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Solution of the Worksheet N° 4

Solution of the Exercise 1

1. Prove that the derivative of an even differentiable function is odd, and the derivative of an odd
differentiable function is even.

Case of f is an even function: We know that f(g(x))" = ¢'(z)f'(¢9(x)) and if f is an even function
then f(—z) = f(z). Using these two notions, we can show that:

@) = [f(=2)] = (=2) f/(—2) = —f(—2) = f'(—~2) = —f(z), 50 ['(z) is an 0dd function.
Case of f is an odd function We know that f(g(z)) = ¢'(z)f'(g(z)) and if f is an odd function
then f(—z) = —f(z). Using these two notions, we can show that:

[—f(@)] = [f(-2)] = (=2)'f'(-x) = —f'(—x) = f'(—2z) = f'(x), so f'(z) is an even function

2. What about the nth derivative of an even and an odd function?

Using the above results and the definition that f( = [ f ("_1)]/ then with the same reasoning as the
first derivative, we will have the following:

™ is an even function, if n is an even number;

is an even function then <= . . e
/ { ™ isan odd function, if n is an odd number;

n

) is an even function, if n is an odd number;
n)

: . £
dd function then <=
Jis ano tnetion thett { ™) is an odd function,  if n is an even number;

Solution of the Exercise 2

Before answering the exercise, let’s recall that:

cos?(x) + sin?(z) = 1.

cos(—x) = cos(x) is an even function cos(x + 2kmw) = cos(x)

{ sin(—z) = —sin(z) is an odd function { sin(x 4+ 2km) = sin(x) vk € 2.
cos(x +y) = cos(x)cos(y) — sin(z)sin(y) cos(2z) = cos?(x) — sin®(x)

{ sin(z +y) = sin(x)cos(y) + sin(y) cos(x) - { sin(2z) = 2sin(x) cos(y)

1. We have f is defined by:

then,

Dy={rcR: 1—-cos(x) >0} ={xecR: cos(z) < 1}.

as —1 < cos(x) <1 and cos(x) = 1 = & = 2km, k € Z, then

Dy =R/{2kn, k € Z} = | J]2km, 2(k + 1)x].
kEZ



2. Discussion of the parity (even or odd) of f according to the values of the parameter m.

- sin(—2x) " [ sin(2z) m
fl=e) = (2 1-— COS(—a:)> =1 (2 1- cos(m))
o { —f(z), if m is an odd number

f(x), if m is an even number

f is an odd function, if m is an odd number;
f is an even function, if m is an even number.

3. To show that f is 2m-periodic function means that we must check if f(z + 27) = f(z).
We have

B sin(2(x + 27)) " B sin(2z + 4m) " B sin(2x) " _
flo+2m) = (2\/1 — cos(z + 27r)> B (2\/1 — cos(z + 27r)> B ( 1-— cos(:z:)) =f@

So, f is a 2w-periodic function.
4. From response of the question 3, we conclude that the limit of f.

e to the left of all the upper bounds of the subintervals |2km, 2(k + 1)7[, k € Z that constituting
the domain of f are the same. Consequently, the limit equal to

li = i .
x—>(2(}€I}-ll)7r)_ f(x) xi}%)l— f($)

e to the left of all the upper bounds of the subintervals |2k, 2(k + 1)7[, k € Z that constituting
the domain of f are the same. Consequently, the limit equal to

1i = 1i
pm | flz) = lim, f(z)

_ — lm sin(2x) " — lim cos(x) sin(x)y/1 + cos(z) "
:plgél* fl@) = xLO* (2\/1 — cos(:v)) N xlaof < 1 — cos?(x) >

= lim (cos(m) sin(a) /1 —|—cos(x)> = lim (—-1)™ (cos(x) 1+ cos(ac))m

=0~ | sin(z)]

B (V2)™ if m is an even number
- does not exists if m is an odd number.

. — lim sin(2x) m_ o cos(z) sin(x)+/1 + cos(z) "
S S0 = (Z 1cos<x)> —me( [sin(a)] )

= lim (cos(w) 1+ cos(ac))m = (V2"

z—0t

We conclude that, for any k € Z we will have:

(V2)™ if m is an even number

a—(2km)~ does not exists if m is an odd number.

in 7@ = {

lim  f(z) = (V2)™

z—(2km)*



Solution of the Exercise 3

1. Show that the curves of the following functions are symmetrical with respect to a vertical axis z = .

(a)

case of function f:

We have Dy = R. So for all z in Dy, x — 9 and = + x¢ are in Dy. Thus, to show that the
curve of the function f is symmetrical with respect to a vertical axis z = xg, it remains to verify
the existence of a real xo such that f(zo — ) = f(xzo + x). In other words, we must check the
existence of the solution to the above equation with respect to xg.

fleo—z)=flzo+2z) = V(@wo—az—-12+1=/(zo+z—1)2+1
— (zg—z—1)2=(z0+2z—1)>
{ To—x—1l=x9g+x—1

=
To—x=—-x9p—x+1

. { x = —z (impossible)
o = 1.

