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�� �� T�@mn�A� r�±� �l`t§ A�dn� AmyF ¯ ,�AyRA§r�� �¤r� �ym�� TyFAF� ­� � ¨W��� rb��� d`§

,ºAymyk��¤ ,­Ay��� �wl�¤ ,Tyky�Akym�� ¤� Ty¶A§zyf�� �wl`�� :�¯A�m�� �lt�� �� A§ d� �®kKm��

...TyFdnh�� �wl`��¤ , AOt�¯�¤

Linear algebra is an essential tool for all branches of mathematics, especially when it comes to mod-

eling and then numerically solving problems from various fields: physical or mechanical sciences,

life sciences, chemistry, economics, engineering sciences...
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¨�As��� xAF±� �kK� Ah�± ,�A�Ays�� �� d§d`�� ¨� Ah�AqybW� �®� �� TyW��� �¯ A`m�� ��d�

��Ð ��ºASf�� ¨� ¨W��� rb��� �A§r\� �� ryb� ºz� T��A`m� �ms� Ah�� Am� .¨W��� rb�l�

.Tyhtnm��  A`�±�

Linear equations, through their applications in many contexts, as they form the computational

basis of linear algebra. It also allows the treatment of a large part of the theories of linear algebra

in finite-dimensional spaces.

�� ¤� �¯ A`m�� �� ¨fy�  d� ��Ð TyW��� �m��� �wRwm� ºz��� �@¡ PiÌOa�u� �wF �@h�

���rm�� �rK� T§ d`�� Tl��±� {`� �� �m��� £@¡ ��� ��� �rV ­d� xCd� �wF¤ .�y¡A�m��

.Tq§rV �k� ���� ºAn�� T`btm��

Therefore, we will devote this part to the topic of linear sentences with an arbitrary number of

equations or variables. We will study several ways to solve such systems with some numerical

examples to explain the stages followed during the solution for each method.

Linear equations system TyW��� �¯ A`m�� �m� 1.3

.K = R ∨ C ¨l§dbt�� �q��� rbt`� ,�Of�� �@¡ �� ¨��yF A� �� ¨�

In all that follows in this chapter, we consider the commutative field K = R ∨ C

1.1.3 : Definition - �§r`�

Tlm� �� ,K �q��� �� �®�A`� ��Ð TyW� Tlm� ¤� �wh�� m ¤ T� A`� n ��Ð TyW� Tlm� ¨ms�

:�kK�� �� �¯ A`�

We call a linear system with n equations and m unknowns or a linear system with coefficients in

the field K, each system of equations of the form:

(S)


a11x1 + a12x2 + · · ·+ a1pxp = b1

a21x1 + a22x2 + · · ·+ a2pxp = b2
...

an1x1 + an2x2 + · · ·+ anpxp = bn

�A`K�� .K �� bi ¤ aij �®�A`m�� 1 ≤ j ≤ p ¤ 1 ≤ i ≤ n �� ��� �� �y�
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where for each 1 ≤ i ≤ n and 1 ≤ j ≤ p the coefficients are aij and bi of K. The vector:

x =


x1

x2

...

xp

 ∈ Kp

.S Tlm�l� ¾®� Yms§ ¤ ,S Tlm�l� T�wkum�� �¯ A`m�� �ym� �q�§

it satisfies all the equations that make up the system S, and is called a solution to the system S.

: �A`K��

The vector:

b =


b1

b2
...

bn

 ∈ Kn

.S TyW��� Tlm�l� ¨�A��� �rW�� Ymsy�

is called, the second term of the linear system S.

We call the set T�wm�m�� Yms�

H (S) = {x ∈ Kp, S Tlm�l� �� x (x system solution of S) }

The system solution set (S). .(S) Tlm��� �wl� T�wm��

Special cases T}A� �¯A� 1.1.3

.T`�r� Tlm� Yms� S Tlm���  �� ,n = p :  A� �Ð� (1

If: n = p, then the system S is called a square system.

