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Definitions �§CA`� 1.1.4

Yl� ­rkf�� £@¡ �m`� �wF f : Rp −→ Rn
�ybWt�� ¨� ¨W��� �ybWt�� �whf� Aq�AF Anh��¤ dq�

.Ty�A`K�� ��ºASf�� �ym�

We have previously encountered the concept of a linear application in the application f : Rp −→
Rn We will generalize this idea to all vector spaces.

1.1.4 : Definition - �§r`�

�Ð� ¨W� �ybW� w¡ F w�� E �� f �ybWt��  � �wq� .K �q��� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

:�yy�At�� �yVrK�� �q�§  A�

Let E and F be two vector spaces over the field K. We say that the mapping f from E to F

is a linear application if it satisfies the following two conditions:

An§d� u, v ∈ E �� ��� �� (1

For all u, v ∈ E we have

f(u+ v) = f(u) + f(v).

An§d� λ ∈ K ¤ u ∈ E �� ��� �� (2

For all u ∈ E and λ ∈ K we have

f(λ · u) = λ · f(u).

1.1.4 : Example - �A��

Application f defined as �r`m�� f �ybWt��

f : R3 → R2

(x, y, z) 7→ (−2x, y + 3z)

 d� λ ¤ R3 �� �§rOn� v = (x′, y′, z′) ¤ u = (x, y, z) An§d� ,��Ð �Ab�� �km§ .¨W� �ybW� w¡

:�y� ¨qyq�

It is a linear application. It can be proven that we have u = (x, y, z) and v = (x′, y′, z′) two
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elements of R3 and λ is a real numbers where:

f(u+ v) = f(x+ x′, y + y′, z + z′)

=
(
− 2(x+ x′), y + y′ + 3(z + z′)

)
= (−2x, y + 3z) + (−2x′, y′ + 3z′)

= f(u) + f(v)

and ¤

f(λ · u) = f(λx, λy, λz)

= (−2λx, λy + 3λz)

= λ · (−2x, y + 3z)

= λ · f(u)

Properties Q�w�

1.1.4 : Proposition - TþyS�

: �� F w�� E �� ¨W� �ybW� f  A� �Ð� K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be vector spaces on the same field K. If f is a linear application from E

to F , then:

f(0E) = 0F •

∀u ∈ E : f(−u) = −f(u) •

:AS§� Ty�At�� Q�w��� An§d�

We also have the following properties:

2.1.4 : Proposition - TþyS�

: �� F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be two vector spaces on the same field K and f the application from E to F

then:

,K �� µ ¤ λ ¨mlF �� ��� ��¤ E �� v ¤ u �� ��� ��  A� �Ð� Xq�¤ �Ð� ¨W� f �ybWt��
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The application f is linear if and only if for every u and v of E and for every scalars λ and

µ of K,

f(λu+ µv) = λf(u) + µf(v).

K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be vector spaces on the same field K

2.1.4 : Definition - �§r`�

ºASfl� �zy�Cw�w�¤� ¤� �zy�Cw�¤E� AS§� ¢�� F w�� E �� �r`m�� ¨W��� �ybWt��  � �wq� •
.¨�A`K��

We say that the defined linear application of E to F is also an isomorphism or

omomorphism of the vector space.

.L(E,F ) z�r�A� Ah� z�r§ F ¨� E �� TyW��� �AqybWt�� T�wm�� •
The set of linear applications of E in F is denoted by L(E,F ).

�AqybWt�� T�wm�� ( ¨��Ð ��AK� ) �zy�Cw� ¤d��� E w�� E �� �r`m�� ¨W��� �ybWt�� ¨ms� •
.L(E) z�r�A� Ah� z�r§ F ¨� E �� TyW���

We call the linear application defined from E to E an endomorphism. The set of

linear applications defined from E to E is denoted by the symbol L(E).

Linear application range ¨W� �ybW� Tb�C 2.1.4

�� �zy�Cw�wy�� f ¤ K ¨l§dbt�� �q��� Yl� n d`b�� Ayhtn� �yy�A`J �y¶AS� F ¤ E �kt�

xAF� {v1, v2, ..., vn}  A� �Ð�� .Im(f) ­CwO�� d`� ¨¡ f ¨W��� �ybWt�� Tb�C  �� ,F w�� E

Tb�C  wk�¤ ,�ybWt�� �@¡ ­Cw} d�w� β = {f (v1) , f (v2) , ..., f (vn)}  �� ,E ¨�A`K�� ºASfl�

:	tk� ¤ β T�wm�m�� �� AyW� Tlqtsm�� T`J°�  d� rb�� m ≤ n ¨¡ �ybWt��

Let E and F be vector spaces with finite dimension n defined on a commutative field K and f

is an homeomorphism from E to F , then the range of the linear application f is the dimension

of Im(f). If {v1, v2, ..., vn} is a basis for the vector space E, then β = {f (v1) , f (v2) , ..., f (vn)}
generates the image of this application, and the range of the application is m ≤ n is the largest
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number of linearly independent rays from the set β, and we write:

rang (f) = dim (Im (f)) = m

.¨l�Aq� ¨W��� �ybWt��  �� �� ��¤ ,rf} ¢��w� d`�  �� ,n þ� T§¤As� �ybWt�� Tb�C 
�A� �Ð�¤

If the range of the application is equal to n, then its kernel dimension is zero, and therefore

the linear application is bijective.

