University of Biskra
Mathematics Department First year license
Module: Analysis 1 2023/2024

Solution of the Worksheet 3

Solution of the Exercise 1

1. Study the variation of the sequences.

(a) Case of (Uy,):

1 1 1 1
U1 - U, = - — —
i " (n+2 n+3> (n+1 n+2>

n+1—-3—n
(n+1)(n+3)
-2

T i Dmr3)

As Uyy1 — U, <0 for all n € N then we conclude that (U,) is a strictly decreasing sequence.
(b) Case of (V,,): Note that, (V},) can be rewritten as follows: V,, = n? (1 - i) = o

n+1 n+1"
 [((n+1)3 n?
Vori = Vo = (n—l—? n+1

(n+1)* — (n* 4 2n?)
(n+1)(n+2)
2n% + 6n% +4n + 1

= Tt Dmr2

As V41 — v, > 0 for all n € N then we conclude that (V;,) is a strictly increasing sequence.
(c) Case of (W,,): Note that, for any n € N* we have (—1)""! = —(—1)"

Wisr =W, = ((n+1) ((n+1) = (=1)"")) = (n(n - (=1)"))
= (n+1)?=n+1)(=D)" —n2fn(-1)"
= 2n+2n(-1)"4+1+(-1)"
{ 4n 4+ 2 > 0, if n is an even number;
0, if n is an odd number.

As Wy11 — W,, >0 for all n € N then we conclude that (W) is an increasing sequence.

(d) Case of (T,,): In this case we note that the sequence is an power sequence so its preferably to
compare the ration T),4+1/7, with 1 rather that the analysis of the sign of T),+1 — T},

Tonpr  oamn L
Tn a%
1
1 1 n(n+1) 1 1
= gqnreh) = [ = <1 ( because — < 1 and —— > 0).
a a n(n+1)

As TZ}—:I < 1 for all n € N then we conclude that (7},) is a strictly decreasing sequence.



Remark: We can also show that (7},) is a strictly decreasing sequence by doing the following:

1 1
n+1

1 1 . . . :
= antl <an (As the power function is strictly increasing)

Vn e N*, wehaven+1>0 —
— I%+1 <:Ih+1

By definition, it is a strictly decreasing sequence.

2. Case of (Sy).

n+1 1 n

Sn+1_'5h = 7L+_1EE;LQ'_7lZE:l%

B (n+1( (?ﬂ ey (iUn)) )
- n+1< (ZUZ>+nU"H_n (ZlU) (gl ))

Uns1 = ZU)
1

n+1 ))-
1

n
(U)o =Vi<n, Upg —U; 0= Y (Ups1—Ui) 0= Spp1— S, 0= () \;
i=1

M:

n+1 (
’L
n+1 (

[

We note that

If (Up) /0 =Vi<n, Ui —U; 20= Y (Unj1—Ui) 20=> Spy1—Sp >0=>(Sp) .
=1

We conclude that the sequence (Sy) is of the same nature as Uy,.

Solution of the Exercise 2
I) Let (Un)yen be a sequence of R. What do you think of the following propositions:

1. If U,, converges to a real [ then Uy, and Us,+1 converge to [.
This statement is true, because if a sequence converges then all its subsequences converge to the
same limit.

2. If Us,, and Usp41 are convergent, the same is true of U,.
This statement is false, because it is possible that Us, and Us,41 converge to two different values.
For instance, if we consider the sequence U, = (—1)", despite that the sequences Us,, and Usp+1
are convergent (toward 1 and -1, respectively) the sequence (U,,) is a divergent sequence.



3. If Uy, and Ugy4o are convergent, towards the same limit, it is the same for U,.
This statement is false, because nothing is known about the remaining subsequences Ug,4+1 and

Upn+s. For example, if we consider the sequence U,, = cos(nm) then nh_)n(lo Uy, = nlgrolo Uppyo =1
but nh_)rréo Upnto = 7}1—{20 Ujynt3 = —1. Consequently, U, is not convergent.