Tlm�l� z�r� @¶dn�¤ ,Ts�A�t� Tlm� S Tlm��� ¨ms� An��� ,b1 = b2 = · · · = bn = 0 :  A� �Ð� (2

: �wh�� p ¤ ¾T� A`� n ��Ð S0 z�r�A�

If: b1 = b2 = · · · = bn = 0, then we call the system S a homogeneous system, then we denote
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Linear equations system TyW��� �¯ A`m�� �m� .1.3 Linear equations TyW��� �¯ A`m��

the system by S0 with n equations and p unknowns :

(S0)


a11x1 + a12x2 + · · ·+ a1pxp = 0

a21x1 + a22x2 + · · ·+ a2pxp = 0
.
.
.

an1x1 + an2x2 + · · ·+ anpxp = 0

.S TyW��� Tlm�l� Tq��rum�� Ts�A�tm�� Tlm���

The homogeneous system associated to the linear system S.

2.1.3 : Definition - �§r`�

©� ,�wl��� T�wm�� Hf� Amh�  A� �Ð�  At·�Akt� Amh�� S2 ¤ S1 �ytlm� �� �wq�

Two systems S1 and S2 are equivalent if they have the same set of solutions, ie.:

H(S1) = H(S2).

Matrix form of linear system TyW� Tlm�� ¨�wfOm�� �kK�� 2.1.3

3.1.3 : Definition - �§r`�

Ty�At�� TyW��� Tlm��� �kt�¤ .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

Let n and p two non-zero natural numbers. Let the following linear system

(S)


a11x1 + a12x2 + · · ·+ a1pxp = b1

a21x1 + a22x2 + · · ·+ a2pxp = b2
...

an1x1 + an2x2 + · · ·+ anpxp = bn

we put �S�

A :=


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 , X :=


x1

x2

...

xp

 , B :=


b1

b2
...

bn


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¢n�¤ .Tlm�l� ¨�A��� �rW�� B ¤ �wl��� �A`K� X ¤ (S) TyW��� Tlm��� T�wfOm� A T�wfOm�� Yms�

:T�Atk�� An§d� �tn§

The matrix A is called the matrix of the linear system (S), X is called the solution vector, and

B is called the second term of the system. Hence we have writing:

AX = B

	tk�  � �km§ ©�

Which we can write

(S∗)


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp




x1

x2

...

xp

 =


b1

b2
...

bn


.(S) TyW��� Tlm�l� Ty�wfOm�� T�Atk�A� S∗ Yms�

S∗ is called the matrix form of the linear system (S).

Solving linear systems TyW��� �m��� �� 2.3

Substitution method {§w`t�� Tq§rV 1.2.3

Y�¤±� Tq§rW��  �� ,�wl��� 
As��¤ ,TyW� Tlm�� r��� ¤� d��¤ �� �An¡  A� �Ð� A� T�r`m�

:Ty�At�� TyW��� Tlm�� Tbsn�A� �A�m�� �ybF Yl� .{§w`t�� Tq§rV ¨¡

To find out if there are more than one solutions to a linear system, and to calculate the solutions,

the first method is the substitution method. For example let the following linear system:

(S)

{
3x+ 2y = 1

2x− 7y = −2

T� A`m�� ¨� y |w`� ¤� �dbts� y = 1
2
− 3

2
x ¨�At�� �kK�� Yl� 3x+2y = 1 �¤±� rWs�� T�At� dy`�

: T·�Ak� Tlm� Yl� �O�t�
1
2
− 3

2
x ­CAb`�A� Ty�A���
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We rewrite the first line 3x+ 2y = 1 in the following form y = 1
2
− 3

2
x. We replace or substitute y

in the second equation with 1
2
− 3

2
x. We get an equivalent system:

{
y = 1

2
− 3

2
x

2x− 7(1
2
− 3

2
x) = −2

:TVAs� �k� Ahl� Annkm§¤ ,Xq� x ry�tm�� Yl� ©wt�� Ty�A��� T� A`m��

The second equation contains only the variable x, and we can solve it very simply:

{
y = 1

2
− 3

2
x

(2 + 7 · 3
2
)x = −2 + 7

2

⇐⇒

{
y = 1

2
− 3

2
x

x = 3
25

:Y�¤±� T� A`m�� ¨� Ahyl� �wO��� �� ¨t�� x Tmy� {§w`� Xq� Yqb§

It remains only to substitute the obtained value of x into the first equation:

{
y = 8

25

x = 3
25

: ¨¡ �wl��� T�wm�� ¢n�¤ .( 3
25
, 8
25
) �dy�¤ ®� �bq� Tlm��� ¢n�¤

Hence, the system accepts a single solution ( 3
25
, 8
25
). Then the solutions set is:

H(S) =
{(

3

25
,
8

25

)}
.

Cramer’s method r��r� Tq§rV 2.2.3

r��r� Tq§rV TWF�w� TyW� Tlm� �� Tq§rV r��� �hf� ¨� TWys� TyW� Tlm� T�A� @���

�ky� ,�@h�

We take the case of a simple linear system in order to understand more how to solve a linear

system by Cramer’s method, so for this let

∆ =

∣∣∣∣∣ a b

c d

∣∣∣∣∣ = ad− bc

.�y�wh�m�� ¤ �yt� A`m�� ��Ð TyW��� Tlm���  d��
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The determinant of the linear system with two equations and the two unknowns.

{
ax+ by = e

cx+ dy = f

: ¨¡ (x, y) ¢�Ay��d�� �dy�¤ ¾®� d�� ,ad− bc ̸= 0  A� �Ð�

If ad− bc ̸= is0, we find a unique solution whose coordinates (x, y) are:

x =
∆x

∆
=

∣∣∣∣∣ e b

f d

∣∣∣∣∣
ad− bc

, y =
∆y

∆
=

∣∣∣∣∣ a e

c f

∣∣∣∣∣
ad− bc

Tbsn�A� ¤ T� A`ml� ¨�A��� �rW�A� �¤±�  wm`�� �dbts� , x Y�¤±� Ty��d�³� 
As�� Tbsn�A�

.T� A`ml� ¨�A��� �rW�A� ¨�A���  wm`�� �dbts� , y Ty�A��� Ty��d�²�

For calculating the first coordinate x, we replace in the determinant the first column with the

second side of the equation and for the second coordinate y we replace the second column with

the second side of the equation.

1.2.3 : Example - �A��

Let the system Tlm��� �kt�{
tx− 2y = 1

3x+ ty = 1

:w¡ Tlm���  d�� .t ∈ R XyFw�� �y� 	s�

according to intermediate values t ∈ R. The system determinant is:

∆ =

∣∣∣∣∣ t −23 t

∣∣∣∣∣ = t2 + 6

:�q�§ (x, y) ���� ,r��r� Tlm� ¨¡ TyW��� Tlm���¤ dy�¤ �� d�w§ �@h�¤ �d`n§ ¯

It does not zero, for this there is only one solution and the linear system is Cramer’s system,
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the solution (x, y) achieves:

x =

∣∣∣∣∣1 −21 t

∣∣∣∣∣
t2 + 6

=
t+ 2

t2 + 6
, y =

∣∣∣∣∣t 1

3 1

∣∣∣∣∣
t2 + 6

=
t− 3

t2 + 6
.

For each t the solutions set is: :¨¡ �wl��� T�wm�� t �� ��� ��

H(S) =
{(

t+ 2

t2 + 6
,
t− 3

t2 + 6

)}
.