Case of the function g:

We have D, = R. So for all z in Dy, x — x9 and = + x¢ are in D,. Thus, to show that the
curve of the function ¢ is symmetrical with respect to a vertical axis z = x, it remains to verify
the existence of a real g such that g(zg — x) = g(z¢ + ). In other words, we must check the
existence of the solution to the above equation with respect to xy.

= (20— 2)* +2(z0 — ) +4 = (x+30)* + 2(x + x0) + 4

- x2—290900—1—1:3—1—2:(:0—2:(:+4:x2+2xxo+x3+2x+2xo+4
= —2xx0— 2z = 2xx0 + 22

= —dx(zg+1)=0

== x9= —1.

g(wo — ) = g(z0 + 7)

2. For each of the following functions, determine the point of symmetry of their graphs.

2r — 1 z?2 -1
f(l‘)—m, g(z) = r—9

(a) To prove that the function f admits the point with coordinates (a,b) as a point of symmetry, we

must check the following for all x of Dy:
i. a —z and a + x belong to Dy,
i. fla—=x)+ fla—x)=2b.
Let’s check the first condition.
As the Dy = R/{—1} then a — z and a + x are in Dy only if a = —1.
Now, checking the second condition (finding the value of b).

fla—z)+ fla—x)=20 = f(-1—z)+ f(-1—2)=2b
2-1-z)—1 2-1+2)—1

(-1—z)+1  (-1+4xz)+1
= 4=2b
= b=2.

Thus, the desired point is the one whose coordinates are (—1,2).



(b) case if function g.
As the Dy = R/{2} then a — x and a + x are in D, only if a = 2.

gla—z)+gla—2)=20 = f2—2)+f2—2)=2b
2-2?-1 (2+2)?-1

=2
— 2o -2 2ta2)1 2
= 4=2b
= b=2

Thus, the desired point is the one whose coordinates are (2,2).

3. Show that any function having the form

f(z) = az +b with a, b, c € R.
x—c

admits a point of symmetry.

Suppose that the coordinates of the point whose existence we want to prove are (a, 3).

As the Dy =R/{c}, then @ — x and a + x are in Dy only if a = c.

fla—z)+ fla—2)=20 = f(c—z)+ f(c—x)=2b
alc—xz)+b a(c+m)+b:

2b
(c—z)—c  (ct+z)—c
2
= ﬂ:%
T
— [ =a.

Thus, the desired point is the one whose coordinates are (¢, a).
4. Show that any function having the form
fx)=+(x—a)?2+b, glx)=(x—-a)?+b witha, beR.
admits a vertical axe of symmetry

(a) Case of function f:
Suppose that the equation of the vertical line whose existence we want to prove is = = .
Note that

p.- 4R ifb>0
P77 ] =00, —V=b+alU],V=b+a,+oc], ifb<0

On the one hand, we have

fla—z)=fla+z) = V(a—z+a)2+b=+/(a+z—0a)2+b
— (a—z+a)’=(a+2z—a)?
{a—x—i—a = a+zr—a
—
a—r+a = —a—zr+a
. {x = —x (rejected)
a = a



and on the other hand, for any x in Dy, a —x and a + x are also in Dy. So, the equation of the
vertical line sought is indeed that x = a.

(b) Case of function g:
Suppose that the equation of the vertical line whose existence we want to prove is = .

Note that Dy = R.
On the one hand, we have

2

fla—z)=fla+z) = (a—z+a)+b=(a+z—0a)’+b
{a—x—l—a = at+z—a
—
a—r+a = —a—zxr+a
. {SL‘ = —x (rejected)
a = a

and on the other hand, for any = in Dy, a — x and a + z are also in D,. Then, the equation of
the vertical line sought is indeed that x = a.

Solution of the Exercise 4
In each of the following cases, determine the limit, if it exists:
22—Tz+12 _

T )

e lim TN —
gd (e=)(z+4) 7 Ty at+d

g4 ©°—16

2 . +
i 1 _ 1) = 1) 32 _ ) gr =100, ifx—1
o i (ot —5h) = I (demg — #1) = Iy ot = { 2 oo, izl
3/
o tim Y0
:1:—)% 2

e lim zsin(1) =?

x—0
Case of x — 0~ Case of x — 071
-1 < sin (1) <1 -1 < sin (1) <1
. . P
- > T sin (5) > —r < T sin (5) < x
lim —xz > lim xsin (%) > lim z lim —x < lim zsin (%) < Ilim z
z—0~ z—0~ z—0~ z—0~ z—0~ z—0~
0 > lim asin() > 0 0 < lim asin(3) < 0
z—0~ z—0~

e lim zsin(i)= lim >4
z—>+00 z z—+0o 3 y—0+

with the same manner we can show

! .
. . . sin{ = .
lim zsin(1) = lim # = lim 00 —
T——00 T——00 y—0— Y
o lim =D _ gy (S} () g =
750 T 20 x — sin(z) ’
. ( ) sin(ax) lim sin(ax)
. sin(ax) _ a 7; ez . a_z—0 9% _a
© lm S =5 I w6, men b
z z—0



