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Primitive functions mbog\ Al 1.4 Integrals calculus _,g{\fd\ — s

‘ 1.1.4 : Definition - uq)ap

—

D zas alls f g R o Yo T = [a,B] o)

Let I = [a,b] is a non-empty open interval in R and let the function f: I — R.
Das T Jo f &V Sabo &ty F o Jeis
We call F' a primitive function of f on I such that:

F: T =R

R SR PR T DN RLY
satisfying:

T gl Jall Jo plaiay) abs £ —1

F' can be derived in the open interval I.

Veel, F'(z)=f(x)
. J

1.1.4 : Theorem - :\g.).hp

I Qe bpeine F oo I Jo f:1— R &N éubol &y F 518 1)

If F is a primitive function of f : I — R on I, then F is continuous on I.

.

2 2.1.4 : Theorem - Z\Qﬂap

I Jo 6abol 6ty B fzas f:7 — R &M o8
Let f: I — R has a primitive function on I. Then :

oD f oMl Galo Yl Yol 68 gase

the set of primitive functions of f is:
{F +c¢ceR},

f &IV Guols Galo &ty F' zas
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Integrals calculus ._,g.JKM — s Primitive functions c»l:og\ al\l\ 1.4

Lwhere, F' is a primitive function of f. J

All primitive functions of f are obtained by shifting any primitive function of f by a constant.

IGSa g f ANl Ado¥) WAL [ f()dt = e
We denote by [ f(¢)dt the primitive function of f and we write:
F(z) = /f(x)dx.
Definite integral 3 gded! JlSO1  1.1.4
53 gumadl yuld OIS g 53 grimed! OIS lea S MLLSIY (1o le 93 Slia
There are two types of integrals: definite integrals and indefinite integrals.
b>a cus [a,b] Jlowed) Ao 3 poliweadl 9 f 1 [a,b] — R a1 (S0

Let f : [a,b] — R the continues function on [a, b] such that b > a.

@M!JM&@QM&M@G@;%l@&M!}&?sPia.af).h_jd.nls_un_af)ga&qf
WA ek {]

Integration can be defined in another way that is more used to find constant values for the integrals

through following theorem:

2 3.1.4 : Theorem - 'Z\Q.)Jap

60 20 F: [a, 5] — R 311 o1
Let F : [a,b] — R be the function defined as:

F(z) = / F(t)dt

D 8sSg SWaY abb F ol o) S £ el sybel &ty (B
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Primitive functions m.\.:oﬁ!\ Al 1.4 Integrals calculus _,gsm\ — s

a primitive function of f means that F derivable and satisfying :

F'(z) = f(z),VYx € [a,]].

2.1.4 : Definition - wid yad

F(2) BN o &ypm3al) 65-lmall 18 2y I i) 532\ £ S sgaenlt ST soms
Db o jop A o = b Sloal sy sl J) = a dbolal) oty Gl g

The definite integral of f is a number which represents the area under the curve f(x) from

/abf(x)dx

.,dbgfo!\moxboﬁl\cdm\cmeF cm»d\g).sd\
The real number F(b) — F(a) where F' the primitive function of f and we write:

/ f(x)dr =F(b) — F (a).

g 1.1.4 : Example - JL’ZD

xr=a tox =0 denoted by:

Let’s calculate the following integrals: e\ .,mYE!\ —ausa)

cieg «\R) éabo) &)y F(z) = e” \;mf(x) = 351 oo —
For f(x) = € let F(x) = e be its primitive function, then

1
/ e’ dr = [eﬂé:el—eoze—l.
0

odeg (B dabol &ty G(x) = 2 gl g(x) = 22 JsH ge —
For g(z) = 2° let G(z) = 2;—3 be its primitive function, then

1
| et 5],-4
0
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Properties of integrals _—}Lam‘ wles- 2.4 Integrals calculus _,gsm\ — s

-3
/ cost dt = [Sint]zz =sinz — sina

cosz &IV c».boé\ &Iy

is a primitive function of cosx.

ol idnig (e o p5) Gusgj &)y Subo I BNy o5 Gus b &1s ol 13) —4
If the function is odd, then ils primitive function is be an even function (proved later).
We conclude that:

Properties of integrals QWIS yol 95 2.4

Ol ddas o dalea) (JLd A8Me o2 JelS Claom? 5N A J31 pailasd

The three main properties to integral calculus are the relation Chasles, positivity and linearity of

integral.

