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Exam

Exercise 1 (./06pts) Let z1 and z2 be the complex solutions of the following equation:

z2 − 2z + 2 = 0.

1. Find the values of z1 and z2. (1.5pts)

2. Rewrite z1 and z2 in their exponential form, (z = reiθ) (1.5pts)

3. Solve, in C, the following equation: (3pts)

z4 − 2z2 + 2 = 0.

Exercise 2 (./07pts)

1. Show that (1pt)
∀ a > 1 and b > 1 we have a+ b < 1 + ab.

2. Let (Un) be a real sequence defined by:

{
u0 = 3
∀n ∈ N : un+1 =

1+λun

λ+un
, with λ > 1.

(a) Show that, ∀n ∈ N : un > 1. (2pts)

(b) Check that, ∀n ∈ N : un+1 − un < 0. (1pt)

(c) Deduce that (Un) is a convergent (1.5pts)
sequence, then determine its limit. (1.5pts)

Exercise 3 (./07pts) Let f and g be two real functions defined by:

f(x) =
ex − 1

x
− x2 and g(x) =

(ex − 1)
(
cos(x)− 1

2

)
sin(x)

.

1. Give the domain of f and g.(1.5pts)

2. Compute the limit of f and g at x = 0 (Without using Hopital’s Rule).(1.5pts)

3. Do f and g have a removable discontinuity at x = 0?(1pt)

4. Check that the equation g(x) = 0 admits at least one solution on
[
π
4
; π
2

]
.(1.5pts)

5. Check that f admits at least one extremum on ]0; 1[.(1.5pts)
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Solution of the Exercise L '1

Let zt and, zz be the complex solutions of the following equation:

z2 -22*2:0.

A - 22 - 4x! *2 : -{ a tÂ : +2i,
1. we have

Sot ,n
k$/,:ry-r-i and z2-ry:L*i
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z and 0 is its
argument).W" have ftl"rl-lrrl-re-\Æ
then 

il

3. Deduce all the solutions of the following equation:

z4 -222 +2:0.
To solve this above equation let's put z2 - w. The equation can be writt$n,as follows:

ut2 -2w*2:0.
i
t,

'i; '[,
Flom the first and second questions it's clear that the solutions of the ne14r eqiiation are:

2-2i1!r: T- 1 - i - tfZ et and u)2:

Since 22 : tu then:

Consequently for w1 and w2 we get, rpspectively:

( 21 ' fr(+-t+\-rt(cos(f) +

I 22 : fr(+ *o +) - \n(cos (i) +r;

ii

isin (")) : Ifr "
sin (f;)) : 

'n,:r"t
ii

rl

,l

!i

-drT

f lrl _ lW-ffi 
-lz1\arg(z) - ry*lur-#*kr,keZ. -\r,

tlrl : u@zl-ffi, ^l zs

t arg(z) - ry * kn -- Ær+* letr, k e Z. - I 24

#:a$
tÆui qO
ffi"Y@



Solution of'the Exercise 2

1.

asa* b-r-ab<othen a*b<1+ru @
2. To show that the proposition "Yn e N : ur, > Itt is correct, we use the proof by induction.

-æ\ 
:

(a,) W'e have rtro:3 ) 1, so the WTry1q1î is true for n - 0. Wj '(b) assumes that un ) 1 is true Q\.Çz :

(.) Let's show that the proposition is also true for n * 1.

-'ttn < 0.. This result means that (u")

>

\_/
Deduce that (U") is a convergent W+ce, then determine its limit. ,'.

:

^^ f (u,,) is lower bounded LbY . /. \ :- _,._.-,-L IA, { l:"1 : t""Xj:::i""i^..^-9'l%* 
(u,) is a convergenr sequence

l. (u"/ ls a oecreasmg sequencef6,A \

Let's assume that lim rtr. : / then\Y

'We 
have un ) 1 (from the assumption) and ) ) I so, using thepry\of the first question,

wededucethatL*Àu,>À+LLnsa;ff.,.-2l4un,1 )I. O î \

we concrude thar vnc*,;, r r. 
-6" - N1

3. Check that, Vn €. N : urr4-1 - un --0. l

I+ Àun
Un+l - Un :

À+un -un
(l+ Àu") - (À+u")u"

À+un
t - (u")'

^+""
Since un ) | 9 I - (r,)2 < 0 + # a Q ===1,ttrn*7

is a decreasing sequence.

tr/

a*b - 1- ab- o(1 - b) - (1 -b) : (1 - b)(o- 1) : -(a- 1)(6_ 1) < 0.

Let's assume that lim rtrn : / therl
n++oo

Iim ,un*L: lim t 1^'" +?1,-++oo ?z-++oo 
^+un +

==+

4.

we conclude that

Solution of the Exercise 3

1. Give the domain of f and g.

Dr
Ds

,Ii* un:r' @

{, elR : r + 0}: lR* - R/{0}.

{, eJR : sin(u) + 0} - {o'.€ IR : r # kn, k e Z} : IR/{kzr, k e Z}.
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2. Calculation of the limits

r;

,i

,)

:'

;.

-0=eo

3. Note that proving that a function has a removable discontinuity at rs, amounts to checking if the

limits in the neighborhood (at the left and the right) of re are the same. i

From the second question we have

(b) |s O(") - | so rwe can remove the discontinuity of. g at r : 0 an

a@): {n'!' ;l:=?"

d we write:
I

-<7,/ (,\
(d'r { )

(.) s (i)- ("+-rX"-":!â)-â) . s

(because(ui_1)>0,(cos(f)_+)-\L<0andsin(f)_1}0

Fbom these three results, we conclude that Jc € lt;;l such that 9(c) - 0'

b. At first glance, it seems that we must use Roll's theorem to check the existence of an extremum

in the interval [0, 1]. Unfortunately, this theorem cannot be used becausQ /(0*) + f 0' Indeed,

fromthe first q,r.riiott /(0+) - | and /(1)':et -2++' , ,

],gi /(") 
: 

lq1 + - ,^2: 
l,g3 # - tr2 : e'l'*:o

lim o(r) - ,r- (e' - 1) (cgs(r) - 1) i

;.;ï y \*/ ;;ô sin(r)

: l's(?) (#) ("o'(') -;)

lX; î1. To check that g admit at least one solution

6O

4. Check that g admit at least one solution on

rve can use the intermediate values theorem'

We have:

(u) the function g is continuous on the inter"al lî;î)

>0.

: m(?) .m(- ) xnq(*''o-i)



,::

To shoù the existence of the extremum we can use the intermediate value$,theorem. Indeed, note
that, / admit an extremum on ]0, 1[ means that there exists c e]0, 1[ sucki'that ft(c) :0.
we have on the one hand

on other hand

(u) As "f is defined and continuous on ]0,

(b) ,ljl_ f @): /'(1) _ -1 < o.

(.),$. r @) :,tl1. ry -,tl3. 2n :,tS. ry - * > 0.

From these three above points we conclude that exists c e]0, 1[ such that
the existence of an extremum on ]0, 1[.

f'(*) - (æ-1)e'*1

:',f'k) * 0. consequently
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