—-—m
m 4
tehn e g

4—m?>=0=m=2Vm=—2

Job> Lgd e Aol 0 = 12 opwad 20U Walasd) ola m = 2 Gl 13)

If m = 2 then the second equation becomes 0 = 12, and the system has no solutions.
ST Jolondl (o diis jud due Judi Alesdl Lag 0 = 0 guad 20U Walaedl m = —2 Sl 13

If m = —2, the second equation becomes 0 = 0, and here the system accepts an infinite number

of solutions, i.e.
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rT+my=-3&r=-3—my.
The set of solutions is: ‘o2 J gldl Ae geme
S={(=3-my,y);y € R}.

AL m #£2Vm#£ =2, ylss 13)
If m#2VvVm# -2 we take:

We calculate the inverse matrix

T
4  —m 4 —m
M-l — (M) o\ m 1 —m 1 m2—4 m2—4

~det (M) 4 —m? B 4 —m? m 1

then the system solutions are of the form

6 m;n—4 o m21—4 6 o %

ie. gl
6 3
BRI L A —
el dmr+4y =6 9 x4+ my = —3 (uatrdivusd! O 7 Lddw! LiSen « Lawaia
Geometrically, we can conclude that the two lines x + my = —3 and max + 4y = 6 are either:

m#(2,-2) Wl 3 Olablite e
They intersect in the case of m # (2, —2).

m=2 Wl o3 Leleld Ol 3l gie @
They are perfectly parallel if m = 2.

m=—2Wl> & Geaidl e Yy o

Not on appointment in the case of m = —2.
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Exercise N°— 7 — gdy id w2

:6Jes) Jols 0 € R bawg)) Suwdd \abg Gids

Discuss according to the value of the intermediate a € R solutions to the system:

d3r 4y —2 =1
z 2y 2z = a

r +y —z =
Solution - Jemsd!
The determinant of the system is 192 Aol dume
1 1 -1
1 -2 2|=0
1 1 -1

O gl Jloatiuly o g Jo v ga ¥ 9l Jolondl (4o de ,8 due 3929 & Jo Lo pguas

T AL g T 9 ¥ (o JAL0 o O¥alaed) ol 5 el Led of g Al
is equals to zero. What indicates the existence of an infinite number of solutions or that there is
no solution, and then, using the following transformations, the first of which is changing the order

of the equations, as we exchange between the first and the third one, we find:

v 4y —z =1 x +y -z =1 Iy
r =2y +2z = a < r =2y +2z = a Lo
r +y —z =1 3r +y —z = Ls
r +y —z =1 Ly
— —3y +3z a—1 Lo+ Loy—14
—2y +2z = -2 Ly <+ Ly — 3L,
oy ==
y —z = 1

Za&ﬁ()ﬂai%‘]jhﬂoﬁdlm#éamww‘gﬁ
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In order for the system to accept an infinite number of solutions, the values of a must be:

1—a_

=1=a=-2.
3 a
That is, in the case of a = —2, we find: Meva = -2 Wls B (T
x =0
r +y —z =1 r=1—-y+=z
ES. — — Yy =
y —z = 1 z=y—1
z=y—1
then, the set of solutions are: ‘o J glondl Ao gee 4o g
S = {(anay_l)aye]R}
If a # —2 then the system has no solution. Jo L eed Aedl Ola a #£ -2 plss 13
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Limited Expansion and Integrals calculus

Exercise series N° 4 @d) i yhetd) dds 1.4

Exercise N°— 1 — a8y o g

58 1330 Ja ) 83,9 08 St o T s
Compute the following integrals by integration by parts.

1)/9&2 Inxdzx. 2)/xarctanxdx.
3)/1nxdm then /(lmx)2 dx. 4)/cosxexpxdx.

Solution - Jemsd!

fx2lnxdx °

V=127 gu=Inr s A3l Jelsy
Let’s integrate by parts where we put u = Inz and v’ = 2%

x3 / 1

.U:—juzxﬂ\.].n_g

49



Limited Expansion and Integrals calculus ._,gdﬁs\ Lihareigesgasiad) Yalf o, ol Slwlw 1.4

3

then v/ = i and v = %

f zarctanz dr e

x? /

— _ _1 . I __ _ - LR .
V=75 9U = {2 49V =T gu=arctans oo 43 joxdl Jwlsd

2

Let’s integrate by parts where u = arctanz and v' = x. These include v’ = ﬁ and v = %

/arctana:-xdx = /uv’ = [uv} — /u'v

‘ x? / 1 x2d
= |arctanz - —| — - —dx
2 1+22 2

| 1/1 L)
arctan z - 5 T2 x

2 aret 1+1 tanz +
= —arctanx — —z + — arctan

5 arctan — s + o arctana + ¢
1 , 1
25(1+$)arctanx—§x+c

[(Inz)*dx then [Inzdx e

U =1 ang ) =1 gu=Inr o W3l JolS Jlasiuwh [Inade @ JolSSl dai (e
V==
In order to integrate: [ Inx dx using integration by parts, where u = Inz and v/ = 1. Then

u’:%andv:a:.
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ot =2Inz Ly V' =1 gu=(In2)? o [(In2)?dr Cluwmt 45 30l JolSI Joatiwd
V=2
We use integration by parts to calculate [(Inz)?dz where u = (Inz)? and o' = 1. Of which

u = 2%lnx and v = x.