4. If Uy, and Uy, are convergent, towards the same limit, it is the same for U,.
This statement is true, because {Uap} U {Uznt1} = {Un}.

IT) Prove that:

1. if the sequence {Upy }nen converges to I and {V), },en converges to Iy, then the sequence {U,, +
Vi tnen converges to Iy + .
By definition we have

(Uy,) converges to I Ve > 0,3IN; e N: U, — l1| < €/2, forn> Nj.
(V) converges to la Ve > 0,dN2 € N: |V, — 2| < €/2, for n> N.

Let N = max{N;, Ny} then for all n > N we have:

(Un+ Vo) =+ 1) = |(Up—l)+ (Vo — )
< |Un = 1)+ (Vo = 12)]
< €/2 + €/2
< €
<~ (U, +V,) converges to l1 + lo.

2. convergent sequences are Cauchy sequences.
Let (Uy) to be a convergent sequence toward [. By definition we have

(Uy,) converges to [ Ve > 0,3N; e N: |U, —li]| <€/2, forn> Nj.
(Up,) converges to [ Ve > 0,3N2 € N: U, — la| <€/2, for m > Ns.

Let N = max{Nj, Ny} then for all n > N, we have:

Un = Uni|

\Un — 1+ 1 — Uy
[(Un = DI+ (U = 1)
€/2 + €/2

IN

€

<
<
< (U,) is a Cauchy’s sequence.

Solution of the Exercise 3
Let’s consider the following real sequences:

1 )" +b
U,=——, V, = V/a witha > 1 Wn:wwithbeR, T, =c" withce€]—1,1].
n+1 n+1

1. The use of the definition of the limit of a real sequence.



(a) Case of lim U, =0
n—o0

1 1 1 1 1
U,—0|<e=|—|<e= —<e=>n+l>-=n>-—-1=N=F|-—-1]|+1L
n+1 n+1 € € €

(b) Case of lim V, =1
n—oo

1 1
Vo—1| < e = |Va—1] < e = {a—1 <e=>anr <etl = —In(a) < In(1+4€) = n > ﬂ.
n In(1+¢)
_ In(a)
So, N=F <1n(1+6)> + 1.
(c) Case of lim W, =0
n—oo
-1)"+b -)"—b
|Wn—b|<6:>|()+n—b‘<6:>‘()‘<e. (1)
n+1 n+1
we have
“1-b<(-1)"=b<1-b = |(-1)"—=b] <max{|—1-0],|1—0|}
R (G TS R A !
[(-1)"—=b/<1—-b ifb<O
= [(=1)" b <1+ (2)

From the inequalities (1) and (2) we deduce that

1 b 1 b 1 b 1 b 1 b
+\<6:n+1>W:n>+H_1:>N:E<+|\_1)+1:E<+|\>‘
n-+1 € € € €

(d) Case of nh_{rolo T, = 0. For this sequence we distinct two cases namely: case where ¢ = 0 and the
case where ¢ €] — 1,0[U]0, 1].
Case of ¢ =0 in this case the sequence is a constant and equal zero. So, |T,| < e <= 0 < e =
N =1.
Case of ¢ # 0

|7, — 0] <€ "] < e

le|" < e

nln(|e|) < In(e)
In(e)
In(le)

N:E<1Ln((|z))>+1.

2. For each sequence determine the smallest value of N (see the below note), when ¢ = 0.001, and
a=b=2and c=1/2.

n >

el

Case of (V,,) for a =2 and € = 0.001: By replacing the fixed values of a and € in the expression of
N, which we obtained in the first question, we will have:

N = [(693.4937) + 1 = 693 + 1 = 694.



Case of (W,) for b =2 and ¢ = 0.001: By replacing the fixed values of b and ¢ in the expression of
N, which we obtained in the first question, we will have:

N = E(3000) = 3000.

Case of (7},) for ¢ =1/2 and ¢ = 0.001 By replacing the fixed values of ¢ and € in the expression of
N, which we obtained in the first question, we will have:

N = E(9.9657) + 1 =9+ 1= 10.

