L Juald!

Matriz diagonalization &oedon phos

Jadd! g pd

DA Eigenvalues and eigenvectors &as) ) mﬁ!\g weall 1.2
54 Definitions ca— ylad 1.1.2
DD e Eigenvector space 31l ooladd! slaall 2.1.2
5 Examples aliai 3.1.2
L Characteristic polynomial pasl) s ,:33 2.2
59 Characteristic polynomial juaed! 3 gusmt! odiss 1.2.2
60 ... Calculating eigenvalues aG1031 @@l (preas 2.2.2
6L e Endomorphism reduction (SVs JS s Jhoss) 3.2
B FEzercise series N° 2 \“’l o) Sl 4.2

do 9 ;ddl coionns p gl Juaddl 11D (2 .Ol2 gaaell A gomo (2 dwlwl Ados 9o 42 gaan pladd
Gl Juadl) mualae Hlie¥! uas 3L 1agd . pdadill ALLE 45 gamell (4S5 S5 4e YO

Adasd Olacdanly
Matrix diagonalization is a basic process in Matrices set. In this chapter we will define the
conditions necessary for the matrix to be diagonalizable For this we will consider the concepts of

the previous chapter for linear applications.
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Eigenvalues and eigenvectors &as) ) 6&{»3\9 wall 7.2 Matriz diagonalization &oehoe phos

In this chapter, E is a finite-dimensional vector space on the commutative field K.

Eigenvalues and eigenvectors dwdldd) dad¥l g gaddl 1.2

s Gadarll AOI Aas ¥ g ASIWY ai@l o Tudd

Let’s start by defining the eigenvalues and eigenvectors of a linear application.

Definitions wied jlad  1.1.2

Ak B B e Glas Gedal f oles 3] (p by g0 gudi) sl Jolis [ E o Bl sl
taeK dsm guv e B U Jai (o ibiadil 9 f(v) € B pla v € B Yo i G (S 31 5yl

Reminder: f : F — FE is an endomorphism if f is a linear application of E in itself. In other

words, for each v € E the f(v) € E and also, for each u,v € F and each a € K :

flutv)=fu)+ flv) and  flow) = af(v)

1.1.2 : Definition - «aJ yad

Let f : E — E be an endomorphism. WSSy W\ f:E—FE \;Kﬁ

Plas 0 € E pgaRe pd 2R shq 1) £ I8y JHLY udls b A € K e (1
We call A € K an eigenvalue of the endomorphism f if there is a non-zero vector v € K

where:

f(v) = M.

A Sl Swneld g0l gl f \;‘O.SJ\ subil) S1d) e \i)) B 6o v ¢ R4 oS (2
Then, we call the vector v the eigenvector of the linear application f according to the

ergenvalue \.

Spe(f) 91) Sp(f) : jopfls o8 jopig f GBI aabill Sl i) 6S-gase §B [ Sl —aab (3
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.(69\52.\”“.\\ cLaal) cule b Ral) Jasd! Luowas- 1)
The spectrum of the application f is the set of eigenvalues of the linear application f. We
denote it by: Sp(f) (or Spx(f) if we specify the field defined by the vector space).
L J

( 1.1.2 : Remark - 7\1&?)&)

SV 2126 byl ¢ av olo a € K* JF I oo 0l S5 126 v ol 1)

va 1s an eigenvector then for every a € K* then av is also an eigenvector.

J

Ol ghia ol doolad) oy Hlardd o Olan yaldl ol 381955
These definitions correspond to the special definitions of matrices.

2.1.2 : Definition - q)ﬁ\

Lol lef o0 B e K" — K By A € .,(K) o
Let A € #,(K) and f: K" — K" be a linear application defined as follows:

fv) = Av
A &) o) Sogoal) Bunss (B f B! nhill St 626 g Sosli) il oo

the eigenvalues and eigenvectors of the linear application f are the same as the associated

kmatm’x A. )

TGN Aaa W) sasT L) A lated) Adast) A8Mall 5 45T LSS (e G

Let’s look for another writing for the collinear defining the eigenvectors:

fw)=M <= f(v)—Av=0
<~ (f — Nidg)(v) =0
< v e Ker(f — Nidg)