Image and kernel ­�wn��¤ ­CwO�� 3.1.4

T�wm�� A �kt� .F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

.E �� Ty¶z�

Let E and F be vector spaces on the same field K and f an application from E to F . Let A

be a subset of E.

z�r�A� Ah� z�r� A T�wm�ml� ­rJAb� ­Cw} ¨¡ A T�wm�m�� r}An`� f TWF�w� CwO�� �ym�

:T�r`m�� .F �� Ty¶z� T�wm�� ¨¡¤ .f(A)

All images by f of the elements of the set A are direct images of the set A which we denote by

f(A). It is a subset of F . defined as:

f(A) =
{
f(x) | x ∈ A

}
.

:z�r�A� Ah� z�r�¤ ¨W��� �ybWt�� ­Cw} Yms� f(E)  �� ¨W� �ybW� f : E → F  A� �Ð�

.Im(f)

If f : E → F is a linear application, then f(E) is called the linear application image and we

denote it with: Im(f).

3.1.4 : Proposition - TþyS�

.F �� ¨¶z� ¨�A`J ºAS� ¨¡ f(E ′)  �� E �� ¨¶z� ¨�A`J ºAS� E ′ 
�A� �Ð� (1

If E ′ is a vector subspace of E then f(E ′) is a vector subspace of F .
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.F �� ¨¶z� ¨�A`J ºAS� ¨¡ Im(f) T}A� TfO� (2

In particular Im(f) is a sub-vector space of F .

1.1.4 : Remark - T\�®�

.Im(f) = F �Ð� Xq�¤ �Ð� r�A� f  wk§ : f(E) ­rJAbm�� ­CwO�� �§r`� �®� �� An§d�

We have from definition of the direct image f(E): the function f is surjective if and only

if Im(f) = F .

3.1.4 : Definition - �§r`�

.F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be vector spaces on the same field K and f a linear application from E to F .

: 0F �� A¡Cw} ¨t�� E �� r}An`�� T�wm�� Ker(f) z�r�A� f �ybWt�� ­�wn� z�r�

We denote the application kernel of f by Ker(f): the set of elements of E whose images

are represented by 0F :

Ker(f) =
{
x ∈ E | f(x) = 0F

}
:�w}w�� ºASf� ©rfO�� �A`Kl� Tysk`�� ­CwO�� ¨¡ ­�wn�� , r�� Yn`m�

In other words, the kernel is the inverse image of the zero ray of the arrival space:

Ker(f) = f−1{0F}.

4.1.4 : Proposition - TþyS�

f �ybWt�� ­�w�  �� .F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

.E �� ¨¶z� ¨�A`J ºAS� ¨¡

Let E and F be vector spaces on the same field K and f a linear application from E to F .

Then the kernel of application f is a sub-vector space of E.

2.1.4 : Example - �A��
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Let f be the linear application defined by �r`m�� ¨W��� �ybWt�� f �ky�

f : R3 → R2

(x, y, z) 7→ (−2x, y + 3z)

Calculating the kernel Ker(f): Let �ky� :Ker(f) ­�wn�� 
As� •

(x, y, z) ∈ Ker(f) ⇐⇒ f(x, y, z) = (0, 0)

⇐⇒ (−2x, y + 3z) = (0, 0)

⇐⇒

{
−2x = 0

y + 3z = 0

⇐⇒ (x, y, z) = (0,−3z, z), z ∈ R

then ¢n�¤

Ker(f) =
{
(0,−3z, z) | z ∈ R

}
= V ect

{
(0,−3, 1)

}
.

. (0,−3, 1) ¢hy�w� �A`J �yqts� �kK� Ker(f) «r�� T�yO�

In other words, Ker(f) it forms a straight line whose direction is (0,−3, 1).

Calculating the image of f . We take (x′, y′) ∈ R2 @��� .f ­Cw} 
As� •

(x′, y′) = f(x, y, z) ⇐⇒ (−2x, y + 3z) = (x′, y′)

⇐⇒

{
−2x = x′

y + 3z = y′

We can take an example �A�m�� @�� �yWts�

x = −x′

2
, y′ = y, z = 0.

Conclusion: :T}®���

∀(x′, y′) ∈ R2 ⇒ f
(
− x′

2
, y′, 0

)
= (x′, y′)

.r�A� f �ybWt��  � 
b�§A� �@¡ ¤ Im(f) = R2 ¢n�¤

Then Im(f) = R2, which proves that the application f is surjective.
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3.1.4 : Example - �A��

: ¢n�¤ .f(X) = AX ¨l§ Am� �r`m�� f : Rp −→ Rn ¨W��� �ybWt�� �ky�¤ .A ∈ Mn,p(R) �kt�

Let A ∈ Mn,p(R) and let the linear application f : Rp −→ Rn defined as f(X) = AX. Then:

Ker(f) =
{
X ∈ Rp | AX = 0

}
.AX = 0 Ts�A�tm�� TyW��� Tlm�l� �wl��� T�wm�� ¨¡ X ∈ Rp  �� ¨�At�A�¤

Thus X ∈ Rp is the set of solutions of the homogeneous linear system AX = 0.

.A T�wfOm�� ­dm�� �� d�wm�� ¨�A`K�� ºASf�� ¨¡ Im(f)  � � Aq�� Cw�m�� ¨� «r� �wF

We will see in the next chapter that Im(f) is the vector space generated from the columns of

the matrix A.