[ ]
g

z5+oo 3T+ x—>+00 I(3+g) z—+oo 3+ 3
7 7
. JZ . —zy/1=—3 . iz _
o lim % 57 = lim == = lim == = 31
z——oo STF —z—+00 I(3+5) r—+oo  3+3
. . 2 1—z2 . 6z(1+2)
o lim V22+4+6zx+1—2= lim 2F6ztl=e” _ | 2276l g
z—+00 z—+oo Va?+ba+1t+a T—+00 x(,/1+g+%+%>
x
e lim Va?+6x+1—2=-+00+00=-+00.
T—r—00
RV = _ . Jo—Iva¥l — . -1
o lim Y& —ltvE—l _ gy Ve IVadl | Vel =lim+vx+1+ VT =4/2.
z—1 Va—1 z—1 z—1 VVE—1y/Vz+l a1 VVE+l
12 1 1
_ . z1) —12 23 1) (xd+1
olim){il:hmﬂl—hm( 1) —hm( 2( >—hm(:c4—|—1>:2
a1 VE=1 251211 251 g1 z—1 zI—1 z—1

1
e lim i/”%fl = lim £2=1 =7

r—1 Vo—1 z—1 241

Since the least common multiplier of 3 and 4 is 12 (12 = LCM(3,4)), we put y'2 = z. Note that
as z tends toward 1, y also tends toward 1, and (v — 1) = (y — 1)(¥*> +y + 1) and (y*)? -1 =

(v> = D(y* +1) = (y = Dy + 1)(y* + 1). Therefore,

1 4 2 2
; - ; - : —Dy+1)(y°+1) iy WHD@P+1) 4
lim 3= — Jjy £ =1 :hm(y—:hmizf.
ol gio1 g1 -1 51 (=D Hy+l) y—1 @PHy+D) 3
o lim (1 + ax)"/*
z—0
We have,
lim 20+ _ jpy g In0+en) _ gy o nO4y) _
z—0 x z—0 ax y—0 Y
. . 1z . In(ltax) lim 2(fez)
lim (1 + ax)l/x = lim (+a2) " — lime™ = =er0 T =l
z—0 z—0 z—0
2 2 2 _
lim at4e \TTT lim o2yat2—2)" T _ lim 1_¢$+x+2 1 2 2
ztoo \ T3 +T+2 z—+o00 z? 4242 z—+oo 22 43+2 22 43+2
[ ]
. 2 4z+2 . 9 —2 0
- mgr:?oo (1 N x2+ac+2> xglziloo <1 B a:2+ac+2> -
C . ) -2
— The second limit is easy to be calculated lim (1 — —=—=— = 1.
z—+oo z2+x+2
_ . . . o 1 .
For the first limit if we put y = —— w——; then we get:
92 x24x+2
. ) 1 _9
lim (1-—5—— = lim (1 —2y)v =€ ~.
z—=Foo 44+ x4+ 2 y—0
Therefore,

2
. < x2+x >a: +x .
hm TS =€ .
z—Foo \ x4+ 2+ 2

0, when x — +o00

z—Foo z—+o00 400, when z — —00

o lim P,(r)e ™= lim e_;”:{



In(Pn(z))

- = lim L=0.

x—Foco0 T

e lim
r—+o0

Note: a,b € R*, n € N* and P, (z) is a positive polynomial of degree n.

Solution of the Exercise 5

e Find all the possible values of the real constants a, b and ¢ such that the following functions are continuous
in their domains.

1. Case of the function f:

22+ 2z, ifz>1;
— f(x)=1¢ 3, if x =1;

—r+ec ifzx<l.

) = 2?2+ 2z, ifz>1;
| —z+e ifx<l.

The function f is composed of two continuous functions on R, so if f has a continuity problem
it will surely be at x = 1 the point of the decomposition of f. Thus, for the function f to be
continuous on R it is necessary that:

lim f(z) = lim f(z) = f(1)

z—1"00 z—1t

we have f(1) =3, lim f(z) = lim 22 +2r =3 and lim f(z)= lim —x+c=c— 1.
z—1t z—1t 1~ z—1—
Consequently, f is continuous on R if and only if c— 1 =3 = c=4

fz) = 22+ 2z, ifz>1;
=Y —r+d, ifr<l

2. Case of function g:

x2, if x <0
a?, if 2 <0; 0, if 2 = 0;

g(x) =4 ae®+b, if0<z<m <=g(xr)=1 ae®+0b, ifo<x<my
1 —cos(x), ifx>m; 2, if x <0;

1 —cos(x), if x> m;

To ensure the continuity of the g on R we must check the existence of the constants a and b that
satisfy the following:

S LS - e e
lim g(z) = lim g(z) = g(m) lim ae® +b=2 ae™ +b=2 b= =5

T z—t T

We conclude that on order that the function g be a continuous on R it’s must have the form:

z2, if x <0;
gx) =S 25 (e*—1), f0<z<m
1 — cos(x), if © > m;
3. Case of the function h:
1, if £ < 0;
1, if x = 0;
h(z) =< ae ™ +be® +cx(e? —e ™), f0<zx<];
el if x =1;
e? e, ifx>1;



e Study the continuity of the following function on R, f(x) = E(z). What can we conclude?