Hence it comes the term Eigenvector space. (I geladd) sliadll mllaae Sl L (4o g

Eigenvector space /! g&l.\m‘ shaddl  2.1.2
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Eigenvalues and eigenvectors &as) ) 6&&&\9 wall 7.2 Matriz diagonalization &oehoe phos

‘ 3.1.2 : Definition - uq).f.a

sbodl) A\ Sl padl) 8810 SNy Sj S1RE Lod Lows A € K olilg F oe S A5 [ ol
o w0l By jo b ol jop L épd\ \F?—\.Qﬁd\
Let f be an endomorphism of E and A € K. We call the sub-eigen-vectorial space associated

with the eigenvalues X the sub-vector space which we denote by E\ defined by :

E)\ = KG’I“(f — )\ZdE)

& GRS bl 2o o5 85) I (5 BL(F) jotb o) jos o ol g

we can denote it by Ex(f) in the case of showing its correlation with the linear application f.

Ey={veE|f(v)=v}.

Or in matrixz form: ! Subgaioal) GRually 9°\

Ey={veE|Av= v}

\. J

2.1.2 : Remark - 7\1&?)&)

Let E be the vector space of finite dimension. Qe AR 9 (&\Rhb Lo E \;l/xﬁ

21 3% 95 Bx S 80 o1 s boil) oo [ 3 Gty buasd A sV 1) (1

If X is an eigenvalue of f then the eigen-sub vectorial space E) is of dimension > 1.

10gl 6903 f(E)) C Ex 1 3% [ I Gauidly jime By S Sjsd) o \2al) s badd) (2
The eigen-sub vectorial space Ey is stable with respect to f means: f(E)) C E).

v e Ker(f —Xidg) = f(f(v)) = () = Af(v) = f(v) € Ker(f — Xidp)

Examples akei 3.1.2
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Matriz diagonalization Soeoe phos Eigenvalues and eigenvectors &us) ) é&ﬁ@\g wall 1.2

g 1.1.2 : Example - J 20 )

Let f: R® — R? defined by D o pal) £ R R3 GL
fl@,y,2)=(-22—-2y+22, —-3z—y+32, —-z+y+2).

() = AX &1 Gogwoal) JEal o/ ) gt T (1
Let’s write the linear application f in matriz form f(X) = AX:

x -2 =2 2
z -1 1 1

g .f(v1) = —dv; by} &088 olay g £(1,1,0) = (—4, —4,0) oW vy = (1,1,0) o 13} of s (2
A= —4 &3\ Gwadl) o) po \.S;‘b e \h ¢B v, G\\ﬂ\:
Note that, if vy = (1,1,0) then f(1,1,0) = (—4,—4,0) and can also be written '
f(v1) = —4vy. So vy is an eigenvector to the associated eigenvalue \y = —4.
—aud3g 3GeS %\5&\! v P3RS W1o ¢ o logaiaal) o) sl Swludd) —Llasd) o) ) oo 13)
Avy = —4uy
If we prefer to conduct the mathematical calculations using matrices, we take v as a

vector column and calculate Avy = —4v;.
Ao = 2 is an eigenvalue. Busly Gwad Ny =2 (3
s 3R Ny = 2 381 oo Ker(f — Aoldas) 5 p9aR pé g2 3o} bule ¢ =y W3

T A— M3

To prove this, we need to find a non-zero vector in Ker(f — Xoldgs) for Ay = 2.
For this we calculate A — \ol5 :

—4 -2 2
A-2I3=1-3 -3 3
-1 1 -1

& 151 6,4 g a0l ¢ \R0M §B (A — 2T5)v, &V A — 215 algd) W (okin vz = (0,1,1) 189
80! po \'.53\5 e\ vy ,»-3\ 69 S(v2) = 2v3 Gdwg f(v2) =20, =0 69\ wy € Ker(f — Aoldgs)
Ao = 2 &3V i) Suendld
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Matriz diagonalization Soeoe phos Eigenvalues and eigenvectors &as) ) 6&&%1\9 wal) 1.2

We find that vy = (0,1,1) belongs to the kernel A — 213 ie (A — 2I3)vq is the zero vector.
In other words, vy € Ker(f — Xoldgs). That is, f(ve) — 2vy = 0, from which f(ve) = 2v,.