/ (ln)de = / ! = [uv] - / e
= [z(Inz)*] — 2/1nxdx

=z(lnz)® —2(xlnz —2) +c

Laslu O geusmatt ol Lioinial ¢ p ¥ ylawll e J guasl

To get the last line, we used the previously computed integral.

I= [coszexprdr puas o

203w ==sinx g U =expr diwg U =COST 9 U = EXPT G A3 jmIly JolSIU) Jomlicad

We use the integral by parts where u = exp x and v" = cosz. Then, v’ = expx and v = sin .

So:

I:/cosxexpasdx: [sin:zcexpx} —/sinxexpxdx

ol Juasy Lold J = [sinzexpzdr (o7 Lus 43 13)
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If we assume that: J = f sin z exp z dz, then we get:

I = [sinxexpx} —J

laa ' =SiNT g u=expr po G 3 8 y0 45 jiIl Sl Jloatwl tad J olus Jai (1o
L

- -

In order to calculate J we use integration by parts again with u = exp x and v' = sinz. This

gives us:

J = /sinxexpxdac: [—cosxexpx] —/—cosxexpxdx: [—cosxexpx} +1

Aol Walae Lodd (3

So we have a second equation:

J = [—Cosxexp$] +1

T Adaldd) Walaod) B Lghauds J (o gad
Substituting J for its value in the previous equation, we find:

1= [sinxexpx} —J = [sinxexp:c] — [—cosxexpx} -1

where AN

21 = [sinxexpx} + [Cosxexpx]

Zd.nlS_U‘gLu:n_)LUM\.ﬂiMj

This allows us to calculate the integral:

1
I= §(sinx + cosz)expx + c.

Exercise N°— 2 — @ (d w2

e ) 15) JelR iy ;2 o 10489 go S o Mo TR s
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Calculate the following integrals, specifying the integral domain definition if is necessary:

1)/sin833(3083 xdx. 2)/0054 xdx. 3)/0082003xsin xdx.

1 1 1
4)/ —dx. 5)/ dx. 6)/ ——dx
sin x COoS X 7+ tanzx

Solution -  Jumsd!
The integral is defined at R. R (A @ a0 JolSI) 0
1 1
/sin8 rcos® xdr = 9 sin’ r — 11 sin''z + ¢
The integral is defined at R. R e @ a0 JolsI o
1 1 3
/COS4£L“d.CIZ = 3—25m4x+ Zsin2x+ 3% +c
The integral is defined at R. R (e @ a0 JolSI) o0
2003 . ; _ 2004
/ cos™ " rsinzdr = 5001 &% © +c
The integral is defined at k7, (k + 1) 7[. Jkm, (k4 1) [ e B yan JalsI) o
1 1 1—cosz T
—dr = -Iln|——— —i—c:ln‘tan—‘ +c
sin 2 1+ cosx 2
(Change the variable u = cosx or u = tan §). (u=tani gi u=cosT yuaiell i)

|=Z+km, T+ k| e @ pae JolSIl @
The integral is defined at }—% +km, 5+ k?ﬂ'[

1 1
/ dr = -1In
CcoS T 2

(Change the variable u = sinx or u = tan §).

1+sinzx

be=tfian (24 7+
c=Inltan | = + — c
1—sinzx 2 4

.(u:tangz—ﬁjiu:sinx ad| ).3.13)

R\ {arctan (—7) + km, 2+ kr, k € Z} Jloadl Lo B yas JolSI o
The integral is defined at R\ {arctan (—7) + k7,  + kr, k€ Z}

1 7 1 1
/mdaﬂ: %x—i—%lnhanx#—?] +%ln|cosx] +c

.(u:tana: guewiNy] ).3_13)
(Change the variable u = tanx ).
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Exercise N°— 3 — gdy id w

PR B 89 o8 W e Mo s
Calculate the following integrals by changing the variable.

1
/ cos ) #* sin z da. 2)/ dx.
xln:i
o A) | —=dx.
/3+exp du )/\/41'—1’2 !

Solution - Jumsd!

[(cosz)®*sinzdr o

e Jay du= —sinzdr g o = arccosu Lot © = CoST pudiedl joad aual

We put the variable change u = cos x we have x = arccosu and du = — sin x dr we get:
(cosz)**sinadr = [ u'®*(—du) = Lu1235 +c=— ! (cos )™ + ¢
1235 1235
This primitive function is defined at R. R e 43 ya0 2do¥! A1 ol
1
f zlnx dr e
P du =% gr=expuloat u=InT pEkddl i (S
Let the change of variable u = In z, then we have x = expu and du = dm we write:
1 1 d 1
/ dr = ——x:/—du:ln|u|+c:1n|lnx|+c
rlnx Inz x U

ety alidee o950 o3 colidl) |1,400] Lo 9 ]0,1] e 48 a0 Ado¥ AN sl
((RUL{ENT
This primitive function is defined as ]0, 1[ or |1, +o00[ (the constant may be different for the
two intervals).
1
fB—i-exp(—ac)dm °
dr = % Loyl oo gl du = exprdr 9 ¥ = Inu ddsg U = eXPT ypaied! yuad (SJ
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Let the variable be changed to u = exp z. Including x = Inu and du = exp x dz which also

writes dx = ‘L—“.