Gauss’s method Qwþ� Tq§rV 3.2.3

Ty�hn� Tq§rV Qw� Tq§rV rbt`� ,A T�wfOm�� rWF� Yl� TyFAF±� �Aylm`�� �Am`tF� �Sf�

Tlm��� T�wfO�  wk� �y�� Ah� T·�Ak� S ′ «r�� TyW� Tlm� Y�� S TyW��� Tlm��� �§w�t� �ms�

,( � Cw� - Qw� Tq§rV ¨� Am� T§rW� ­C¤rS�A� Hy�¤ ,Xq�) T§wl� Ty�l�� ­d§d��� TyW���

Y`s� Qw� Tq§rV .(1 þ� T§¤As�  wk�  � A§C¤rR Hy�) T�¤d`� ry� T§rWq�� A¡r}An� ��¤

TyW��� Tlm�l�  � ©� T�¤d`� ¨sy¶r�� rWq�� �fF� �q� ¨t�� T�wfOm�� r}An� �ym� �`� Y��

.T�Cdt� T�wfO�

With the help of basic processes on the lines of the matrix A, the Gauss’s method is a systematic

method that allows the conversion of the linear system S into another linear system S ′ equivalent

to it, so that the matrix of the new linear system is upper triangular (only, not necessarily diagonal

as in the method Gauss-Jordan), and all its diagonal elements are not-zero (it doesn’t have to be

equal to 1). A Gauss’s method seeks to make all elements of the matrix below the main diagonal

zero, i.e. the linear system has a gradient matrix.

�O�� �y�� �¯ A`m�� Tlm� Yl� AhqybW� Annkm§ ¨t�� Ty�¤±� �®§w�t�� {`� r�@� ,�db�  � �b�¤

:¨¡ �®§w�t�� £@¡¤ ,���� Hf� Ah� ©� ,T·�Ak� �¯ A`� Tlm� Yl�

Before we start, we mention some elementary transformations that we can apply to a system of

equations so that we get an equivalent system of equations, that is, they have the same solution,

and these transformations are:

.���� ry�§ ¯ ¢�� �R�¤ �@¡¤ :�yt� A`� �§db� •
Substituting two equations: This obviously does not change the solution.
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�rV �� 
rS� ¢���  A§¤Ast�  A�rV An§d�  A� �Ð� :�¤d`� ry�  d`� T� A`� ¨�rV 
rR •
.�y§¤Ast� �y�rV Yl� AS§� �O�nF  d`�� Hfn�

Multiplying both sides of an equation by a non-null number: If we have two equal sides, then

by multiplying each side by the same number, we will also get two equal sides.

. «r�� T� A`� ��  d`� T�¤rS� T� A`� �m� •
Adding an equation multiplied by a number with another equation.

TyW��� �¯ A`m�� Tlm� �§w�� w¡ Qw� Tq§rV �db�  �

The principle of the Gauss method is to transform the system of linear equations.

(S)


a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
.
.
.

an1x1 + an2x2 + · · ·+ annxn = bn

: �kK�� �� T·�Ak� �¯ A`� Tlm� Y��

into a system of equivalent equations of the form:

(S ′)


c11x1 +c12x2 + · · · +c1nxn = d1

+c22x2 + · · · +c2nxn = d2
. . .

.

.

.
.
.
.

+cnnxn = dn

�¯ A`m�� Tlm� ¨f� .��ry�tm�� �y� 
As� ¢`� �hs§ ¨�l�� �kJ Y�� �¯ A`m�� Tlm� �§w�� ©�

�O�n� ­ry�� �b�Am�� T� A`m�� ¨� AhRw`�¤ ,T�whs� xpYl� �O�� ­ry�±� T� A`m�� �� ,T·�Akm��

Yt� �@k¡¤ ¢lb� A� ©@�� ry�tm�� Yl� �O�n� Ahlb� ¨t�� T� A`m�� ¨� �ytmyq�� |w`�¤ xp−1 Yl�

.x1 Tmy� d�� ¨� Ahyl� AnlO�� ¨t�� �yq�� �ym� |w`n� Y�¤±� T� A`ml� �O�

That is, converting the system of equations into a trigonometric form, with which it is easy to

calculate the values of the variables. Then the equivalent equations, from the last equation we

get xp easily, and we substitute it into the next last equation to get xp−1 and we substitute the
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two values in the equation before it to get the variable before it and so on until we reach the first

equation, so we substitute all the values that we got to find the value of x1.