A

Chasles relation JLi 4% 1.2.4

1.2.4 : Proposition - dmsiad

Ja, 8] o oGl 6% f gl Waie ¢ [c, 8] ¢ [0, ] Jo JoTl &6 &Ity f oW 1) a < ¢ < b oIl
Let a < ¢ < b. If f integrable on [a,c] and [c,b] then f integrable on [a,b].
and we have: o adg

/abf(a:)dx _ /acf(x)der /be(x)dx.

We have the following proprieties, for a = b: la =0 Jal (e Al Aot Lod

/a " f@)dz = 0.
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Properties of integrals _,31»@\ wles- 2./ Integrals calculus _,Mfm — s

and for a < b: a<bdaiie g

/baf(m)dm S /abf(m)dm.

2 2.2.4 : Example - JL’]’.D
We have: \»)J
3 373
27 1 26
20, = |2 240 _2_2°
/1 oo {3 T 37373
1 371
1 2 2
/ 2dr = [a:_] :___7:__6
3 313 3 3 3
3 1
/ 22dr = —/ x2dx
1 3
\_ )

Positivity of integration JolSU! dula| 2.2.4

.

2.2.4 : Proposition - dusad

Ja, 5] JWedt o JoTE uibol uidls g g f copbyas o338 a < b ol

Let a < b two real numbers, f and g two functions have a primitive functions on [a,b].

If f < g then: olo f < g o\ s
b b
/ f(z)dz S/ g(x)dz.

olou) A godl A JolST O 980 ¢ o guaddl dx 9 e
In particular, the integral of a positive function is positive:

If f > 0 then: ol f >0 calss 13

/abf(a:) dx > 0.

Linearity of integration S| ddas  3.2.4
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Integrals calculus ._,g.JKM — s Properties of integrals _,3&1?3\ wles- 2./

.

3.2.4 : Proposition - dusad

[, 0] Yl 1o JolE iyl gaidls g o f ol

Let f and g two functions have a primitive on |a, b

then f + g a function integrable and 9 d.om b &y f+ g oiw g —1
b b b
/ (f +9)(x)dx :/ f(x)dx—I—/ g(x)dx.

Ko g Jolill 6l (B AF SN A hais- 51 JF U1 oo —2

For all real number X the function \f is integrable and we have:
b b
/ A (x)dr = )\/ f(z)dz.

toTE Gabs o s oxinde ) gaihad) oas® JYS o
From these first two points we have the linearity of integration:

For all real numbers X\ and p we have: o g9 A (ds yso 34 351 oe

/ab (Mf(2) + pg(z))dz = )\/abf(x)dx + M/abg(x)dx.

1.2.4 : Remark - 7\1&?)&\

ol Y e 5 ol [a,0] Yol S5 JoTGY oaills aaills g ¢ f =3V ) (1

If f and g are integrable functions on [a,b] then most of the time we have:

[wn@a# ([ s ) ([ ot ar).

g Loy [0, 5] Jisad) o JoTBY &6 Wy [f] ol [a, 5] Jisad) o JolY b6 &ty £ wstd 13) (2
oy

If f is an integrable function on |a,b] then |f| is also an integrable function on [a,b]
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Properties of integrals ——}Lam‘ wles- 2./

Integrals calculus _,Mfm — s

and we have:

/a b f(z) do

g/ab\f(:r)! da.

Using the calculations we saw earlier, we find:

1
1
/xQd:c:—
0 3

and

\ J
[ 3.2.4 : Example - J A
We have: oy
1 1 1 1 1
/(7$2—6I)d$:7/ z? dx —/e$da::7——(e—1):—0—e
0 0 0 3 3

L5 e BT, (S o blusd) ol Sy

It remains only for us to calculate this last integral

n

9
1
/e“’da::e—l.
0
. J
i 4.2.4 : Example-dlin
Let \;-m
In:/” sin(nx)
1 1‘}‘(17”
Let’s prove that I,, — 0 for n — +o0. .n—>+oo\d]n—>00¢\_~'41ﬂ
’[M:/deg/wxg/ 1 dxg/idx
1 1+an 1 l+an 1 1+ . x"

A5 Lo T 13D —ws bbb by

n 1 n x—n—i—l n—n+1 1
— @i = / " dr = = -
. x" 1 -n+1], -—n+1 -—-n+1 notoo
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Properties of integrals _,}Leﬂ/.\.\\ wles- 2.4 Integrals calculus _,3{@\ — s

—n+1

—n+1

n— 4oo W — —>09n_”+1—>00§
because n~"t — 0 and —= — 0 for n — +oo0.

2.2.4 : Remark - :\.Tsi?)d.mN

poa (1o o5l JalBl 616 £+ g wsld of g i ol b

We note that even if f - g is an integrable function, in general we have:

/ o)) # / ' f@)s) / o)

{ Glaled kb p2al) g g f AN oI il dam o
For example, let the functions f and g be defined as follows:

1 si x€l0,3

0 s2 non.

f:[O,l]—HR,f(:U):{
and 9

1 s zel3]]

0 sz non.