dx 1 du du 1 1
= — | = =-1 1 =1 1
/3+exp(—x) /34_%(”) /3u+1 3n|3u—|— |+ ¢ 3n(3expx+ )+ ¢

R e 48 ;20 2do¥ A0 ola

This primitive function is defined at R.

| gmda o

@2 e P e yus Lo Lo Qg yae od 1) A1 3 98 paiedl ol e g yal)
The purposed of changing a variable is to reduce it to something known. Here we have a
fraction with a square root in the denominator and under the root a polynomial of degree 2.

What we know is how to integrate

du ,
———— = arcsinu + ¢,
/ V1—u?
98 g arcsin(t) Aot Adtide B yai LY
Because we know the derivative of the function arcsin(t) which is
1

V1—t2
JSad) e 4 — 27 jhsdl Gt Le liss J gl 48] 53 gall J gloviw <30
We will try to get back to it. Let’s try to write under the radical 4z — 22 in the form

arcsin’(t) =

1—t2:4x—x2:4—(x—2)2:4<1—(lm—l)Q).

2
94r — 2P =41 —u?) 1098y Al (e U = 57 — 1 pdliadl oS B e pacdall e SIS
dzr = 2du
So it is natural to experiment with changing the variable v = %x — 1 for it is: 4o — 2% =

4(1 — v?) and dx = 2du.

Vir—a22 i1-w) J Vi—u? =arcsimu + ¢ =aresin { gr — 1] +c¢

2 €10,4] e 48 yao Al WM siau €] — 1, 1] e Blaiad ALls g 4d yasarcsinu Adfa)
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The function arcsinu is defined and is differentiable on v €] — 1, 1]. This primitive function
is defined on z € )0, 4].

Exercise N°— 4 — @) (4 pad

= Y510} - Lisiny 6y a8l Sl E-lue s

Calculate the area of the region bounded by the curves of the equations

2 q 1
= —an = .
y=5 Y= 1122

Solution -  Jumsd!

O 31 @ 3 g pd| s Y = g WA e g ¢ GBS adad 9o Y = 27/2 WA e
Lgobuso a 9w I dabaied) Oliomiad) (10D susy Lae . (pealedd

The graph of the function y = x?/2 is a parabola, and the graph of the function y = H% is a
bell curve. Draw the two graphs. Together, these two curves define the area that we are going to

calculate.

&Jh&mﬁ-ﬁb&f3:[2—13IE:+1@‘A}}ﬂd@@“&k&&&d‘&‘ﬂ&b%&;#éb@ﬂe
IQ - - . . - e - & -
L= o dhladdt U Ga b (o dhe 3as ed Abed) g ) Sle

Firstly, these two curves intersect at the coordinate points * = +1 and x = —1 : this can be
guessed on the graph and then verified by solving the equation ‘%2 = 12;“

flz) =a/2

g(x) = ﬁ

Brahim Brahimi-Jihane Abdelli 56 University of Mohamed Kheidar, Biskra



Limited Expansion and Integrals calculus ._,3&3\ Lheocigesyatiad) i) w0, ;) Gdulw 7./

We will calculate two areas: o Lo i

Walasd! jslaw (o g Sl jome F989 ¢« GBS adadll Comd dalaield A; dslucdl o
tawg(r=+41) 9 (x=-1)

The A; area of the region under the parabola, above the ordinate axis and between the lines

of the equation (z = —1) and (x = +1). Including;:

+1,.2 37+1
T x 1
./41:/ —dl'2|:—:| = —.
1 2 6], 3
Walaod) o glas o g OLAIAY| jame §92 9 ¢ (| Comd Aad) gl ddlaiallA) dxlusdl o
g (r=41) 9 (v =-1)
The area A, for the area under the bell, above the ordinate axis and between the equation

lines (x = —1) and (z = +1). Including:

+1 1 i1 T
Ay = /_1 o dx = [arctanz]"| = 5

| v | LN | bh.ﬁ." B392 9 (wadl Comd A Axluall @
The area A under the bell and above the parabola is:

A=A — A =

ol
W

Exercise N°— 5 — a8y g g

Sabo ¥ Pgh 191 5 G jeuld) Jis-

Factorize the following fractions and then find the primitive functions.

1 1 z3
1 — 2 — 3
) a? + z? ) (1 + z2)? ) 2 — 4
4x 1 1
4) 50 5 . 6) 5 .
(z —2) r?+z+1 (22 + 2z — 1)
3 1 3 1 1
7 T+ 8) & i 9)

(22 — 22 4 10)* 2 — 2z + 10
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Solution -  Jemsd!