5.1.4 : Proposition - TþyS�

: f �ybWt��  wk§ .F w�� E �� ¨W� �ybW� f ¤  Ay�A`J  �ºAS� F ¤ E �ky�

Let E and F be two vector spaces and f a linear application from E to F . The application

f is:

Surjective if and only if Im(f) = F , ,Im(f) = F  A� �Ð� Xq�¤ �Ð� �r�A� •

.Ker(f) = {0}  A� �Ð� Xq�¤ �Ð� An§Abt� •
Injective if and only if Ker(f) = {0}.

1.1.4 : Corollary - T�yt�

.F w�� E �� ¨W� �ybW� f ¤ ¢tn� d`� ¤Ð  Ay�A`J  �ºAS� F ¤ E �ky�

Let E and F be finite-dimensional vector spaces and f be a linear application defined

from E to F .

If f is surjective then  �� r�A� f  A� �Ð� •

dim(E) ⩾ dim(F ).
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If f is injective then  �� �§Abt� f  A� �Ð� •

dim(E) ⩽ dim(F ).

If f is bijective then  �� ¨l�Aq� f  A� �Ð� •

dim(E) = dim(F ).

ªrK�� �@¡ T§¦C AS§� Annkm§ .TyW��� �AqybWt�� T`ybV Yl� ©w� ªrJ w¡ d`b��  �� ¨�At�A�¤

.¨�At�� w�n�� Yl�

Thus dimension is a strong requirement on the nature of linear applications. We can also see

this condition as follows.

1.1.4 : Theorem - T§r\�

.F w�� E �� ¨W� �ybW� f ¤ ¢tn� d`� ¤Ð  Ay�A`J  �ºAS� F ¤ E �ky�

Let E and F be finite-dimensional vector spaces and f be a linear application of E to F .

dim(Im(f)) + dim(Ker(f)) = dim(E) .

Matrix form ¨�wfOm�� �kK�� 2.4

¤ E �� ºASf�� d`� p �ky� ¤ K �q��� Yl� ,¢tnm�� d`b�� ��¤Ð �yy�A`J �y¶AS� F ¤ E �ky�

�ky� ¤ .F þ� xAF� B′ = (f1, . . . , fn) ¤ F ºASf�� d`� n �ky� .E þ� xAF� B = (e1, e2, . . . , ep)

.¨W� �ybW� f : E → F

Let E and F be finite-dimensional vector spaces on the field K and let p be the dimension of

the space of E and B = (e1, e2, . . . , ep) is a basis for E. Let n be the dimension of the space F

and B′ = (f1, . . . , fn) be the basis of F . Let f : E → F be a linear application.

:¨l§ A� r�@�  � Tyhtn�  A`�� ��Ð �y¶AS� �y� TyW��� �AqybWt�� P¶AO� An� �ms�
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The properties of linear applications between two spaces of finite dimensions allow us to state

the following:

TWF�w� �� ��¤ , E xAF±� ­Cw} �®� �� d§r� �kK� f TyW��� �ybWt�� d§d�� �t§ •
.f(e1), f(e2), . . . , f(ep) T`J±�

The linear application f is uniquely determined by the basis image of E, and hence by

the rays f(e1), f(e2), . . . , f(ep).

¨W� �zm� d§r� �kK� 
wtk� F �� �A`J w¡ f(ej) ,j ∈ {1, . . . , p} �� ��� �� •
­dy�w�� �Aymls�� �� n  d� d�w§ ¢n� ¤ .F �� B′ = (f1, f2, . . . , fn) xAF±� T`J� ¨�

:�y� (a1j, a2j, . . . , anj AS§� Ah� z�r§ d�¤) a1,j, a2,j, . . . , an,j

For each j ∈ {1, . . . , p}, f(ej) is a vector from F uniquely written as a linear mixture in the

basis rays B′ = (f1, f2, . . . , fn) from F . Then, there are n single scalers a1,j, a2,j, . . . , an,j

(which may also be denoted as a1j, a2j, . . . , anj) where:

f(ej) = a1jf1 + a2jf2 + · · ·+ anjfn =


a1j

a2j
.
.
.

anj


B′

.

.(aij)(i,j)∈{1,...,n}✕{1,...,p} �®�A`m�� TWF�w� ��Ak�A� £d§d�� �t§ f ¨W��� �ybWt��  �� ,¨�At�A�¤

:¨�At�� �§r`t�� ºAW�� ¨`ybW�� �� ��@�

Thus, the linear application f is entirely determined by the coefficients (aij)(i,j)∈{1,...,n}✕{1,...,p}.

So it is natural to give the following definition:

4.2.4 : Definition - �§r`�

 wkt§ �y� (aij) ∈ Mn,p(K) T�wfOm�� ¨¡ B′ ¤ B xAF°� Tbsn�A� f TyW��� �ybWt�� T�wfO�

: B′ = (f1, f2, . . . , fn) xAF±� ¨� f(ej) �A`K�� �Ay��d�� �� j  wm`��

The matrix of the linear application f with respect to the basis B and B′ is the matrix

(aij) ∈ Mn,p(K) where the column j consists primarily of the coordinates of the ray f(ej) in

the basic B′ = (f1, f2, . . . , fn) :
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

f(e1) . . . f(ej) . . . f(ep)

f1 a11 a1j . . . a1p

f2 a21 a2j . . . a2p
...

...
...