3. Prove, using the definition of the limit of a real sequence, that the sequences K,, and .5,, are divergent,
with

2
— 1
K, = % and S, = In(In(in(n))).
Note that lim K,, = —co and lim 5, = +o00.
n—oo n—oo

(a) Case of the sequence K,: Using the definition of the limit we will have

2
— 1
K,<A — —nodntl < A
n+1
—n?—2n—2 2n 4+ 2
(—n n—2)+ (2n+ )+n<A
n—+1
— —n+D)+2+—— <A
n—+1
n
= — D+3< A i <1
(n+1)+ (smceTH_1 )
== n>2-—A.
= N=E(2-A)+1.

(b) Case of the sequence S,: Before proceeding with the analysis of the divergence of the sequence
Sh, it is first necessary to determine the domain of this sequence. To do this, let’s define the
following functions:

Sn =1In(f(n)), f(n)=In(g(n)) and g(n)=In(n).
Sy, is defined if and only if:

fn) >0=1n(g(n)) >0=g(n) >1=In(n) >1=n>e=ng=FE(e) +1=3.

We conclude that S, is defined on N/{0, 1,2}. Using the definition of the limit we will have

A A
S, > A= In(in(ln(n))) > A= n>e* =— N = max {3, e } .

Solution of the Exercise 4

In each of the following cases, determine the limit, if it exists.

e lim U,= lim n+(_})n = lim ———w< = lim —%= =1 (since lim =0).
n—+o0 n——+oo "—(=1) n—+o0o n(l—( 7> ) n—+o0 1——"— n—+oo




e To calculate the limit, simply multiply and divide U,, by the conjugate of v/n + a — v/n + b.

lim U, = lim (\/n+a—\/n+b>
n——+0oo n—-+0oo
Cum (Vn+ta—+vn+b)(Vn+a+Vn+b)
© oo Vit a+vn+b
. n+a—n-—>= . a—>
= lim = lim
n—+oo\/n+a++vn+b notooy/n+a+n+b
= 0.

e To determine the limit of U,, in this case, we must compare a and b, where we distinguish three possible
cases:

Caseof a=b>0: Asa"—-b"=a"—ad"=0=Vn e N, U, =0 then:

a™ — b
lim U, = lim =0
n—+00 n—+oo g™ + b7

Case of a > b > 0: As,fora>b>0$g<1=> lim (g)n:Othen

n——4o00

| Cwew o a (1Y)
lim Uy, = lim — = lim — % = BN Y
n—-+oo n—+oo g™ + b n—+oo an (1 + (Q)”) n—+oo 1 4 (
a

Case of 0 <a<b: As,for0<a<b= 7 <1== lim (%)n:()then

n——+00
n__ pn b ((2 n_ 1 a\n _ 1
lim U, = lim 2 = lim —((b>n ) = lim 7(6)71 = —
n—+oo n—+oo q" 4+ D" n—+oo pn ((@) + 1) n—+00 (9) +1
b b
e U,=1-L4 L 14 L CU itha>o
It is easy to notice that U, is the sum of (n + 1)th successive terms of a geometric sequence defined by
the first term which is worth 1 and its ration r = %1, therefore U, can be rewritten in the following
form
1- ()"
U, = = 1 )
I+
S0,
1— (=t L ifa€]l,+oof;
lim U, = lim (az = | |
n—+00 n—~+00 1+ 2 A, if a G]O, 1}_
. o . n2—on . ﬁ_gn: . n? 2\ 00—
s dm U=t = B - ()= B - e ()7 =0-0=0.
e lim U, = e® Indeed, we have on one hand
n—-+00
lim In(Uy,
lim U, = lim e™Un) = en—too l ).
n—-+o0o n—-+o0o