The results are valid in every interval of the definition set.

it Ado¥ W A g daan JS& 1 @

x2+a?

A simple form of which the primitive function is:

dx 1 T
——— = —arctan (—) + k.
x4+ a a a

ot Ldo¥ WA die g Jatan JS& 5 e

(1+22)*
A simple form of which the primitive function is:
/ d Larctanz 4~ 1k
——— = —arctanzr + —— .
(1+a22)” 2 2(1 + z2)
Al (Sen @
We can write:
x? N 2
=z
x?2—4 r—2 x+2

led Ao ¥ WA die g

Then, the primitive function is:

23 x? ) )

. - N 4x _ 4 8
‘:,.h ‘\:(.LtAY‘ Al .(172)2 =75 + (x72)2 [

the primitive function is:

4
/—xQd:U—4ln|x—2]—i+k.
(x —2) x—2

lod Ao ¥ WA Ls g gl JSE o @
A popular form, including the primitive function is:

/ dx 2 ; 2z + 1 T
- — ——=arctan { ——— .
2+r+1 /3 V3
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LI E Jdmidf Lt o
We have the following factorization:

1 B 1 V2 1 —V2

= + + +
(@2+22 1) 8r+1++v2)° 16(x+1+v2) §r+1-+v2)> 16x+1-v?2)
e PIVL (L WL

the primitive function is:

/ dz . r+1 +£1
(22422 —1) 4@*+22-1) 16

r+1++2
n—
r+1—+2

. - 4 - . - DS S . 3 1
‘o oY AN A g mm‘,.n.cdmds.mu.am 3
From the form is derived on the function, from which the original function is:

/ 3r+1 d 3 n 2(x —1) +2 . x—1 Lk
Xr = — — arctan (| —— .
(22 — 22 + 10)? 2(x2 — 2z +10)  9(x% — 2z +10) 27 3

+ k.

. - F - o - DS & . 3z+1
fet Ao ¥ WAl die g AN le Fhde JSAII e o0 as e
From the form is derived on the function, from which the original function is:

3z +1 3., 4 z—1

We can write:
1 1 r—2

B+1 3+l 3@2—z+1)

lad dlio¥) Atia

the primitive function is:

d 1 1 1 20 — 1
/ ° ——ln|x+1|——ln(xZ—x—l—l)—i——arctan(x )—i—k‘.

B+1 3 6 V3 V3

Exercise N°— 6 — @) (4 w2

S &g palll Pgal) o T s

Calculate the integrals for the following rational functions.

1 d 1z q 5 2r+1
1)/ - 2)/ = 3)/ P
0o T2+2 —ipl—a o T°+x—3

2 0 3 2
rdr dx 4x

4 . D —. 6 dzx.

)/o z* + 16 )/2z3—7x+6 )/2 1

Unwversity of Mohamed Kheidar, Biskra 59 Brahim Brahimi-Jihane Abdelli




Limited Expansion and Integrals calculus ._,gJQ\ Lihareigesgasiad) Yalf o, ol Slwlw 1.4

Solution - Jemd!

Ddie g Juall yued WML ,gd §hdie —$21+2 °

ﬁ is a well-known derivative of the arctangent function, including:

/1 dx 1 . (1)
— — ——= arctan E— .
0 T2+2 2 V2
3,.uSJ|‘L\:-..U °

Let’s decompose the fraction:

112 12
1—22 z2+4+1 z-—1

L JolSE ) oy @

Then we calculate the integral:

1/2 d
/ x2 =In3.
—1/2 1—x

Qgéx2—l—$—32m.m‘_§.“uim&,.a2x+1‘33' °

Because 2z + 1 is the derivative of the function 22 + 2 — 3, then

3
2041 9 3

Haad) JSEIL ST Sk adatid @

We can analyze the fraction in the simplest way:

r V2/8 B V2/8
zt 416 22 —22v2+4+4 22+ 22V2+ 4]

e 27 = U pdield podd aad OF dan W1 (SO
But the simplest thing is to change the variable 22 = u. We find:

/2 rdx _1/4 du  m
o T44+16 2, u2+16 32
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e dsIl e
By factorization, we find:
1 1 1 1
B _Tr+6 20@+3) da—1) Ba-2)
L e LS die g
Then the integral:
dx 1 r—2)(z+3
e L <m)_(1>s+ |+
o
0
/_2 #ﬁ:w - %111(27/4).
R g P = | W
By factorization, we find:
4x* 2 1 1
-1 2211 _x—|—1+x—1'
ol de g
Then the integral:
/mijldx = ln‘ilﬂ + 2arctanx + C'
where I

3 4g? 3 1
/2x4x_ld:c:1n<§>+2arctan<?>.

Exercise N°— 7 — gy id w2

S ST b g s
Study the values of the following integral

I — /1 sin(mx) iz,
0o T+n

n>0d§d>—¢\u.o

for every n > 0.

0< Inpr < I, o) st —1
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Prove that 0 < 1,11 < I,

(1

T, o I o it @5 I, < In 2L o 23t —2

n
Prove that I,, < In ”TH and then conclude that lim, ., I,,.