...
...

fn an1 anj . . . anp


xAF� T`J± f ­Cw} ¨¡ Ah�dm�� ¨t�� T�wfOm�� ¨¡ ¨W� �ybW� T�wfO� :Xs�� ��CAb`�

z�r�A� T�wfOm�� ¢th� z�r� .B′
�w}w�� ºAS� xAF� T`J� ¨� Ahn� �rb`� , B ºdb�� ºAS�

.MatB,B′(f)

In simpler terms: a linear application matrix is a matrix whose columns are an image f of the

basis rays of the start space B, expressed in basis rays of the arrival space B′. We denote this

matrix by MatB,B′(f).

2.2.4 : Remark - T\�®�

.F ºASf�� d`�¤ E ºASf�� d`b� Xq� �l`t§ MatB,B′(f) T�wfOm�� Tb�r� •
The range of the matrix MatB,B′(f) relates only to the dimension of space E and the

dimension of space F .

�� B′ xAF±� Y��¤ E �� B xAF±� CAyt�� Yl� T�wfOm�� �®�A`� dmt`� , «r�� Ty�A� �� •
.F

On the other hand, the matrix coefficients depend on the choice of basis B from E and

to basis B′ from F .

4.2.4 : Example - �A��

:¨l§ Am� R2 ¨� R3 �� �r`m�A� ¨W��� �ybWt�� f �ky�

Let f be the linear application of R3 in R2 defined as follows:

f : R3 −→ R2

(x1, x2, x3) 7−→ (x1 − x2 − 2x3, x1 + 2x2 + 3x3)

�ybWt�� T�A�m� f CAbt�� �km§ ¨�At�A�¤ ,­dm�±� T`J�¤ rWF±� T`J� d§d�� �s�tsm�� ��

It is desirable to specify line rays and column rays, and thus f can be considered as the

application
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f :


x1

x2

x3

 7→

(
x1 − x2 − 2x3

x1 + 2x2 + 3x3

)

: ©� .R2 þ� ¨�w�Aq�� xAF±� B′ = (f1, f2) ¤ R3 þ� ¨�w�Aq�� xAF±� B = (e1, e2, e3) �ky�

Let B = (e1, e2, e3) be the canonical basis for R3 and B′ = (f1, f2) the canonical basis for R2.

So :

e1 =


1

0

0

 , e2 =


0

1

0

 , e3 =


0

0

1

 and f1 =

(
1

0

)
, f2 =

(
0

1

)
.

B′ ¤ B xAF±� ¨� f ¨W��� �ybWt�� T�wfO�  A�§� (1

Finding the linear application matrix f in the basis B and B′

We have An§d� (A

f(e1) = f(1, 0, 0) = (1, 1) = f1 + f2,

It is the first column in the matrix MatB,B′(f) T�wfOm�� ¨�  wm� �¤� w¡¤

and ¤ (B

f(e2) = f(0, 1, 0) = (−1, 2) = −f1 + 2f2,

the second column in the matrix MatB,B′(f) T�wfOm�� ¨�  wm� ¨�A�

And finally �ry�� ¤ (C

f(e3) = f(0, 0, 1) = (−2, 3) = −2f1 + 3f2

the third and last column in the matrix MatB,B′(f) T�wfOm�� ¨�  wm� r��¤ ��A�

therefore: :¨�At�A� ¤

MatB,B′(f) =

(
1 −1 −2

1 2 3

)
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	s� ,�y¶ASf�� �� �k� d§d� xAF�� �w}w�� ºAS� xAF� ¤ �db�� ºAS� xAF� ryy�t�  µ� �wqnF (2

:¨l§A�

We will now change the basis of the start space and the basis of the arrival space with

a new basis for each of the two spaces, according to the following:

ϵ1 =


1

1

0

 , ϵ2 =


1

0

1

 , ϵ3 =


0

1

1

 , ϕ1 =

(
1

0

)
, ϕ2 =

(
1

1

)

¤ R3 �� B0 = (ϵ1, ϵ2, ϵ3) xAF±� ¨� ©� ­d§d��� ¨W��� �ybWt�� T�wfO� 
As��  µ� �wq�

R2 �� B′
0 = (ϕ1, ϕ2)

Now, we calculate the matrix of the new linear transformation with basis

B0 = (ϵ1, ϵ2, ϵ3) From R3 and B′
0 = (ϕ1, ϕ2) from R2

f(ϵ1) = f(1, 1, 0) = (0, 3) = −3ϕ2,

f(ϵ2) = f(1, 0, 1) = (−1, 4) = −ϕ1 − 5ϕ2,

f(ϵ3) = f(0, 1, 1) = (−3, 5) = −3ϕ1 + 2ϕ2,

then ¢n� ¤

MatB0,B′
0
(f) =

(
0 −1 −3

−3 −5 2

)
.

.�AFAF±� CAyt�� Yl� ®`� dmt`� ¨W��� �ybWt�� T�wfO�  � Tqyq� �Rw§ �A�m�� �@¡

This example illustrates the fact that the linear application matrix actually depends on

the choice of basis.

5.2.4 : Example - �A��

Let the application defined from R2 to R3: : R3 w�� R2 �� �r`m�� �ybWt�� �ky�

f : (x, y) 7−→ (x+ y, 2x+ 3y, x− y) .

¨¡ T`J±� £@¡ ­Cw} .((1, 0), (0, 1)) w¡ R2 þ� ¨�w�Aq�� xAF±�

The canonical basis of R2 is ((1, 0), (0, 1)). The image of this x-ray is:
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f((1, 0)) = (1, 2, 1) and f((0, 1)) = (1, 3,−1).