Note that the integer party function can be written as follows:

k=1, fk—1<x<k;
f(x)=E(x)=1 k, if v = k; with k € Z.
k, ifk<zx<k+1;

From the expression of the function E(x), it is clear that to check its continuity on R, it is sufficient to check
its continuity at xg = k with k € Z.
For any integer number k, we have,

1. f(k)=E(k)=k.
2. lim f(z) =k;

z—kt

3. lim f(z)=Fk—1,

r—k~

Hence, this above results indicate that the function E(x) is continuous on the right of the integer numbers
but not continuous at their left side.
We conclude that the E(x) is continuous only on R/Z.

Solution of the Exercise 6

For each of the following functions determine their domains and subsequently check if they have a removable
discontinuity.

1. Case of the function f;:

=1
2

fi(z) =

('b

(a) Dy, ={x €R: z#0} =R"
(b) We note that lim f(z)= lim f(z)=lime
z—0~ x—07t

z—0

-

)

x

=0;

(¢) So, we can remove the discontinuity of the function f; at 29 = 0, and the function will be rewritten
as follows:

-1
2 i .

2. Case of the function fs:

(a) Dy, ={x €eR: x#0} =R".
(b) We note that lim f(x)# lim f(z). Indeed, where lim f(z)= lim e+ = +oo while
z—0~ x—07F

rz—0~ z—0~

-1
li = lim e= =0;
S 0= 55 e

(¢) So, the function f hasn’t a removable discontinuity.

3. Case of the function fs:
1+

h =10

(a) Dpy ={z eR: 1+2%£0} =R/{-1}.



. . . : 1+ : 1
(b) We note that lim f(z)= lim f(z)= lim f(z) = lim -t lim L — =1

z——1— z——1t z——1 -1 H+2° - g1 TP —w+1
(¢) So, we can remove the discontinuity of the function f3 at 2o = —1, and the new function will be
defined as follows:

Atz iy Do -
_ 1.5 UZ € Dy
Fy(x) { 17 e =1
4. Case of the function fy:
fa(z) = sin(z + 1) In(|z + 1]),
(a) Dy, ={xeR: |1 +z|#0} =R/{-1}.

(b) We note that we can rewrite the limit at the point 29 = —1 as follows:

lim f(z)= ml_l)rr_ll sin(z + 1) In(jz 4+ 1]) = 3gr%)sin(y) In(|yl)

r——1

tgsino) () = By (2220 ) () =t (22 )ty o) = 10 =

(¢) So, we can remove the discontinuity of the function f4 at xg = —1, and the new function will be
defined as follows:

14x if Dy -
oy - { 5 e e D

if z = —1;

5. Case of the function fs:

1 — cos

. 2m
fo(a) = (<>()) meN

From the results obtained in exercise 2, in the case where the power is an even number, we deduce
that f; admits a removable discontinuity and the new function will be defined on R and its have the
form :

2m
sin(2x) : .
F5(l’) = (2 lcos(z)) itz e Df4’
2m if x = 2k with k € Z;

6. Case of the function fg:
fo(x) = cos(z) cos(1/z).

(a) Dy, = R*.

(b) As lim cos(z) = 1 and lim cos (l) doesn’t exist we deduce that lim cos(x) cos (l) doesn’t exist
z—0 z—0 z z—0 z

also. Consequently, the function fg hasn’t a removable discontinuity point.

Solution of the Exercise 7

I) Let f and g two increasing continuous functions on an interval I. Show that:

if (f(I) C g(I))or (g(I)C f(I)) then 3c € I such as f(c) = g(c)

Let’s consider h(x) = g(x) — f(x), and that I = [a,b] and f(I) = [mq; M;] and g(I) = [ma; Ms]
Note that:



e as f and g are continuous functions on I then h is also continuous on 1.

e as f and g are increasing functions on I then my = f(a), mo = g(a), M1 = f(b), and My = g(b).

1st case : f(I) C g(1).
The statement f(I) C g(I) means that

mo < my < My < Ms.

Hence,

{ h(a) = f(a) = g(a) =m1—my >0, _ h(a) * h(b) < 0.

h(b) = f(b) — g(b) = My — My < 0.
Thus, based on the intermediate values theorem we deduce that
dc € [a,b]: h(c)=0=3c€a,b]: f(c)—g(c)=0=3cela,bl: f(c)=ygl(c).

2ed case : we assume that g(I) C f(I).
The statement fg(I) C f(I) means that

my1 < mg < My < M.
Hence,

{ Ma) = fla) —gla) =mi—mz <0, _ 0y, ) <o,

h(b) = f(b) — g(b) = My — My > 0.

Thus, based on the intermediate values theorem we deduce that
de € la,b]: h(c)=0=3Fc€|a,b]: flc)—g(c)=0= Fc€a,b]: f(c)=g(c).