103} @ €[0,1] 3 8-V oo f(2) - g(z) = 0 oo g

g:WJ%%Rﬂ@%={

Hence f(x)-g(z) =0 for each x € [0,1], then:
1

i f(x)g(x)dz =0

although o) ey
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Integrals calculus ._,gJKM — s Primitive of usual functions mgﬂd\ g\ va d.;\f 3.4

Primitive of usual functions 43 gdiad! JIgddl jany JolSS 3.4

[e'dr=e"+¢c on e R
[coszdr =sinz+c¢ on e R
[sinzdr = —cosz+c¢ on e R

anrl
fxdx:ntll—i-c «(neEN) on e R
'Z.O(
“dr = ‘ Ry
f:i x a+1+c (0 €R_13) on te  ]0,+00]
f;dx:1n|x|+c on e ]0,+00] o | —00,0]
[ shx dx = chx + ¢ [che dv =shx+c¢ on e R
dx
f1+$2:arctanx+c on e R
f dzr arcsinx + ¢ |- 1]
- = on _
V1—2? g—arccosx—Fc e ’
dx Argsh (x) +c
— = on R
N {ln(m+\/x2+1)+c e

I de ) Argch(z)+c
m_ ln(x—f—M)—Fc

on e €]l +o0|

Integration methods JASI 3 o 4.4

a3 9E (s e uB g LgilelSes ALAT Uy O G AT oW1 aslidl sl ol JolS Gl p 9y
oo oY guwl ady Aslwed) olasd JolSS Adee J ol (1675 ,ed gd 13 b Giin¥ elgld
13 Le Ailuadals 01 0 ge 5 Of Lefm (3 503 Blonas] (o Jibuacs JSis il 31 ol 5 Judola
JolSal flgie JolSAY 3,k Buc dr sug bes cinailly Wi @3 Of die ld JSds podvid

e Wi | WP it gy WY Ll { rpg V- WP ik | WRpg WY Lk { I K RO ik { I
Integration is based on finding the primitive function of the function we want to integrate. On
November 13, 1675, Gottfried Wilhelm Leibniz demonstrated the first integral for calculating area.
Leibniz established the mathematical calculus independently of Isaac Newton, and his mathemat-
ical symbols are still in common use since they were first published. There are several methods of
integration, including: integration by parts, integration by substitution, integration by changing

the variable, ...
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Integrals calculus ._,g.JKM — s Integration methods d;\ﬁ.\\ O 44

Integration per partes & il JISU  1.4.4

4.4.4 : Theorem - :\,U.BD

Dol [a, 5] Ysadl WIS xkb p2a)) 1 G g ol v g 1 oI

Let u and v two functions of the class C' defined on [a,b], then :

/ " u@) () di = ]! — /  AolE
) _J

13 g (O gy ST g Lgudd oo Ado¥) ANal A5 joith JelSi daiws
The formula for the fractional integral for the primitive function is the same but without bounds:

/u(az)v’(x) dr = [uv] — /u’(a:)v(a:) dr.

[ 5.4.4 : Example - J 2

To calculate the integral d.eﬁ/ij\ — s

1
/ e @l
0
V'(x) =e® g u(r) =z @05
u(z) &I Gashall GBI (B w/(x) = 1 &\ of i
We know that the function u'(x) = 1 is the derivative of the function u(x)
v a3 c».bo%\ A Gﬁ v(x) =e” &N g

and the function v(x) = e is the primitive function of v’

We put u(z) =z and v'(z) = €”.

118 65 jill Jo B 620 JWeiwy g
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Integration methods \laﬁ/ii\ 0 4.4 Integrals calculus _,g{\fm — s

by using the integration by parts formula we find:

fol retdr = fol w(x)v'(z) dx
[u(@)e(@)ly = Jy v (@)(@) do
[ze®]y — 01 1-e*dx
(1-e' —0-¢e% — [e‘”](l)

e— (el —ef)

= 1
\_ J
g 6.4.4 : Example - JL';'.D
To calculate the integral d.oﬁ‘ — s

/ zlnz dx.
1

This time we put u(z) = Inx and V'(z) = a.