Hence the application matrix of f is ¨¡ f �ybWt�� T�wfO� ¢n�¤
1 1

2 3

1 −1


T`J±� R3 þ� xAF� ¤ ºdb�� ºAS� �� ((1, 1), (1,−1)) T`J±� R2 ºASfl� r�� xAF� @��n�

¨¡ ºdb� ºAS� xAF� T`J� ­Cw} ¢n�¤ .�w}w�� ºAS� dn� ((1, 0, 0), (1, 1, 0), (1, 1, 1))

Let’s consider another basis for the space R2: rays ((1, 1), (1,−1)) from the starting space

and a basis for R3: rays ((1), 0, 0), (1, 1, 0), (1, 1, 1)) from the destination space. The image of

the basis rays in the starting space is.

f((1, 1)) = (2, 5, 0) = −3(1, 0, 0) + 5(1, 1, 0) + 0(1, 1, 1)

f((1,−1)) = (0,−1, 2) = 1(1, 0, 0)− 3(1, 1, 0) + 2(1, 1, 1)

then the matrix is: :¨¡ T�wfOm�� ¢n�¤
−3 1

5 −3

0 2



3.2.4 : Remark - T\�®�

Hf� CAt�� ,(�zy�Cw�¤d�� �� ­CAb� �ybWt��) Ahsf� ¨¡ ºdb�� ºAS�¤ �w}w�� ºAS�  wk§ A�dn�

:­dm�±� ¤ rWF±�  d� Hf� Yl� Ahny� ¨��@�� ��AKt�� T�wfO� ©wt�� .�w}w�� ¤ ºdb�� dn� xAF±�

.T`�r� ¨W��� �ybWtl� T��rm�� T�wfOm��  wk�¤

When the destination space and the starting space are the same (the transformation is an

endomorphism), we choose the same basis for both the start and the destination. The

resulting matrix of the self-mapping then has the same number of rows and columns, making

the matrix of the linear transformation square.
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Change of basis HF±� ryy�� 3.4

x ∈ E �� ��� �� .E þ� xAF� B = (e1, e2, . . . , ep) �ky�¤ ¢tn� d`� ¤Ð ¨�A`J ºAS� E �ky�

:�y� K �� ­dy�¤ (x1, x2, . . . , xp) Tf�ASm-p d�w§

Let E be a finite-dimensional vector space and let B = (e1, e2, . . . , ep) be the basis of E. For

every x ∈ E there exists a unique p-multiple (x1, x2, . . . , xp) of K where:

x = x1e1 + x2e2 + · · ·+ xpep.

:z�r�A� ¢� z�r§ ,  wm� �A`J w¡ x �Ay��d�� T�wfO�

The coordinate matrix x is a column vector, denoted by:

MatB(x) ¤�

( x1
x2

.

.

.
xp

)
B

.

Xysb�� �kK�� �@¡ Yl� �A`K�� 	tkn� ¨�w�Aq�� xAF±� w¡ B  A� �Ð� Rp
T�wm�m�� ¨�

In the set Rp, if B is the canonical basis, then we write the vector in this simple form

( x1
x2

.

.

.
xp

)
without showing the basis. .xAF±� CAhZ�  ¤ 

�kt�¤ .¨W� �ybW� f : E → F �ky� ¤ K �q��� Yl� ,d`b�� Ayhtn� �yy�A`J �y¶AS� F ¤ E �ky�

.F þ� xAF� B′
¤ E þ� xAF� B

Let E and F be finite-dimensional vector spaces, on the field K Let f : E → F be a linear

application. Let B be the basis of E and B′ be the basis of F .

6.3.4 : Proposition - TþyS�

Let A = MatB,B′(f). .A = MatB,B′(f) �kt� •
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For every x ∈ E we set �S� x ∈ E �� ��� �� •

X = MatB(x) =

( x1
x2

...
xp

)
B

.

For every y ∈ F we set �S� y ∈ F �� ��� �� •

Y = MatB′(y) =

( y1
y2
...
yn

)
B′

.

Hence, if we have y = f(x), it can be written T�At� �km§ ¢��� y = f(x) An§d�  A� �Ð� ¢n�¤

Y = AX

In other words: : «r�� TfO�

MatB′
(
f(x)

)
= MatB,B′(f)✕MatB(x)

6.3.4 : Example - �A��

��Amt�� �ky�¤ .E þ� xAF� B = (e1, e2, e3) ¤ R �q��� Yl� ,3 ¢tnm�� d`b�� ¤Ð ¨�A`J ºAS� E �ky�

:¨¡ B xAF±� ¨� ¢t�wfO� �y� E �� f (�zy�Cw�¤d�±�) ¨��@��

Let E be a vector space with finite dimension 3, on the field R and B = (e1, e2, e3) is a basis

for E. Let the endomorphism f of E, where its matrix in basis B is:

A = MatB(f) =


1 2 1

2 3 1

1 1 0

 .