Jo 5 Guayd woms | —3

Calculate the value of the integration.

lim nl,.
n—-+oo

Solution - Jumsd!

sin(rr) >0 g0<z+n<z4+n+1lod 0<z<1Jd dai e 0< Ly < I, of ols) —1

U ¢ Ao g
Prove that 0 < I,,.1 < I, : Forevery 0 <z <1, we have 0 < x +n < z+n + 1 and
sin(mz) > 0, then we find

sin(mx) < sin(mx)
T rx+n+17 x+n

(JelS dulon) Lol Gudato
applying the property of positive integration.

Lo 0 <sin(mz) <1 IM: e —2
Through 0 < sin(rz) < 1 we have

sin(7z) < 1

r+n r+n
we find o
1
1 1
oglng/ dx:[ln(x+n)](1):lnn+ — 0.
0o TN n
Calculate the value of integration ol e Ol —3
lim nlr,.
n—-+00
u'(x) = R &e g V() = sin(mz) g u(x) = ! pad oo (A5 jaiIly JelSS (g pmd
(x 4+ n)? x+n - S =<
1
e 0(7) = ——cos(mz) g
T
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Let’s do an integration by parts, where we put u(z) = and v'(x) = sin(7x) and from

) | r+n
there u'(x) = T and v(z) = - cos(mz). We find
!
nl, = n/ sin(rz) dx
0 T+n
1 ' Lo
S cos(mx)| — E/ ——— cos(mz) dx
T |lx+n o TJo (x+n)?
1
= i + — — ﬁjn

dod sl LI Ao

QJn _n 1|cos(7rxz| dxgﬁ/l 1 e
T T Jo (x+n) 7 Jo (z+mn)?
o n 11 n 11\ 11 0
s :I:+n0_7r 1+n n mn+1 )
then e g
1 2
lim nl, = lim " ——ﬁJn:—
n——+o00 n—-+oo 7T(TL + ].) T m m
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Ezxercise series N° 5 @) i yheld) dds 1.5

Exercise N°— 1 — gy 3 ped

Determine the solution to the differential equation
3y +4y =0
y(0)=2 é\m}!\ LFURCTISING Y

which satisfies the initial condition y (0) = 2.

Jumttd |
S U e COST Walaedl olia

This equation is written in the following form

Yy :—gy

52 S do Jl) Gammy A3 dmdl (1)

So the solution that satisfies the initial condition is



Dif ferential equations dalo\a) = Ys\2al! Ezercise series N° 5 w9, 3 ;W) &lwlw 1.5

then ‘gl
y (z) = 2e7 57
Exercise N°— 2 — gdy 4d w2
) Gulio &) &dslgall ol
Let the differential equation be:
Y + 2xy = . (E)

S\l Sulio el &3\l Jols- s8-91 (1
Find the solutions to the homogeneous differential equation.

y(0) =1 8883 I (F) als\Rall Yol asql (2
Find the solutions to the equation (F) which satisfies y(0) = 1.
S |

oy parss Culs 9o k € R cos A7) = 27/2+ F J1 901 oo az) = 27 Wald Ldoa¥I J) 9!
LIS (o R e 33 paadl J1 gl Jo o B diloiell Alalactl J sls

The primitive functions of a(x) = 2x are the functions A(x) = 2?/2+ k where k € R is a arbitrary

constant. Hence, the solutions to the homogeneous equation E are all functions defined on R of

the form:

y(a) = ce”
(i Calb c € R o

where ¢ € R is an arbitrary constant.
LIS e B ol Jod) e O o

Now we look for the particular solution of E of the form:

D Load ol g3 ,eas 3G, Jleatuly

using the variable constants method. We've got :

g2

y;,(x) + 2zy,(z) = d(x)e
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2 ER Y& Jai e (1) = 26% 1 Oles 13) dadd g 13) B 3 > g8 7, 4o g
Of which y, is a solution to E if and only if: ¢(z) = ze*” for each z € R.
DIl Jeoew e 767 ANAL Ao W1 J1 9udl (i (e () ALY SIS

Let the function ¢(z) be among the primitive functions of the function ze®, for example:

c(x) = —e

then the function y, where o Yp alad) e g
1 2 2o 1

Yp(x) = 56‘1" e’ = 5

SCEA RO (PRUN i i T NPT JYPSPPINPNPIN o S PApY

is a solution to E. Therefore, the solutions to the equation F are all functions of the form:

1
y(z) = ce ™ + 5 icE€ R.

c=1/2: 5210 y(0) =1 o & La () Walasld J> y S

where y is a solution to equation Ej, here the condition y(0) = 1 is equivalent to: ¢ = 1/2.

Exercise N°— 3 — @) (4 pad

6l Sabolaill &Js\%all Jels- 15-¢'

Find the solutions to the following differential equation:

v +2y=—-4, y(l)=-3.