IT) Let f and g two continuous functions on an interval I. Show that:

if (f(I) C g(I))or (g(I) C f(I)) then Jc € I such as f(c) = g(c). (1)

Assume that

min f(z) = a; and f(a1) =my max f(x) = by and f(b1) = M,

zel el
mi?g(x) = ag and g(a2) = ma max f(x) = by and g(bg) = Mo
xre xre

Let’s consider the function f defined by

Note that as f and g are continuous functions on I then h is also continuous on I.

1st case : f(I) C g(I).
The statement f(I) C g(I) means that

Veel: mo < f(z) < My. = ma < f(ag) < My and mg < f(b2) < Ms.

Hence,

h(az) = f(a2) — g(az) = f(az) — ma >0,
{ h(bzz) = f(b;) — gg(b;) - f(bj _ M22§ 0, = h(az) * h(by) < 0.

Thus, based on the intermediate values theorem, we deduce that

10



de € lag,b2]: h(c)=0 = dc€la,b]: h(c)=0

2ed case : we assume that g(I) C f(I).
This statement g(I) C f(I) means that:

Veel: m <g(z)<M.= m; <glar) < M; and m; < f(b1) < M.

Hence,

{ h(a1) = f(a1) — g(a1) = m1 — g(a1) >0, = h(a1) * h(b1) < 0.

h(by) = f(b1) — g(b1) = My — g(b1) < 0.

Thus, based on the intermediate values theorem, we deduce that

de€ a1, b1]: h(c)=0 = dce€la,bl: h(c)=0
= dce€la,b]: flc)—glc)=0
= dc€la,b]: flc)=g

IIT) Show that the following equation has at least one solution on | — oo; 2].

in(z) 2r+1

in(z) = .

sin(z P
Let’s consider the function f(z) = sin(z) — %

We have on one hand, the function sin(x) is a continuous function on R and % is a continuous
function on R/{2} so the functionf is continuous on R/{2} consequently continuous on | — oo; 2[.

On the other hand, lim f(z)* lim f(z) <0.
T——00 r—2~

Based on the intermediate values theorem we conclude that 3 ¢ €] — oo;2[ such that f(c) = 0 =

sin(c) — —2ccj21 = sin(c) = —2ccj'21.
Calculation of the limits.
20 41 2041
i <1 = si — <1-
sin(z) < sin(z) ——5 = o
2 1
= lim f(z) < lim <1— vt >
T——00 T——00 T —2
= lim f(z) < -1<0.
T—r—00
2 1
lim f(z) = lim (sin(:):) L ) =400 >0
T2~ T2~ T —2
Remark 1 To show that the following equation has at least one solution on | — 0o;2|.
. ( ) 2r+1
sin(x) =
x—2"

we can use the results (1). Indeed, if we take f = sin(z), g(z) = 24, and I =] — 00; 2[ then the result
is immediate, because f(I) C g(I).

11



I1T) We consider the following equation, of unknown = > 0 and the real parameter a.

In(z) = ax. (2)

Let h(z) be a function defined by: h(z) = In(z) — az and K/ (z) = 1 —a.

x |0 1/a 00
ifa<0|Hn + (0] +
ifa>0]|H + 0 —

From the variation table of h, we see that when a > 0, the function h only changes direction of variation
once and that it reaches its maximum at the point 1/a. Hence, intuitively:

1. h(z) admits exactly two solutions if the maximum value of the function is strictly positive,
2. h(x) admits exactly one solution if the maximum value of the function is equal to zero

3. h(z) don’t admit solutions if its maximum value is negative.

1. To show that the equation admits a unique solution on ]0,1], we check the condition of the
intermediate values on the function h and that this latest is monotonous on the same interval.

(a) as the functions In(x) and az are a continuous function on ]0,1] then function h is also a

continuous function on this interval.
(b) For a <0, and z €]0, 1], we have h'(z) = 2 —a > 0 this mean that & is monotonous on ]0, 1].
(c) we have h(l) = —a >0 and lim h(z) =—0c0 <0

x—07F

From these three above results we conclude that:
there exists a unique ¢ €]0, 1] such that h(c) = 0 = there exists a unique ¢ €]0, 1] such that
In(c) = ac.

2. For a €]0,1/e[, we have lim h(zx) = —oco <0 and lim h(z) = —ooc.

x—07F T—~400
In addition,

0<a<l/e=1/a>e=1In(1l/a) >1=1In(1/a) —1>0= f(1/a) >0

then,
f(1/a) x lim h(z) <0 3e1 €]0,1/a]  such that h(c) =0
f(1/a) x lirf h(z) <0 Jdeg €]1/a,+00|  such that  h(ez) =0
T—r+00

We conclude that there exists exactly two real numbers ¢; and ¢y as solution of the given equation.

3. Show that if a = 1/e, the equation admits a unique solution whose value will be specified. we
have h(1/e) = 0 and h(x) is negative on all |0, 1/e[U]1/e, oo[ then 1/e is the unique solution of
the equation.

4. we have if a > 1/e, the h(x) is strictly negative for any € Dj,. Consequently, the equation (2)
doesn’t have any solution on R.

Solution of the Exercise 8

e Let f: R — R. Suppose ¢ € R and that f/(c¢) exists. Prove that f is continuous at c.

Recall f(c) exist, means that th % = [ (exist).