v S Gybo ¥ & (B 0= 5 1 g ulr) G Gkl I B/ = &1 e g

V(r) = qu(z) =Inz sl 01D @05

1
The function u' = - is the derivative of u(x) and the function v = %2 is the primitive of v'.

118 65 jill Jo B 6200 Jeiwy ¢

by using the integration by parts formula we find:

e e e 27¢€ 61 2
/ lna:-xd:v:/ uv':[uv]i—/ v = |:1ngj-x_:| _/ ~T
1 1 1 2 1 1 1'2

e? e 1 [¢ ez 1 [z2]°
=|lne——Inl— | — = der = — — = | —
(meg-mg) -3 [=e=5-33]

B e  e? n 1 B e2+1
2 4 4 4
\_ _J
( 7.4.4 : Example - J 24
To calculate the integral da\-ﬁ.“ — s

/ arcsin x dx
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Integrals calculus _—}an‘ — s Integration methods d.;\ﬁ.\\ O 44

arcsin(z) &3 &ubo &1y sl
to finds a primitive function of the arcsin(z) function
@'(x) = 1 g u(r) = arcsin(z) @05 Las 12 Jl/.\”u oe B

we make it in the form of a product, we put u(z) = arcsin(z) and v'(x) =1,

w(z) =z 9 u'(r) = Gosd 2as

1
V1—a?

where we have u'(z) = and v(z) = x,

1396 65 530 Yok R0 {85 05

then we use the integration by parts formula we find:

x
1- in(z)de = i — d
/ arcsin(z)dz [z arcsin(z)] / Vi x

= [zarcsin(x)] — [—\/ 1-— xﬂ

= zarcsin(z) + V1 —22 +c
\. J
[ 8.4.4 : Example - JL’ZD

To calculate the integral dnﬂ/.’d\ — s

/xQezd:c.

V(z) =€" qu(zr) =2 gos
we put u(x) = 2% and v'(z) = €*.
u(z) SI A Sakdal) S (B v/ (2) = 22 S o) i
We know that the function u'(x) = 2z is the derivative of u(x) .
V() 631l Gubo I Gl (B u(z) = e” &l
and v(z) = €* is the primitive function of v'(x) '
89 68 3L ol 6Rpo JWeiwh g

and by using the integration by parts formula we find:

/x2ez dr = [xZeﬂ - Z/xem dx

185 Sl glued) o SWY ¢ ) o Gl 6 pald 86 il Jo T 1y

Re-integrating by parts for the second time on the second part of the previous equations,
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Integrals calculus ._,g.JKM — s Integration methods d.aﬁ/ﬂ\ 0,9 44

W findk
/xew do = [ze”] — /ew iz = (z — 1) +c,
finally we find FRSIRCE [N
/ 2 dr = (2 — 20 + 2" +c.
L J
Change of variables jaied! i) JutlSU|  2.4.4
-

5.4.4 : Theorem - :\g.).hp

CLasa) oo o J — T Ha) oL g 7 = [0, 5] JWadl 1o &6 20 &1 f oI
Let f be a function defined on I = [a,b] and let the mapping ¢ : J — I be in class C.
for all a,b € J we have: ol a,be J I I8 oe

©(b) b
x)dx = - o' ()d
éwf() tAf@@)wwt

(fop) ¢ allall GaloW I (B Fop ol f allall dalol iy F std 13
if F' is a primitive function of f then F o ¢ is the primitive function of (f o) - ¢'.

in another way < 5 Gmay

([ 1@ ds)oe= [ reenet e

\. J

D 9 [ AN (e S s )3 (e id ()@ (1) Al Ao ™1 Al Of @i
that is, the primitive function f(p(t))¢’(t) results from the combination of f and .
alell cad Sad Sl [ f(2) do = [ f (p(t) ¢'(t) dt 3 yleatt
the statement [ f(x) dx = [ f(0(t)) ¢'(t) dt is actually a change of the variable,

or in a simplified form we put ol Aowes daoay i
x = ()
after derivation, we find BLAaYL Loas td dle g
dx ,
— =t
=7
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Integrals calculus ._,gJKM — s

Integration methods d.JE.\\ O 44

ie. i
dr = ¢'(t) dt
what it gives us: Dldass Le
w(b) b )
[ t@ar= [ oo
¢(a) a

g 9.4.4 : Example - J 20

Calculate the integral JD\T,J\ — s

2
/ sin® () cos (z) dx
0
by placing 209

sin () = t = sin (v) = cos (z) = dt

Hence, the bounds of integration change from x to t as follows

r = 0=1t=sin(0)=0
= I —t=si <W> =1
z = 5 =sin(5 )=
from it we find 19 Gieg
xr = 0=sin(0)=0
B = g — sin (§> =1
z 1
/ sin? (x) cos (v) dz = / t2dt
0 0
1
- 1753]
3 1o
1
= =
. J

G WSt N oo JoTHN 3958 p3is ieg
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