St |
AOLL Alolant) Aalaedl Joud

Let’s solve the following differential equation
y +2y=—4
Ailviad! Walaed! o
We solve the homogeneous equation
Yy +2y=0
J19adl oo Lt gl I
whose solutions are the functions

t— Ce ™ CeR.
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Wolasdt J ol Lo glmbj ol > 2 y(t) = —2 ol AWu O s (ols s e o

We are looking for a particular solution and we notice that the constant function y(t) = —2 is
solution. The solutions of the equation are therefore the functions

y(t) = =2+ Ce ™.
Then we have : Lo Oa)

y(1) = 3= —2+Ce—2=-3= C = —¢’.

92 e g yied) ASElY ds o3| ol ol i

Finally, the only solution of the considered problem is

y(t) = —e* 2 — 2.

Exercise N°— 4 — a8y jd g

:6aLi01a) 631211 10, 00 b olee Yo pfl Jo Ja TR ¢ i

We propose to integrate over the largest possible interval in |0, 00[ of the differential equation:

/@) -2 =02 (B).

(E) &5\2e) g 00\8- I y(2) = az 2as a €]0,00[ asq) (1

Find a €]0, 00] where y(z) = ax is a particular solution yo of equation (E).

16abo el &ds\Rall ) (F) dslral) Jgs y(2) = o(w) — o5 1 V) i o) =8t (2
Prove that changing the function: y(z) = yo(z) — ﬁ Converts the equation (E) to the

differential equation:

Z(x) + (691: + ;) A2)=1. (By)

10, 00[ J& (E1) Jois 191 (3
Solve (Ey) by 10, 00].

10, 00[ J& &8 2l (E) &s\rall Jols- 3F 591 (4

Find all solutions to the equation (E) defined on ]0, col.
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S |
LA Al ot Walasd) Yol

Let’s solve the following differential equation

L

OY 9 (Walasll ols U 950 Yo(7) = ax cus a €]0,00[ e cemd (1
We are looking for a € [0, 0o where yo(z) = ax is a special solution to the equation, and

because

= —a"x",

! (z) — ?JOif) . y0($)2 2,2

a =3 (8 9.0 =13 Ol 13) dadd o 13) J> 92 Yp
Yo is a solution if and only if a = £3, we take a = 3.

el puaid ¥ g O aiall (yo Wy 2 SOl 13) (2

If z is a function of class C' and does not null, we set

y(x) =3z —1/2(z).

PO 13 dabd g 1) S Y A g

of which y is a solution if and only if:

Bl 2 Ol 13) dadd g 13) Adslwt) Wslasll Jo § e Juasd 2(7)? B © pally
Multiplying by z(x)? we get y is a solution to the previous equation if and only if z satisfies

(@) + (693 + é) Ar)=1. (B

WA o 6 + 1/x Al Adol W aab 0,00 Jlwed! e (Br) Walaedt ot (3
x> 322 + In(x)
FAA) (o dwdlmied! Walacd! J ol de g
Let’s solve the equation (Fj) over the interval ]0,00[. We take a primitive function of
z +— 6x + 1/z the function x — 3z% + In(z). Then, the solutions of the homogeneous

equation are the function:
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2 —In(z) )

x> Ae?

IS8 e (B) Walasl (ols Jo (He Comdd
Let’s find a special solution to the equation (E;) of the form

() = ala)e

Ol 13 U 9 2, da g
Hence, z, is a solution if

a(z) = /6 ole 13) Jladl Juw e o (z) = 2% Hlea 1) i
R (E1> alalaat J}.\.ﬁb

i.e. for example if o/ (z) = ze**” and a(z) = €3*° /6. The solutions to the equation (E;) are:

1+ Ae3

., where AeR.
6x

10, 00[ Jlnadt Ao 4d jaadt (E) J ol 0¥ pridddw (4

We will now derive the solutions of (£) defined on the interval |0, co.

Ao y(@) > 3 O Wdaws (b yaity J0,00[ Jlaadl e B yae C1 caliall e J> Y S
s g (ySaw jud sl o CJ0, 00[ 7 giaed! Jined!

Let y be a solution of class C! defined on the interval ]0, co[. Let’s assume that y(z) > 3z is

on the open interval I C [0, 0[], as large as possible. Then

y(a) =3z —1/z()

0T 8 9 yatly Lot ¢ Gabedd) J1 5t cews T e Ch Gaiual) o 27 < 0 J1 gt ams Jai (pe

For some functions z; < 0 of class C! on I. According to the previous question, we necessarily
have that:
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o 1+ A[@fsx?

21(z) 6x

3 1 > Ae ™ 5% T #]0,+00] o3 A7 < 0 Ol 2; <0 0¥y A € R colld) Jai e
J e y(x) < 3r 9%y Cusa J paiae Jlawe i g (L a0 L s T ol

for the constant A; € R, and because z; < 0 then A; < 0 but I #]0, +oo[ because 1 > A16_3”2

if  is big enough. Thus, there is an open interval J such that y(z) < 3z over J.

Jlgdt paad y(z) = 32 — 1/25(7) «J B OF 9 ORI judy yuss J O G315 50 o s
(@t J15wt o 43T 8 40 . Cl aualt o 27 >0
We assume again that J is as large as possible and that in J , y(z) = 3z — 1/2,(x) for some

functions z; > 0 of class C! . Again from the previous question,

calh Ay G

where A is a constant.