12



lim f(z) = lim f(z) - f(c) + f(c)

= i M= 4o

= im0 im0+ 10
= 1Ix0+ f(c)

~ (o)

liLn f(x) = f(c) <= f is continuous at c.
r—cC

Remark 2 To show the proposition, we can use the link between differentiability and the continuity
of a function at a given point. Indeed, it’s sufficient to show that

if f is not continuous at ¢ = f is not differentiable at c.

Knowing that f is not continuous at ¢ means that:

1. f(c) don’t exist.
2. lim+ # f(c) or lim # f(c)

3. lim =o00 or lim = oco.
r—ct T—c™

e Prove that:

L. (%) =e”
z+h _ _x z(,h 1 h _ 1
(e®) = lim £ "% Cim el -l = ¢® lim © =7
h—0 h h—0 h h—0

Let y =€’ — 1= h =In(1 +y). if h —= 0 then h — 0. So,

I el —1 L Y i 1 _
ho0 h ysoln(lty)  wooln(l+y)”
h
z\/ _ x 7 e’ —1 oz
() =e }lzlg%) =e".
f@)\ _ f@)e@)—f(2)g (x)
2. <g<x>> = 9@
By definition we have:
/ f(z+h) _ f(z) g(x) f(z+h)—f(z)g(z+h)
f(z) s gl@th)  gl®) . g(z)g(z+h)
AT/ = lim =———2"7 = lim
g(z) h—0 h h—0 h
_ iy Y@@+ h) —g(@)f(2)  fz)g(z +h) — fz)9(z) 1
= lim — X
h—0 h h g($)g(x + h)
. Jl@+h) = f(z) . glz+h)—glx)
= | — | lim ———
9(x) B0 h /(@) B0 h e g(z)g(xz+ h)

13



. /!
3. arcsin(z) = =

Recall that f(f~1)(z) = f~1(f)(x) = z and cos(z) = /1 —sin®(x) (cos?(z) + sin?(x) = 1).

1

arcsin(sin(z)) = z = (arcsin(sin(z)))" = 2’ = cos(z) arcsin’(sin(z)) = 1 = arcsin’(sin(z)) = cos(a)

We put y = sin(x) then

1 1 1
arcsin’ (sin(z)) = —— = arcsin’ = —— — arcsin’(z) = —.
(sin(a)) ) ()=

1 — sin?(x) V1-—y?

_1
1422

To show the result, we proceed in the same way as in the case of arcsin.
Note that:

4. arctan(z) =

=1+ tan®(x).

sin(x) )/ _ sin®(x) + cos?(x)
cos(x) cos?(x)

tan’(z) = (

(arctan(tan(z))) =2 == (1 + tan’(z)) arctan’(tan(z)) = 1
1

T 1+ tan?(z)

1

1+a2

= arctan’(tan(zx))

= arctan(z) =

6. (fog(x)) =g (x) fog(x)
Solution of the Exercise 9

e Return to the examples of the Exercise 5, and determine the domain of differentiability of the considered
functions according to the parameters a, b, and c.

Recall that a function f is differentiable at point xg if and only if

1. f is continuous at point xg
[@)=fxo) _ 4 (

2. lim
T—x0

exist).
T—T0
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For the first condition it’s already checked in exercise 5, where the functions f and g to be continuous
they must be :

fz) = 2+ 2z, ifx>1;
T x4, ifr<l

1,2

) if x <0;
g(x) 2 (1), f0<z<m

1 — cos(z), if x > m;
Let’s now check the second condition.
Case of f

_ 2 _ _
lim M_ lim w: lim w: lim z+3=4
r—1+ x—1 r—1+ x—1 z—1+ x—1 r—1+
— — 4
lim 7]0(3:) f(z0) = lim T = —00.
rx—1— rx—1

z—1- x—1

We see that the limit at the left side of x = 1 doesn’t exist so f isn’t differentiable at x
conclude that f is differentiable only on R/{1}.

=1. We
Case of ¢
_ 2
o )
z—07 z—0 z—0- T z—0~
2 T
r—0t T — z—0+ T e™ — 1 o0 T o _ 1
a?, if 2 <0;
g(z) 67r2_1 (e —1), if0<z<m
1 — cos(z), if @ > m;

e Determine the two real numbers a and b, so that the function f, defined on R by:

| Ve, if 0<a<1;
flz) = { ar® +bx +c, x>1,
is differentiable on R .*.

o Study the differentiability of the following functions:

tm@:{g?mu@,#x¢m !M@:{

sin(x)sin(1/x), if x #0;
else. 0, else.
z|Vx2—2z+1 . )
=y et d et
1, else.
e Study the differentiability of the following functions at z:
filr)=Vz, 20=0, fo(x)=00—-2)V1I-2% zo=-1, fa(z)=1-2)V1-22 x9=1
What can we conclude?

15



e does f; differentiable at x¢ = 07

z—0t+ z—0 z—=0+t T z—0t+ \/E

We conclude that the function f; is not differentiable at x¢ = 0.

e does fo differentiable at xg = —17

Remark 3 1) From the result obtained on f1, it’s clear that /1 — 22 is not differentiable at
xog=—1. 2) 1 —x is a first order polynomial function so it differentiable on R.