Make transfers �®§w�t�� º�r��

¤ a11 Yl� Y�¤±� S �¯ A`m�� Tlm� �� Y�¤±� T� A`m�� Anms� �Ð� : rfO�� ©¤As§ ¯ a11 |rf�

	s� �¯ A`m�� Tyq� Yl� Tq§rW�� Hf� �bW�¤ Ty�A��� T� A`m�� �� A¡An�rV �� a21 ¨� A¡An�rR

:Ty�At�� T�yO��

Assuming that a11 is not equal to zero: If we divide the first equation from the first system of

equations S by a11 and multiply it by a21, then we subtract it from the second equation and apply

the same method to the rest of the equations according to following formula:

a
(1)
ij = aij −

a1j · ai1
a11

, i, j = 2, ..., n

 wk§ �y�� Ahyl� ¨t�� �¯ A`m�� �� ©� �� Y�¤±� T� A`m�� �§dbt� A¡dn� �wq� a11 = 0  A�  ��

Tlm�  wk� A¡dn� rfO�� ©¤As� Ahl� 
�A�¤ ,d�� ��  �� .rWs�� ��C w¡ i �y� ai1 ̸= 0 d���

�¯ A`m� AyW� TWb�r� (r��� ¤�) �¯ A`m�� «d��  � 	bs��¤ ,dy�¤ �� Ah� Hy� TyW��� �¯ A`m��

:�kK�� �� TyW� Tlm� Yl� �O�� �§w�t�� �@¡ d`� .«r��

If a11 = 0 then we swap the first equation with any of the following equations so that the term

is ai1 ̸= 0 where i is the line number. If we do not find, and they are all equal to zero, then the

total linear equations do not have a single solution, and the reason is that one of the equations

(or more) is linearly linked to other equations. After this transformation we get a linear system

of the form:

(S(1))


a11x1 +a12x2 + · · · +a1nxn = d1

+a
(1)
22 x2 + · · · +a

(1)
2nxn = d

(1)
2

. . .
.
.
.

.

.

.

+a
(1)
n2x2 +a

(1)
nnxn = d

(1)
n

T� A`m�� 
b��  �� Tylm`�� Crk� .Y�¤±� T� A`m�� d`� T� A`m�� �ym� �� �¤±� d��� An�@� �@k¡¤

(­d§d���) Ty�A��� T� A`m�� �sq� An�� ©� Y�¤±� Tq§rW�� Hfn� �¯ A`m�� ¨�A� Yl� �m`�¤¤ Y�¤±�

	s� Tyqb�� �� ��wnm�� Hfn� �@k¡¤ T��A��� �� Ah�rW�¤ a
(1)
32 þ� Ah�rS�¤ a

(1)
22 w¡¤ A¡Cw�� Yl�

: Ty�At�� T�yO��
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And so we cancel the first term from all equation after the first equation. We repeat the process

by fixing the first equation and working on the rest of the equations in the same way as the first,

that is, we divide the second (new) equation on its axis, which is a
(1)
22 and multiply it by a

(1)
32 and

subtract it from the third and so on in the same way with the rest according to the following

formula:

a
(2)
ij = a

(1)
ij −

a
(1)
2j · a

(1)
i2

a
(1)
22

, i, j = 3, ..., n

��wnm�� Hfn� Tylm`�� �}�w� .Ty�A��� T� A`m�� d`� T� A`m�� �ym� �� AS§� ¨�A��� d��� An�@� �@k¡¤

:¨l§ Am�  wk� T�A��� £@¡ ¨� �®§w�t�� ¨� T�A`�� T�yO��¤ Ty�l�� Tlm� Yl� �O�t� Yt�

Thus, we have eliminated the second term as well from all equation after the second equation. We

continue the process in the same way until we get a trigonometric system, and the general formula

for transformations in this case is as follows:

a
(k)
ij = a

(k−1)
ij −

a
(k−1)
kj · a(k−1)ik

a
(k−1)
kk

, k = 1, ..., n− 1, i, j = k + 1, ..., n.