Y ) EoD s g (B Y| a0 98 O (b yiaed! (e Olss J =a, bl 7 giaed! Jlaed) O
13) s ddl pudd g y(a) = 3a Ol a > 0 plss 13) [0, +00] Jlowad) e dadn yad @l OF (o iy
Jlmadl e y(7) < 3z Lo O 950 y ANl &l jelwly (S @ o) % y(b) = 3b b < 00 pl
Leie 27(7) — 400 OlE 13 AN g1 e dadd (Sae 1aa . ydw € > 0 Jai o Ja — 6,0+ ¢

POl Ll uaY (S8 — b beade 25(2) = +00 gl —a
Because the open interval J =|a, b[ was supposed to be the maximum, and since y is assumed
to be defined on the interval |0,4+o00[ if @ > 0 then y(a) = 3a and the same if b < oo,
y(b) = 3b, because if it weren’t for the continuity of the function y we would have y(z) < 3x
over Ja — €,b + €[ for small € > 0. This is only possible respectively if z;(z) — +oo when

x — a or zy(x) — 400 when x — b. But we have said that:

o 1+ AJ€73I2
N 6x ’

<J
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(D=0 90a=0 M e Gl 13) sldliuls) GMLYI e (San il lia St
So this is not possible at all (except if respectively a = 0 and b = 0).

sin o 10, +oo| Jlell e y(r) < 3z oSt g 0, Too] Jimall e y(r) = 31 (Su3 4ie g
LGS0 9]0, +00] Jloadt e @ yae 2(7) = 1/(37 — y(x)) by 1 ALt

So, let y(z) = 3z over the interval |0, +oo[ and let y(x) < 3z over ]0, 00| in this last case,
z(z) = 1/(3x — y(z)) defined on the interval |0, +o00[ and write:

2(x) = [1+ Ae™%"] /6.
OB Ja Y OlEs 13} Ao g A > —1 5,9 patly 2 > 0 O

Because z > 0, is necessarily that A > —1. Hence, if y is a solution, then:

y(x) =3z 9l y(x) =3z — G A > —1.

4]0,00[‘_’\_?-.43“,.‘.:61 L&.L«AJ‘Q.A3dﬁnydlﬁ¢dﬂygﬁ‘§!4é}3wuﬂm“,‘c
Jo AT (e Gasd) LiSew 9
Conversely, if y is defined, then y is defined and of class C' on the interval ]0, oo, and we

can verify that it is a solution.

Exercise N°— 5 — a8y gd g

Sl Gl et &s\Ral) oIl
Let the following differential equation

y'+2y=0
Solve this equation. B\ 0 a® U (1

g £(0) =1 :60)5) bg i) a8 g Guirlud) Subblasdl &Js1Ral) Y& sass WY f &I asg) (2

J1(0) = =2
Find the function f that solves the previous differential equation and that satisfies the
following conditions: f(0) =1 and f'(0) = —2.
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Jmnd |

DS (e Aalaedt CasS (1

Write the equation in the form:
2
y// _|_ <\/§> y — 0

USAN 3E GIIR e A8 paolt J1 gt oo Lgd gl aie g

and its solutions are the functions defined on R that take the form:

acosV2r + BsinV2z,a, 8 € R

9 [(0) =1:20U3) do gyl 3amd 5 g Adslad! Aliolaid) Walacld M Gammd S f adiad) (2
o @, 3 €R ax g i f1(0) = -2

The function f that achieves a solution to the previous differential equation and that fulfills
the following conditions: f(0) =1 and f’(0) = —2, i.e. there is alpha, f € R where:

f(z) = acos V2 + BsinvV2r = f(0)=a =1

f(x) = V2B cos V2 —V2asinV2r = V26 = -2 = f = —/2

L o ! BamG A AT (i

Which function satisfies both conditions is:

f () = cos V2x — v/2sin V2z.

Exercise N°— 6 — @) (d w2

;S Galotaid! oY\l Jols as-qf

Find the solutions to the following differential equations:

1) o' =3y +2y=c¢"
2) ¢y —y=—6cosz+ 2xsinx.
3)  4y" + 4y + 5y = sinxe /2.
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St |
Tl alaed) SO

Let the equation:

/" / T

Yy =3y +2y=e".

RPN { RPN (e T

the characteristic polynomial is
flr)=(r—=1)(r-2)

(J1 9! ace 2 ddlmiiad! Walaod! J gl Ol ‘“_,.N:dbj

So the solutions to the homogeneous equation are all functions:

2x

y(r) = cre” 4+ 2™ Gus 1,09 € R.