T R L ) B () V) e R
im ~————————= = lim
z——1 z+1 z——1 z+1

i 1—-2)VI—2 2V2
= 1m =
z——1 v14+zx 0+

We conclude that the function fo is not differentiable at zg = —1.

e does f3 differentiable at zg = 17

:+Oo

Remark 4 1) From the result obtained on fi, it’s clear that /1 — x? is not differentiable at
xo=1. 2) 1 —x is a first order polynomial function so it differentiable on R.

N (GO L1 I () VA B VA

rz—1 r—1 z—1 r—1

= liml\/l—xQZO.
xr—r

We conclude that the function fs is differentiable at zg = 1.

From these last two examples, we see that if we have two real functions f and g. Knowing
the non-differentiability of the function f at the point zy does not allow us to deduce the
differentiability of their product f x g at xzg.

Solution of the Exercise 10

Calculate the derivatives of the following functions.

1. (eSin(x3))/ = (sin(:U?’))/eSin(IS) = (23) sin’ (23)esm(@) = 322 cos(z3)esn(@?).

() - ) )

2 2 2 -
$2+€71 x2+67z $2+€71

o 22)) = 8 - () () = 2

rz—1

8

w

A

8

3
X

/

4. (sin(22? + cos(x))) = (222 + cos(x))" = sin’ (222 + cos(x)) = 4z — sin(z) + cos(22? + cos(x)).
5. (arcsin(z? + x)) (22 + z) arcsin’ (22 + z) = (27 + 1)m
6. (arctan(z? + z))" = (22 + x) arctan’(z? + z) = (22 + 1)1+($2¥+m)2
3 ! 1,2 2 i-1_ 1
7. (vx? —i—:c) = [(x —i—x)ﬂ =3@*+a) (2 +a)d =3+ 1>W

16



8

8, (a(izi)>’: (elnm) (ili))'(ln(a) (iﬁ))/eh‘(“) (551) — (ilfgga(.’;})

’
9 (eez2+1/z) _ (ex2+1/x>/6612+1/z . ($2 1/x)/ex2+1/x6612+1/z - (2$ 1 ) 6x2+1/x6512+1/1
. = = + = ol .

. / ) ,
10. (log, (arcsin(z)))’ = (ln(alrgi(llri(x))> _ ln%a) (arcsin(x))’ 1

arcsin(z) ~ In(a)v/1—22 arcsin(z)

/
11. ( |22 — 4z + 3]) . To compute the derivative in this case we must eliminate the absolute value. Note
that,

T —00 1 3 400
2? — 4 +3 + - +

then

! ’
(Va?—dw+3) = Lot st if = #]1;3]

T 2Vz?2—4z+43 T 2va2—4z+3

(ViZ—d+3]) =

/ ’
(V=2 dr—3) = Sl _ g ey

C2y/—(a2—4a+3)  2y/—(a2—4a+3)

192. ( 1—tan?(z) )’ _9

(1+tan(z))?
. 1—tan?(z) _ (1—tan(z))(1+tan(z)) _ (1—tan(z)) __ cos(x)—sin(z)
We have: (1+tan(z))? — (1+tan(z))? — (1+tan(z)) ~ cos(z)+sin(z) "
then
cos(x)—sin(z) /_ —(sin(z)+cos(x))?—(cos(z)—sin(x))®> _ 1 [ cos(z)—sin(x) 2 _ 1 _ (1-tan(x) 2 _ -2
(cos(a:)-l—sin(ar)) - (cos(x)+sin(x))? =1 (cos(a:)+sin(ac)> =1 (1+tan(a:)) " 1+4sin(2z)°

Solution of the Exercise 11
1. In the application of mean value theorem’s to the function
f(x)=az’+Bz+~, «a, B, yER*
on the interval [a; ]

(a) specify the number ¢ €]a;b[. Note that the function f is a second order polynomial, so f is
continuons and differentiable on R. The application of mean value theorem’s to the function f
mean that:

Je €la, b, such that f(b):c‘]z(a) = f'(c)
. ab® + Bb+ vb—_(jaQ +Ba+7) _ Sac+
. a(b? - aZ)_+aﬂ(b —a) —2act B
— ab+a)+p=2ac+
b+a
= o=

(b) Give a geometric interpretation. The above result means that, if we have two points (a, f(a)) and
(b, f(b)) then the line passing through these points is parallel to the tangent of the polynomial at
the points xg = HT“.

17



2. Let z and y two reals with 0 < z < y, show that
_y-r
In(y) — In(z)

Let f defined by f(z) = In(z); hence f'(z) = 1. Applying the mean value theorem’s on the interval
]‘T’y[a we get:

T < <y.

fly) — f(=) ~ o) — In(y) ~In(z) 1 _, _ _y-¢z

Jde € h that —_— .
¢ €le,yl, such tha y—x y—x c In(y) — In(x)

As ¢ €]z, y[ then = < ¢ < y and if we substitue ¢ by its expression we get:

_y-r

In(y) — In(x)

Solution of the Exercise 12 In the rest of this exercise the notation f (x)\;::xo designates the derivative
of the function f at the point xg.