On the other hand,

lim In(U,) = lim In ((1 n 9)”) — lim nln <1 + 9) —7
n

n—-+oo n—-+oo n—-+oo

6



We put y = . So, when n tend to infinity y tend to zero. Then

In(1
lim In(U,) =lima Il +y) =
n——+0o00 y—0 Y
Consequently,
lim In(Un)
lim U, = et = e
n—-+00
e [t is easy to notice that U, can be simplified as following:
. N1 S N1 1 1 1
Z:: VE v = VE kgl e oL 1227 - 12:327 ~ Vagr = L Jagr Hence,
1

e we have, for any real kx

kx —1 < B(kz) < kx = Zk:c—1<ZEk:c ) <

2
i nQZk:p—l E(kx) Sn— kx
k=
2 n
= nQka—E<U < ka
k=1 k=1

n n
And,as Y kzx=x ) k= x@ then after simplifications we get
k=1 k=1

x<n+1>—2<Un§x((n+l)> = lim x<n+1>—2< lim U, < lim m<(n+1)

n n

3

Solution of the Exercise 5

Let a > 0. We define the sequence {U, },>0 by Uy strictly positive real numbers and by the relation:

1 a
Un+1 - 5 <Un+ []n> .

1. Show that for all n > 1 we have U,, > /a.
To show that U, > y/a it is enough to show that for all n € N* we have U,4+1 — v/a > 0.

On one hand,

1 a
Un—i—l_\/a = 2<Un+U>_\/&
U2 —2\/aU, +a
2U,,

(Un — Va)*
20,




On the other hand, from the expression of (U,,), as Uy > 0 then we deduce that U, >0, ¥n € N.
2
Consequently, % = Upy1 — Va > 0= U,y1 > v/a. that means that:

Yn € N*, U, > Va.

2. Show that {U, }n>1 is a decreasing sequence.

1 a
o = Mo )
U2+a—2U2
2U,
a—U?
A <0 (as U, > +/a)

Therefore, the sequence (U,) is a decreasing sequence.

3. Deduce that the sequence U, converges to \/a.
From the previous questions, we have shown that U, is lower-bounded, moreover it is a decreasing

sequence then U, is a convergent sequence. Let’s note liril U,=1.
n—-+00

. . 1 a 1 a
lim Upy1 = lim (Un—|—> o l:§<l+7>

n——+o0o n——+oo 2 Un
— ’=aq
. { +Va

—+v/a rejected, because Uy, > 0.

We conclude that ngrfoo U, = +a.
Solution of the Exercise 6
1. Let 0 < a <b. Prove the following inequalities:
(a)
(Va-vb) 20 = a—2Vab+b>0

— \/@ga;b.
(b)
at+a < a+bd
< <
ash = {b—i—a < b+b
2a < a+b
b+a < 2b
— 2a<a-+b<2b
— aga—gbgb



—

2. Let Uy and Vj be strictly positive real numbers with Uy < V. We define two sequences U,, and V,, as

follow: 0+ v
Upit = VUiVe  and  Vipt = %

(a) Let’s use the proof by induction to show that U,, < V,, for all n € N,
i. For n = 0, the proposition is true because we have Uy < Vj.
ii. Suppose the proposition is true for n, that is, U, < V.
iii. Let us now show that the proposition is true for n + 1. As 0 < U,, < V}, then from the first

inequality of the first question, it follows that /U, V, < %, therefore U, +1 < V1. This
means that the proposition is true for n + 1.

We conclude that U,, < V,, for all n € N.

(b) Show that V,, is a decreasing sequence.

Since 0 < U, <V, for any n, based on the right side of the second inequality of the first equation

we deduce that
U, +V,

2
By definition this means that (V},) is a strictly decreasing sequence.

< Vo= Vo1 <V,

(c) Show that (U,) is an increasing sequence.

Since 0 < U,, < V,, for any n, based on the left side of the third inequality of the first equation
we deduce that

Uy, < VUV, = U, < Upys.-

By definition this means that (U,) is a strictly increasing sequence.
(d) Deduce that the sequences U,, and V;, are convergent and have the same limit.