(e1, e2, e3) þ� ¨W� �z� ¨¡ E �� x r}An`�� ��  � �l`� .f ­Cw}¤ ­�w� d§d�� ¯¤� �rtq�

We first propose to define a kernel and an image f . We know that all elements x of E are

linear mixtures of (e1, e2, e3)

x = x1e1 + x2e2 + x3e3
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we have An§d� .

x ∈ Ker(f) ⇐⇒ f(x) = 0E ⇐⇒ MatB
(
f(x)

)
=


0

0

0


⇐⇒ AX =


0

0

0

 ⇐⇒ A


x1

x2

x3

 =


0

0

0


⇐⇒


x1 + 2x2 + x3 = 0

2x1 + 3x2 + x3 = 0

x1 + x2 = 0

After solving the system we find: :d�� Tlm��� �� d`�

Ker(f) =
{
x1e1 + x2e2 + x3e3 ∈ E | x1 + 2x2 + x3 = 0 and x2 + x3 = 0

}
=
{(

t
−t
t

)
| t ∈ R

}
= Vect

((
1
−1
1

)
B

)
�y�A`J �¤� @��� .2 w¡ Im(f) d`� d�� ­CwO��¤ ­�wn�� T§r\� �Am`tFA� ¤ .1 d`b�� Ah� ­�wn��  �� ��@�

: Im(f) ºASf�� dy�wt� AyW� �ylqts� A T�wfOm�� ¨�

Therefore the kernel has dimension 1. Using kernel and image theory, we find that the

dimension of Im(f) is 2. We take the first two vectors in the matrix A to be linearly

independent to generate the space Im(f):

Im(f) = Vect
((

1
2
1

)
B
,
(

2
3
1

)
B

)
.

Transit matrix Cwb`�� T�wfO� 1.3.4

©wt�� E ºASf�� �AFAF� �ym�  � �l`� �bF A� 	s� .n ¢tn� d`� ¤Ð ¨�A`J ºAS� E  � |rfn�

.rOn� n Yl�

Let E be a vector space with finite dimension n. According to the above, we know that all

basis of the space E contain n elements.

University of Mohamed Kheidar, Biskra 199 Brahim Brahimi-Jihane Abdelli



Change of basis HF±� ryy�� .3.4 Linear applications TyW��� �AqybWt��

5.3.4 : Definition - �§r`�

.E þ� r�� xAF� B′ ¤ E þ� xAF� B �kt�

Let B be the basis of E and B′ be another basis for E.

��Ð T`�rm�� T�wfOm�� PassB,B′ z�r�A� Ah� z�r�¤ B′ xAF±� Y�� B xAF±� �� Cwb� T�wfO� ¨ms�

.B xAF°� Tbsn�A� ,B′ xAF°� j �A`K�� �� ®kK� j  wm`�� �y� n✕n Tb�r��

We call the transit matrix from the basis B to the basis B′ denoted by PassB,B′ The square

matrix of rank n✕n where the column j formed by the vector j of the basis B′, with respect

to the basis B.

.MatB(B′) z�r�A� PassB,B′ T�wfOml� A�Ay�� z�r� d� ¤

We may sometimes denote the matrix PassB,B′ by MatB(B′).

7.3.4 : Example - �A��

Let the real vector space R2 and let �ky�¤ .R2 ¨qyq��� ¨�A`K�� ºASf�� �ky�

e1 =

(
1

0

)
e2 =

(
1

1

)
ϵ1 =

(
1

2

)
ϵ2 =

(
5

4

)
.

.B′ = (ϵ1, ϵ2) xAF±� ¤ B = (e1, e2) xAF±� rbt`�

We consider the basis B = (e1, e2) and the basis B′ = (ϵ1, ϵ2).

.B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO�  A�§�

Finding the transit matrix from basis B to basis B′.

:d�� .(e1, e2) T�¯d� ϵ2 ¤ ϵ1 �� rb`�  � 	�§

We must express ϵ1 and ϵ2 in terms of (e1, e2). We find:

ϵ1 = −e1 + 2e2 =

(
−1

2

)
B

ϵ2 = e1 + 4e2 =

(
1

4

)
B
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The transit matrix is then: :  Ð� ¨¡ Cwb`�� T�wfO�

PassB,B′ =

(
−1 1

2 4

)

�r`m�� IE d§A�m�� ¨W��� �bWtl� Tq��rm�� T�wfOm�� Ah�� Yl� Cwb`�� T�wfO� rbt`�  � �km§

.E Yl�

We can regard the transit matrix as the associate matrix of the neutral linear application IE

defined on E.

7.3.4 : Proposition - TþyS�

d§A�m�� �ybWtl� Tq��rm�� T�wfOm�� ¨¡ B′ xAF±� Y�� B xAF±� �� PassB,B′ Cwb`�� T�wfO�

xAF±A�  ¤zm�� �w}w�� ºAS� E ¤ ,B′ xAF±A�  ¤zm�� �dbm�� ºAS� ¨¡ E �y� IE : (E,B′) → (E,B)
: B

Transit matrix PassB,B′ from basis B to basis B′ is the associate matrix of a natural linear

application IE : (E,B′) → (E,B) where E is the starting space provided by the basis B′, and

E is the destination space provided by the basis B:

PassB,B′ = MatB′,B(IE)

:¨l§A� d�� �wF �AFAF±� Ty`R¤ Ansk� w� �k�

8.3.4 : Proposition - TþyS�

xAF±� �� Cwb`�� T�wfO� w¡ Ah�wlq�¤ TFwk� B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO� (1

: B xAF±� Y�� B′

Transit matrix from basis B to basis B′ its invertible and its inverse is the transit

matrix from the basis B′ to the basis B:

PassB′,B =
(
PassB,B′

)−1

If B, B′ and B′′ are three basis, then  �� �AFAF� �®� B′′ ¤ B′ ,B  A� Ð� (2

PassB,B′′ = PassB,B′✕PassB′,B′′
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8.3.4 : Example - �A��

�r`n�¤ B ¨�w�Aq�� xAF±A�  ¤z� E = R3 �ky�

Let E = R3 be provided with the canonical basis B and we define

B1 =



1

1

0

 ,


0

−1

0

 ,


3

2

−1


 and B2 =




1

−1

0

 ,


0

1

0

 ,


0

0

−1


 .