T < <.

. 3r—2_ -2 .. 3x—2_3x0-2 3. o ! N 3r—2 B _9
1. i%%—i%%— e’ ‘x:O—3em }x:0—3e .
. In(2—z) _ 7. In(2—z)—In(2-1) ! ) _
3. lim S;n(x)g — lim ~S0@ iy sin@osin(m) g, 10 Lo sin(az)]/ = L x cos(z)] ==L
T T2 o (=) (x+7) pomont (z—m) T THT 2T = 2 =T 2T
4. lim ews(:> = lim M o ecos(x)‘/ = _Sin(x) @Cos(x)| . = —1.
) Tz T—3 T=35 T=7%
. In(l—sin(z)) _ 7. In(1—sin(z))—In(1—sin(0)) _ . ! _ —cos(z)
5. :}E&) — = ilg% s = In(1 —sin(x))|,_o = Tem(@) |,_, —1.
6. To compute the present limit we use the mean values theorem.
From the mean values theorem, we have,
In(z + 1) — In(x) / 1 .
@il -z = ln(y)\y:C:E, with ¢ €]z, x + 1]
In addition, if « tend toward 4oo then ¢ also tend toward +o0. So,
1 1) —1 1
lim (In(x+1) —In(z)) = lim n(z+1) — In() = lim - =0.
z—+00 z—>+00 (:L‘ + 1) —x c—+oo ¢

Solution of the Exercise 13

Give the domain of differentiability of the following functions then calculate the nth-order derivative, by
justifying its existence.

1. f(z) =22F keN*

f(n)
1 2kh—l = (g%i)!xk;; )
-2 _ ! —2
2| 2k(k - 1)k 2 = g2
v (iﬁi)!xkﬂ
k 2k!
>k+11]0

18



2. f(x) =1/z, and f(z) = In(1 + z).

n] =0 T =@+ )™
1] =1 = &0 11
z2 T zltl z+1 = (x+1)!
1x2 _ (=1)%x2! -1 _ (=1l
2 3 T 2Pl (z+1)2 = (z+1)2
3| =lx2s3 __ (—1)3%3! %2 (=1)%2!
4 T g3l (z+1)3 = (z+1)3
—1)"n! ' —1)n—1 n—‘l !
3. f(z) =sin(z), and f(z) = sin(z)cos(z) = § sin(2z).
n £ = (sin(x))™ £ = (L sin(22))™
1 | cos(z) = sin (z + %) cos(2z) = 2" sin (22 +
2 |cos(z+ %) =sin(z+ 27“) cos (2z + %) = 22" sin (2z + 27“)
3 | cos (er%“) = sin (m+37”) 22 cos (x+27”) = 231sin (x+377r)
n | cos (35 + W) =sin (z+ %) || 2" cos (:1: + W) =2""1sin (z + )

Proof: Let’s check that the proposed formulas of the nth derivative of sin(x) given by

sin™(z) = sin (a: + %) , (3)

is correct using the induction method.

e for n = 1: we have by definition sin’(z) = cos(z) = sin (z + ).
using the formula (3) we get sin()(z) = sin (z+8%) =sin(z+3).
We conclude that the proposition is correct for n = 1.

e for n (> 1): Let’s assume that (3) is correct for n.

e for n+ 1: Let’s show that the proposition (3) is correct for n + 1.
we have by definition

sin("+1)(x) = <sin(”) (x))l = (sin (x + ﬂ»,

2
= wneng) memer g+ )
= cos|rH o ) =cos(z+ o 5
1
= cos<:c+(n+2 )ﬂ>

Using the formula (3), we get directly

sin™" ) () = sin <:1c + (n+21)7r> .

We conclude that the proposition is correct for n + 1.
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From the above results, we conclude that

* 6in®™(2) = si nm
Vn € N*  sin'™(z) 51n(;v—|—2).

To proof that the proposed formulas of the nth derivative of f(z) = 1 sin(2x) is correct, we proceed
with same manner as the case (sin(z))™.
. f(x) = 17%, To extract the expression for the nth derivative of f, in this situation, we can proceed
x

in two ways :

(a) we directly differentiate f and obtain a general expression for its derivative.

(b) we decompose the function into the sum of two subfunctions and we look for the general expression
of the nth derivative of each of the two subfunctions and the expression of that of f is only their
sum.

_ 1 1 _ b _ 1 1 1
f(l‘) — 1-22 T (1-z)(1+=x) ﬁ tiz =3 (m + ﬂ)’
1

Let’s consider fi(x) = 1%@7 and fo(z) =

(n) L\ ) L@
1 1_1 _<HE—1 T 1 _<1 2
FH = G | 0~
2 ($_:1)3 = ($+1)32+i (1—x)3 = (1_$j2+1
3 —1%2%3 _ (—1)3x3! 243 |

Hence, for any n € N*, we have

F(z) = ( 1 >(n) — 2((1)"7”&! n n!

1— 22 1+z)vtl - 2(1 — x)ntl’
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