Before checking that the two sequences have the same limit, we must first check the existence of
their limits, that is to say check if the two sequences are convergent.

e The sequence (V},) is a decreasing sequence and it’s bounded below (0 < V},) then we conclude
that (V},) is convergent. Let’s denote hm Vi =10,>0.

n—-4oo
e As U, <V, for any n then U, < l,. So, the sequence (U,) is an increasing sequence and it’s
bounded above (U,, < l,). As a result, (U,) is convergent. Let’s denote lim U, =1, > 0.

n——+0o
Now let’s check that the two sequences have the same limit. As the two sequences are convergent
then the following statements are correct.

_ 2 _ _
{ L., = Vi, :>{ 2 = Ly, :>{ lu, = ly( because I, # 0)

L o= lfb Ay, = lu+1ly b = L

Consequently,



Solution of the Exercise 7

We consider the two sequences:

U, 1+1—i—31'+ —|—iandV U—i—l
Show that U, and V,, converge towards the same limit.

It should be noted that in this case it is insufficient to verify that the limit of the difference (respectively
ratio) of the two sequences equals zero (respectively 1). Because obtaining these last two results hardly
means that the two sequences are convergent.

Example: Let a, and b, be two numerical sequences defined by: a,, = n and b, = %

The sequences a,, and b, are divergent and carrying the limit of their difference is equal to 0.

Let’s check the monotonicity of the sequences.

U 1+1+1+ +1+ ! 1+1+1+ +1 Lo
o, bt
s 21 31 1" (n+1)! 3! " (n+ 1)

We conclude that (U,,) is an increasing sequence.

Vig1 =V = <Un+1 + (nil)') — <Un + ;,)
= (Upy1 —Up) + <(1 - 1)

n+1)! nl

1 2
= = ~1) <o.
nl\n+1

We conclude that (V},) is a decreasing sequence.

lim V, -U,= lim U, —l—l—U = lim i:0.

n—+oo n—+o0o n—-+oo n!

Therefore, (U,) and (V,,) are adjacent sequences. As a result, they are convergent and have the same
limit.
Solution of the Exercise 8
I) If the approximate values of a real number x with precision 1072, 1072,...., 107™... are given by:

The sequence 1.23;1.233; ....;1.2333...3; ... can be rewritten as follows:

n
Up = 12+ 3x107%, foralln>2
k=2

n—2
= 12+3%1072 (Z 10"“)
k=0

1_10—n+1
= 1.2 1072 ———
+3%10 < " 101 )

Note that the exact value of x is nothing other than the limit of U, . So,

1—10 "+t 3%1072 137
= 1 = 1 -2 _ = _— = _— = —
o= A Un= lim 1243+ 10 ( 1101 ) SRR PSR T

then give the exact value of x.

10



IT) Consider the following sequences, defined for n € N*:

1 1 1 1
Un—1+§+§+1+....—l—ﬁ and V, =In(n+1)—In(n).

1. Calculate the limit of S, = ;" | Vi.

n

xr = nEI—&I-loo Sp=1x = ngglwz; Vi= nEI—&I-loo In(n+1) —In(1) = 4o0.

2. Show that, for all n € N* we have V,, < %

Let f(z) = In(x) then f is continuous function on [n,n + 1] and differentiable in |n,n + 1] for any
n € N. Mean value theorem (see chapter 3) says there exists a real number ¢ €]n,n + 1] such
that

f(n+1)—f(n) In(n+1)—In(n)
n+1)—n (n+1)—n

f'(e) = =In(n+1) — In(n).

But we know that f’(c) = (In(c))’ = 1 and from n < ¢ <n+ 1 we have

1 1 1 1 , 1 1
el — < —— —— <1 1) —1 <
n—+1 c n n—+1 f(c)<n n+1 < n(n+ ) n(n)

S |-
S |-

3. What can we conclude about the nature of U,,?

From the second question we deduce that

1 1 1 1
S, <1l+-+-+-+..+—=5,<U,=— lim S5, < lim U, = o0 < lim U,.
2 3 4 n n—-+o0o n——+o00 n—-+00

This means that (Uy,) is a divergent sequence because hg_l U, = +oo.
n—-+0oo
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