.B2 xAF±� Y�� B1 xAF±� �� Cwb`�� T�wfO�  A�§�

Finding the transit matrix from basis B1 to basis B2.

We have: :An§d�

PassB,B1 =


1 0 3

1 −1 2

0 0 −1

 and PassB,B2 =


1 0 0

−1 1 0

0 0 −1

 .

The previous proposition is equivalent to: :¸�Ak� Tq�As�� TySq��

PassB,B2 = PassB,B1✕PassB1,B2

then we find d�� ¢n�¤ .

PassB1,B2 = Pass−1
B,B1

✕PassB,B2

After calculating the inverse of Pass−1
B,B1

we find: : d�� Pass−1
B,B1


wlqm�� 
As� d`� .

PassB1,B2 =


1 0 3

1 −1 2

0 0 −1


−1

✕


1 0 0

−1 1 0

0 0 −1



=


1 0 3

1 −1 1

0 0 −1

✕


1 0 0

−1 1 0

0 0 −1

 =


1 0 −3

2 −1 −1

0 0 1

 .

.T`J±� �Ab�ru� Yl� HF±� ryy�� ry��� TF�Cd�  µ� �wqnF
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We will now study the effect of changing bases on ray compounds

.E ¨�A`K�� ºASf�� Hfn� �yFAF� B′ = (e′1, e
′
2, . . . , e

′
n) ¤ B = (e1, e2, . . . , en) �ky� •

Let B = (e1, e2, . . . , en) and B′ = (e′1, e
′
2, . . . , e

′
n) be two basis of the same vector space E.

.B′
xAF±� Y�� B xAF±� �� Cwb`�� T�wfO� PassB,B′ �ky� •

Let PassB,B′ be the transit matrix from the basis B to the basis B′.

B xAF±� ¨� x =
∑n

i=1 xiei �kK�� �� TyW� Tlm�� ¢t�At� �km§ ¢��� x ∈ E ��� �� •
:	tk�¤

For x ∈ E it can be written as a linear system of the form x =
∑n

i=1 xiei in the base B
and we write:

X = MatB(x) =

( x1
x2

.

.

.
xn

)
B

.

xAF±� ¨� x =
∑n

i=1 x
′
ie

′
i �kK�� �� TyW� Tlm�� AS§� ¢t�At� �km§ x ∈ E rOn`�� Hf� •

: 	tk� ¤ B′

The same element x ∈ E can also be written as a linear system of the form x =
∑n

i=1 x
′
ie

′
i

in the base B′ and we write:

X ′ = MatB′(x) =

 x′
1

x′
2

.

.

.
x′
n


B′

.

9.3.4 : Proposition - TþyS�

X = PassB,B′ ·X ′
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Base change formula xAF±� ryy�� T�y} 2.3.4

�� Cwb`�� T�wfO� P = PassB,B′ ¤ E þ� �yFAF� B′
¤ B .¨W� �ybW� f : E → E �ky� •

.B′
xAF±� Y�� B xAF±�

Let f : E → E be a linear application. B and B′ are two basis of E and P = PassB,B′

the transit matrix from the basis B to the base B′.

T�wfO� B = MatB′(f) ¤ B xAF±� ¨� f ¨W��� �bWt�� T�wfO� A = MatB(f) �kt� •
.B′

xAF±� ¨� f ¨W��� �bWt��

Let A = MatB(f) be the matrix of the linear application f in the basis B and B =

MatB′(f) the matrix of f in the basis B′.

:¨�µA�  wk� xAF±� ryy�� T§r\�

The basis change theory is as follows:

2.3.4 : Theorem - T§r\�

B = P−1AP

in general for every n ≥ 1 n ≥ 1 �� ��� �� T�A� TfO� ¤

Bn = P−1AnP

9.3.4 : Example - �A��

Let given the following bases of R3: : R3 ��  Ay�At��  AFAF±� �ky�

B1 =



1

1

0

 ,


0

−1

0

 ,


3

2

−1


 and B2 =




1

−1

0

 ,


0

1

0

 ,


0

0

−1


 .

: ¨¡ B1 xAF±� ¨� ¢t�wfO� �y� ¨W��� �ybWt�� f : R3 → R3 �ky� ¤
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Let f : R3 → R3 be the linear application whose matrix in the base B1 is:

A = MatB1(f) =


1 0 −6

−2 2 −7

0 0 3


:B = MatB2(f) ,B2 xAF±� ¨� f T�wfO�  A�§�

Finding a matrix of f in the basis B2, B = MatB2(f):

A�d�w� B2 xAF±� Y�� B1 xAF±� �� Aq�AF Cwb`�� T�wfO� 
As�� •
By previously calculating the transit matrix from the basis B1 to the basis B2, we find

P = PassB1,B2 =


1 0 −3

2 −1 −1

0 0 1

 .

we calculate 	s�� •

P−1 =


1 0 3

2 −1 5

0 0 1

 .