D P ole (%) dopat (n) Wl L3 e yy(7) = Pz)e” il e pels (o e G
da=e P(x)=—x ¢ P"— P =1

We are looking for a special solution of the form y,(z) = P(x)e”. We are in the condition (u2) (x)
over Pis: P”"— P'=1 and P(x) = —x verifies:

TUSEN (e J1 9ttt o Aalasdl Jgls Ola Soti
Therefore, the solutions to the equation are functions of the form:

y(x) = (1 —x)e” + c2e®™ where ¢, co € R,

Lo .y —y = —6cosz + 2zsinx
PSS (e J gl Lt dcdloniied) Walaodt 0= (r — 1)(r + 1)
Here 0 = (r — 1)(r + 1) the homogeneous equation has solutions of

the form:

xT

y(x) = c1e” 4+ coe™® where ¢, € R.

Walaoll ¥ Jo> dlow) Lude I ) —y = —6cosa @ Walaed) Ga>3 3cosz A Of Jas
OF das S dagl dw g yiet! dlalaolt S 085w Yp(x) = 3cosz +yi(x) O¥ ¥ —y = 2wsinz
Y=y = 22e™ D Walasd 2 o slou¥ odel dowd godl day yhall adsviwd g 22 sing = Im(2ze™)
Load f(i) = =2 # 0 0¥ 1 ds judl (e 3 gumdl 5 plisa oo P oo P(r)e™ JSadt le 21 (o ot
Pr) = -2 —i cay yaid) way Glaay W1 2P (2) —2P(2) =22 dde g P Ao (%) do pad) f/(i) = 2i

k)
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We note that the function 3 cos x satisfies the equation: y” —y = —6 cos x, so we need to solve ¥,
for the equation y” — y = 2z sinx because y,(z) = 3cosx + y;(x) will be a solution to the studied
equation. For this, we note that 2z sinz = Im(2z¢™®) and we use the above method to solve z
for the equation: 3" —y = 2ze™. We are looking for z; of the form P(z)e™ where P. It is a
polynomial of degree 1 because f(i) = —2 # 0. we've got f'(i) = 2i condition (x) on P, from
which: 2iP'(z) — 2P(x) = 2x which gives the definition dimension P(z) = —z — i. Then

y1(z) = Im((—2 +i)e™) = —zsinz — cos .

1190l o J eddl Old JLIL
So the solutions are functions:

y(x) = c1€” + coe” ¥ + 2cosx — wsinx where ¢y, € R.
y1(x) = A(x) sinz+B(x) cos & S (o Jomd ! (o G 1y —y = 20 sin 2w 3 Jo sl 6 50 4da ybo

é.j.h."jyiltyllMSM‘MAM‘)L\Q&‘JZ'QE1%)M|MAQM‘Q|%9AA,BC%}
P pddl e e L LY e dw g yuted| Aalaedd

(A" — A—2B")sinz + (B" — B—2A") =2zsinx

DOl 13) Gasv gt
Another way to solve for v —y = 2zsinz : We look for the solution from the form y;(z) =
A(x)sinx + B(x)cosx where A, B are polynomials of degree 1 because i is not the root of the
characteristic equation. We calculate ], y{ and apply the studied equation to y; ...we get the

condition:
(A" — A—-2B")sinz + (B" — B—2A") = 2zsinx

which is achieved if:

A" — A—2B' =2
B"—-B_-2A"=0

Yrawes g b=c=0w=d=—1"! Juasd cou=idl das B(r) =cr+d & A(r) = ar +b 10Gss 9
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And we write: A(z) = ax + b et B(x) = cx + d, after defining we get: a =d = —-1,b=c=0
which defines v;.

Ay" + 4y + 5y = sinze 2

lop Audlaiiedl Walaott Jolsg 1o = T1 9 71 = —5 1 Ol pe Ol)ix Led 5 rceed! Walaatl

The characteristic equation has two complex roots r; = —% + ¢ and r9 = 1. The solutions to the
homogeneous equation are:

y(x) = e %?(ci cosz 4 ¢cpsinz) where ¢y, ¢ € R

NIE]

sinxe 2 = Im(e(_%“)m),

Walaad! Ham ga —5 41 0¥ 2T umdt LS G el ae Walaedl (e 2, Jo o Comdls Tu
e G 5}.’.4.4.4.”

we've got

MIE]

sinze 2 = Im(e(_%”)m),

We start by finding the solution to the z, of the equation with the new second side e(~1/2+0)®

Because —% + 4 is the root of the characteristic equation, we look for:

zp(x) = P(x)e(_%J“i)m

PP e (#) do pidl I g 1 A jud) (pe P o
Where P is of degree 1. Hence the condition (%) on P :

4P" + f{(=1/2 +4)P' + f(—1/2+4)P =1

Writes ! s
o) /" 1 . / 1 . .
8P =1(P" =0 f(_§+"):0 9 f(—§+2):82)
LS sl L ey 2p(7) = —éxe(_%Jri)m 9 P(z) = —i/8z sl o LiSey =3
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So we can take P(x) = —i/8z and z,(x) = —éxe(_%”)z Hence the imaginary part is:

: ' )
yp(x) = Im(—%xe(_%ﬂ)x) =37 sin xe”

(NI

PSAY e J1 o) e (o2 J el Gla 30T Ll slas S 92
is the solution to our equation. So the solutions are all functions of the form:

o 1
y(x) = e 2(cicos + (ca + gw) sinz) where c¢1,c0 € R.
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