Finally: vy is an eigenvector associated with the eigenvalue Ay = 2.

A3 = 0 is an eigenvalue. Bty Gwad A3 =0 (3

\s‘\.\.\\)g J(v3) = (0,0,0) &8s vy = (1,0,1) o) PUST ode 59 b Jio Jxo ol \.\.\Tm
Az =0 &l Gwadl) 010 SV 2188 v3 1 pS W o f(ug) = 0 vy
We can do like above and find that v3 = (1,0,1) checks f(v3) = (0,0,0). So f(vs) =0 - vs.

In the last: v3 eigenvector concomitant to the eigenvalue Az = 0.

fedidns 3 6w M ue A Gogaa) 0¥ Uy e 58 sl pakies Vg Sty mb N5 Lasg (4
We found three eigenvalues, and we can’t find more than that because the matriz A is of

order 3. We conclude: Sp(f) = {—4,0,2}.

. .
2 1.1.2 : Theorem - 'Z\Q.).hp

k<nozas f ) Galise &Yy b Ao, ol ;1 odie AR g3 B ) Sl JH f ol
05k En,y .. By, S0310) mdld 8V o) By, By, Gustid) Gud ) G0 1260 e bindl) ¢ gasen Guing

A pibe 1o qato
Let f be an endomorphism of E with finite dimension n. Let A1, ..., A\, be different eigenvalues
of [ where k < n. From which the sum of the sub-eigen-vectorial spaces Ey,, ..., E\, associated
kwith the eigenvalues is a direct sum. )
(old ghuaell Wla o3 AL Aocidl i
In the case of matrices, we find the following result:
2 1.1.2 : Corollary - :\:&.ﬁ\

$0pe G5 1% v o) 1< i <k I8 e g f RS Subil) Galise Guily b Ar,. oA ol
\.xh)- Ql_o.xm.o" 05 V; Qg.ﬁ\g‘ gl.'o )\z Q.e.\.o.U" .‘:

Let Ay, ..., A\ be different eigenvalues of linear application f and for 1 < i < k let v; be an
Gigenvector of \i. The vectors v; are linearly independent. )
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Matriz diagonalization Soedoe phos Characteristic polynomial pasl) sq 18 )n; 2.2

B osliasl) aay e JBT O 950 ASIM @3t sue O e 102
This means that the number of eigenvalues is less than the space dimension of F.

2 2.1.2 : Example - J A

ool iR = R AL @bl JBa) oo
From the previous example we take f : R — R3 defined by

fl@y,2)=(-2z—-2y+22, —-3z—y+32, —z+y+2).

;W) )Y G pod! Gudti) 62 g Gudtid) bl b asg 48

We found the following eigenvalues and their associated eigenvectors:
)\1:—4 V1 = (1,1,0), )\220 Vg = (1,0,1), )\3:2 1)3:<O,]_,1).

W05 B? o 4hS Glbime 6261 25 ol R? ) Gliime Slos Jis (01,0, 03) 6269 boish) o

R® 3 1 ol I oy ol JTGS (01,0, 03) Toning w065 ks
From the result the vectors (Ul,’Ug., vs) form an independent family of R® but three linearly
independent vectors of R® they forms a basis. Then: (vy,vq,v3) forms the basis called the
eigen-basic of R3.

We can also write:

RE=F ,0E,® E,.

Characteristic polynomial ! 3 gdad| wdS 2.2

AGIA @ual Lo ) giall 8 5 jasdl 3 il § pdiss delu

Characteristic polynomials help in finding the eigenvalues.

Characteristic polynomial jees! 3 gdad! wlS  1.2.2
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Characteristic polynomial jpaal) 5918 ,u; 2.2 Matriz diagonalization &o¢aoe phos

4.2.2 : Definition - wad yad

SuBi) Gdghoe A € .,(K) ol 1 adell 12 g5 F sbadl) Jo Sl JAWS f: B — B ol
C BoWd e f s
Let f : E— E be an endomorphism on the space E of finite dimension n. Let A € ///n(K) be
the matriz of the linear application f in the base B.
: g A Gdghoel) jreall 5981 pid owids ¢ £ jaeall sqxsdl pid ems
We call the characteristic polynomial of f the same as the characteristic polynomial of the .