2.2.3 : Example - �A��

: Tlm��� �wl�  A�§³ Qw� Tq§rV �m`tsn�

Let’s use the Gauss method to find the solutions of the system:
x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

and we write: : 	tk�¤
x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1
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⇐⇒


x+ y + 2z = 3

y − z = −2
−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1
y = 0

z = 2

Matrix inversion method T�wfOm�� xAk`�� Tq§rV 4.2.3

A linear system in matrix form ¨�wfOm�� �kK�A� TyW��� Tlm���{
ax+ by = e

cx+ dy = f

equivalent to ¸�Ak�

A =

(
a b

c d

)
, X =

(
x

y

)
, Y =

(
e

f

)
, �y� AX = Y

	lql� Tl�A� ¤� TFwk� A T�wfOm��  �� ,ad− bc ̸= 0 �Ð� ©� , �¤d`� ry� A T�wfOm��  d��  A� �Ð�

¤

If the determinant of A is non-null, i.e. if ad− bc ̸= 0, then the matrix A is invertible and

A−1 =
1

ad− bc

(
d −b
−c a

)

:�kK�� �� 	tk§ Tlm�l� X =

(
x

y

)
dy�w�� ���� ¤

and the only solution is X =

(
x

y

)
for the system write of the form:

X = A−1Y.

3.2.3 : Example - �A��
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Let’s solve the following linear system Ty�At�� TyW��� Tlm��� ��n�{
x+ y = 1

x+ t2y = t

: w¡ Tlm���  d�� .t ∈ R XyFw�� �y� 	s�

according to values of the intermediate t ∈ R. The determinant of the system is:∣∣∣∣∣1 1

1 t2

∣∣∣∣∣ = t2 − 1.

The first case: t ̸= +1 and t ̸= −1. .t ̸= −1 ¤ t ̸= +1 :Y�¤±� T�A��� (1

then t2 − 1 ̸= 0. The matrix T�wfOm�� .t2 − 1 ̸= 0  ��

A =

(
1 1

1 t2

)

invertible and his inverse is Ah�wlq�¤ TFwk�

A−1 =
1

t2 − 1

(
t2 −1
−1 1

)
.

and the solution X =

(
x

y

)
is of the form �kK�� �� X =

(
x

y

)
����¤

X = A−1Y =
1

t2 − 1

(
t2 −1
−1 1

)(
1

t

)
=

1

t2 − 1

(
t2 − t

t− 1

)
=

(
t

t+1
1

t+1

)
.

¨¡ �wl��� T�wm�� t ̸= ±1 �� ��� ��

For each t ̸= ±1 the solutions set is

H(S) =
{(

t

t+ 1
,

1

t+ 1

)}
.
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:�kK�� Yl� 	tk� TyW��� Tlm��� .t = +1 :Ty�A��� T�A��� (2

The second case: if t = +1. The linear system is written in the form:{
x+ y = 1

x+ y = 1

:�wl��� �� ¢tn� ry�  d� �An¡ . Atq�AWt�  At� A`m��¤

The two equations are identical. There are an infinite number of solutions:

H(S) = {(x, 1− x) | x ∈ R} .

:�kK�� Yl� 	tk� TyW��� Tlm��� .t = −1 :T��A��� T�A��� (3

The third case: if t = −1. The linear system is written in the form:{
x+ y = 1

x+ y = −1,

¨�At�A�¤ �ytq��wt� ry� �yt� A`m��  � �R�w�� ��

It is clear that the two equations are not compatible thus

H(S) = ∅.

Exercise series N° 3 ��C �§CAmt�� TlslF 3.3

Exercise N°− 1 − ��C �§rm�

:Qw� Tq§rV �Am`tFA� Ty�At�� TyW��� �m��� ��

Solve the following linear system using the Gauss method:
x +y +2z = 3

x +2y +z = 1

2x +y +z = 0

,


x +2z = 1

−y +z = 2

x −2y = 1

.

Solution - �þþ���
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