matriz A and write:

| Pr(X) = Pa(X) = det(A — X1, |

oo B ool 3] Al (B pelw¥) HLosig) A 4B saaddl (o JEus aeed! 3 gisdl s
Co duwySe P € M, (K) as oo a3ld B j57 (bl o3 (ST g [ Al JSLaid) yudy 25 gans

iLasy e .B=PIAP
The characteristic polynomial is independent of the matrix A (and the choice of the base B). So

if B is another matrix of the endomorphism f but in another base B’, then there is an inverse
matrix P € ., (K) where B = P~1AP. We write:

B—XI,=P'A-XI,)P.

then ada g

Pg(X) =det(B— X1I,) = ~det(A — X1,,) - det(P) = det(A — X1,,) = Pa(X).

det(P)

i.e. .)}' ";Me

Pp(X) = Pa(X).

Calculating eigenvalues deldd! @udd| it  2.2.2

.

1.2.2 : Proposition - dmsad

Z.f‘?xgg e\ (’)3.3\}“ @@]\ Jiod }J}maj\ 59).5«.“ )533 193
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Matriz diagonalization Soeoe phos Endomorphism reduction SVs JS s Jhois-) 3.2

The roots of the characteristic polynomial represent its eigenvalues, and we write:

[ o)y daao  (eigen value of) N <<  P;(\) =0

.AEKﬁ.Bwu3’|gé£é}&mAE,//n(K) OGS g .f 1 E = E (S0 16,31 ddvay
In other words, let f: E — E and A € .#,,(K) the matrix in the base B and A € K.

A
Then
[ =3 adn ded  (eigen value of) A <= det(A—AI[,) =0
( 3.2.2 : Example - J 24
If D is a diagonal matriz where Zas &u ko Sogoe D o\ 15)
A0 0
0 A
D 2
0
0 0 A\
then olo
Pp(X) = (A = X)--- (A = X)
D Sdgronl] &1 i) boy) (B Po(X) sgas) pif jeis (B Ai il aing
The values \; are the roots of the characteristic polynomial Pp(X) and are also the eigenvalues
cf the matriz D. D

Endomorphism reduction o313 JSLES jlails| 3.2

(1 Js=lias) Ghas Gadad [ 9 K GLiaddl Jasdt e s day 93 polad cliad B plad b Lagd
A b 438) yol) 45d gaine
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Endomorphism reduction (Vs JS s Jhois) 3.2 Matriz diagonalization &o¢oe phos

Here we consider E as a finite-dimensional vector space, on the commutative field K and f is a

linear application (endomorphism) whose associated matrix is A.

42 ghinn 4| ALy [ A2 ghinn O 98T Cooms B Y Gl sl 50 (¢ 4l IS4 Gl A Hlata by cads
1D =P AP Gy ) guall 42 gaune o P ol ALLS day po 40 gduns w95 i Ay ylad

Olgalde D g A O
We mean by short A in diagonal form, is to find a basis for the space E for which the matrix of f
is a diagonal matrix. Then there is an invertible square matrix P called transit matrix such that

D =P 'APie. A and D are similar matrices.

2 2.3.2 : Theorem - 'Z\g.)lmp

g B &l [ E — B oly K Jhaidl Jasd) o odie 1% g3 (SR sbid B oL
' ' ) balise Gusly Guad m K e Ay Aay - A
Let E be a finite-dimensional vector space, on the commutative field K, and let f : E — E be
a linear application and \i, Ao, - -+, A are an m-different eigenvalue of f from K.
Filo e gabo B gl 13} 6y 06 Gogane) 6B lie o Gs) pal) Gognall of phsill b6 os) f os Jebs
:{\ Gt Gud j5d) @sle Lind
We say that f is indivisible or its associated matriz is similar to a diagonal matriz if E is a

direct sum of its sub-eigen-vectorial spaces, i.e.:

E:E)\lEBE)\QEB"'@EAm
L J/

3.3.2 : Remark - 7\1&?)&4\

Ey S\ cbodl) 42 olo jasell sqasd) ,ﬁg SO T —ac o3 Gus; Iy A GuStA Gunel) 1 15)
: JWhg m g8 Jo X\ st Suesdl] o ol
If the eigenvalue X is of the order of multiples of r in the distinct polynomaial, then the

dimension of the sub-eigen-vectorial spaces Ey associated to the eigenvalue X\ is at most m.
Therefore:

1 <dim(E,) <.

i 016 &y 1hd Gogna) G o Gbd) ol ogaowl) o1 phal) bl £ o8 13) g

If f is diagonalizable or its associated matriz is similar to a diagonal matriz, then inevitably we
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Matriz diagonalization Soeoe phos Endomorphism reduction SVs JS s Jhois-) 3.2

have:
dim (E)) = .
. J
( &
4.3.2 : Example - JL’()
Let \;l/:d
1 0 0
A=10 1 0
1 -1 2

Soghon ogh i PIAP as P Sdghoal) o8 2w w5 A4(R) b phiil) 6L A o) i
Let’s prove that A is diagonalizable to #3(R) and then find the matriz P where P~'AP is a

diagonal matriz.

A D peall sgasdt pid s T (1
We start by calculating the characteristic polynomial of A :

1-X 0

PaX)=det(A-XL)=| 0 1-X 0 |[=010-X)?%2-X)
1 -1 2-X

—aobail) 683 2 g (1) = 2 8o ks &3 x0 1 Subysd) s1ae W (D juead) sqas) piS ks (2
m(2) =1
The roots of the characteristic polynomial are the real numbers 1 with a multiple of
m(1) = 2 and 2 with a multiple of m(2) = 1.
Gu3t i s o) Gue \Rbd) Yeboall s asad (3
Let’s define the sub-eigen-vectorial spaces
1 Gis ball Gulal) Guagdl) 1 ) (o106 s bad) By ol (1.1

Let Ey be the sub-eigen-vectorial space of the doubled eigenvalue 1 :

Ei=Ker(A-L)={XeR*|A-X = X}.

Unwversity of Mohamed Kheidar, Biskra 63 Brahim Brahimi-Jihane Abdelli



Endomorphism reduction \s'i\'; JS s Jhois) 3.2 Matriz diagonalization &o¢oe phos

If we put liRog 1)

<
I
VRS
ne |
N—

then: YA VY
r=2
X€eEE <= AX=X <= y=1y < r—-—y+z=0
r—y+z=0

E1={<x, v, y—x>|$€R,y€R}

b} I X = (1) 9 X1 = ((0) 626 vo Ja dpow Jo Wgall & gionol
The generated plane for example from the vectors X, = <_(1J1> and Xy = (?) forms a

basis.
12 S!St Guandl) 9 o) SV 580 (o124 < Lol By ol (2.1

Let Ey be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :
Ey=Ker(A-2L)={XeR’|A- X =2X}.
then Qg

9y = gy
XeEE — A - X=2X < y =2y — 2=0 and y=0
T—y+2z=2z2

of oo Bl 9 Xy = (§) ousgf g l26 s 9 By = {(§) | 2 € R}
E;, = {(§> | z € ]R} he is straight with vector beam X3 = (%) and forms the basis
for it.

TR Gd) pol) G yal) 8o LS G- ;4 Guglue Gt Gus jd1 Gue 1Ra) e baall s\ (3
The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:

dim Fy =2 =m(1), dimFEy =1=m(2).
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pREY 615 A Sbsanell cing

So the matriz A is distillable.

:609200)) o (S8 wlw Y (0) A Gogmoelly dieall 1) SIS (X1, Xo, X3) laY) o (4
In the base (X1, Xa, X3), the endomorphism represented by the matriz A (in the canonical

basis) has the matriz:

10
D=101
0 0

N O O

&V e ) Je X3 9 Xo X Wisee | 6 (3 o)) Gogaon P gios & s Gy

In other words, we put P the transit matriz whose column vectors are X1, Xo and X3 in

order, i.e.:
1 00
P=10 10|,
-1 11
then, P~*AP = D. PIAP =D [oX VY
. J

Ezxercise series N° 2 fd) i yheld) dads 4.2

Exercise N°— 1 — @) 3 pd

D WS 66 2all A4(R) va Gogae A oI
Let A be a matriz of M5(R) defined as follows:

0 10
A=1-4 40
-2 1 2

¢ phisl) 6Ll A Sbsaaell 4B (1

Is the matriz A diagonalizable?
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