: d�� Tq�As�� T§r\n�� �� �AFAF±� ryy�� T�y} �bW� •
Applying the basis change formula from the previous theorem we find:

B = P−1AP =


1 0 3

2 −1 5

0 0 1

✕


1 0 −6

−2 2 −7

0 0 3

✕


1 0 −3

2 −1 −1

0 0 1

 =


1 0 0

0 2 0

0 0 3



T�wfO�) Xs�� T�wfO� Y�� Ah��zt�� �t§  � �AFAF±� ¨� ��ryy�t�� T�lO� ��  wk§ A� Ab�A�

Bk
T�wfOm�� ­w� 
As� �hs�� �� ,An¡ �A�m�� �ybF Yl� .(TylfF ¤� T§wl� Ty�l�� ¤� T§rW�

.Ahn� Ak
�AtntF³

It is often in the interest of changes in foundations to be reduced to a simpler matrix (an upper

or lower diagonal or triangular matrix). For example here, it is easy to calculate the power of

the matrix Bk to deduce Ak from it.
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Exercise series N° 4 ��C �§CAmt�� TlslF 4.4

Exercise N°− 1 − ��C �§rm�

:¯ �� TyW� �AqybW� �� ­CAb� Ty�At�� �AqybWt�� 
�A� �Ð�  d�

Determine whether the following applications are linear applications or not:

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 0) (1

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 1) (2

f : R2 → R, (x, y) 7→ x2 − y2 (3

Solution : �þþ���

¢n�¤ .λ ∈ R ¤ ,R2
¨� v = (x′, y′) ¤ u = (x, y) @��� .¨W� �ybW� f �ky� (1

f(u+ v) =
(
(x+ x′) + (y + y′), (x+ x′)− 2(y + y′), 0)

=
(
x+ y, x− 2y, 0) + (x′ + y′, x′ − 2y′, 0)

= f(u) + f(v).

,��@�

f(λu) = (λx+ λy, λx− 2λy, 0)

= λ(x+ y, x− 2y, 0)

= λf(u).

f
(
(0, 0)

)
̸= (0, 0, 0)  ± ¨W� �ybW� 
sy� : f (2

, ± ¨W� �ybW� 
sy� f (3

f
(
(1, 0)

)
= 1, f

(
(−1, 0)

)
= 1 ¤ f

(
(0, 0)

)
= 0 ̸= f

(
(1, 0)

)
+ f
(
(−1, 0)

)
.

Exercise N°− 2 − ��C �§rm�

Let the linear application f : R2 → R3 be defined :�r`m�� f : R2 → R3 ¨W��� �ybWt�� �ky�

f(x, y) = (x+ y, x− y, x+ y).

?r�A� ?�§Abt� w¡ �¡ ¤ .¢�Cw} ¤ ,f ¨W��� �bWt�� ­�w� d�¤�
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Find the kernel of the linear application f , and its image. And is it injective? surjective?

Solution : �þþ���

. f ¨W��� �ybWt�� ­�w�  A�§� (1

Ker(f) = {(x, y) ∈ R2 : f(x, y) = (0, 0, 0)}.

:¸�Ak§ �@¡
x+ y = 0

x− y = 0

x+ y = 0

⇐⇒

{
x+ y = 0

2x = 0

.Ker(f) = (0, 0)  � �tnts�

.�§Abt� f  �� T§r\n�� 	s� ,Ker(f) = (0, 0)  � Am� (2

T�wm�� �� (u, v, w)  � �wq� .R3
�� �A`J (u, v, w) �ky� .f ¨W��� �ybWt�� ­Cw}  A�§� (3

: A� �Ð� Xq�¤ �Ð� f ¨W��� �bWt�� Cw}

∃(x, y) ∈ R2, (u, v, w) = f(x, y) ⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

v = x− y

w = x+ y

⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

u+ v = 2x

w − u = 0

⇐⇒ ∃(x, y) ∈ R2,


u−v
2

= y
u+v
2

= x

w − u = 0

 � �tnts�

Im(f) = {(u, v, w) ∈ R3; u− w = 0}.

.r�A� Hy� f ¢n�¤ ,Im(f) T�wm�ml� ¨mtn§ ¯ (1, 1, 0) ,T}A� TfO�
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Exercise N°− 3 − ��C �§rm�

Let the linear application f : R3 → R4 be defined :�r`m�� f : R3 → R4 ¨W��� �ybWt�� �ky�

f(x, y, z) = (x+ z, y − x, z + y, x+ y + 2z).

Find a basis for Im(f). .Im(f) þ� AFAF� d�¤� (1

Find a basis for Ker(f). .Ker(f) þ� AFAF� d�¤� (2

Is f injective? Surjective? Bijective? ?¨l�Aq� ?r�A� ?�§Abt� f �¡ (3

Solution : �þþ���

:d�� f ¨W��� �ybWt�� �§r`� �m`ts� (1

f(e1) = (1,−1, 0, 1)

f(e2) = (0, 1, 1, 1)

f(e3) = (1, 0, 1, 2)

: � ^�®�  � �km§

f(e3) = f(e1) + f(e2)

f(e1), f(e2), f(e3) T`J±�  � �l`� Am� ,AyW� TWb�r� {f(e1), f(e2), f(e3)} T`J±�  � ©�

.Ah� xAF�  wk� ¨¡¤ {f(e1), f(e2)} �� ­d�w� Im(f) ¢n�¤ Im(f) þ� ­d�w�

An§d� (2

(x, y, z) ∈ ker(f) ⇐⇒


x+ z = 0

−x+ y = 0

y + z = 0

x+ y + 2z = 0

⇐⇒


x+ z = 0

y + z = 0

y + z = 0

y + z = 0

⇐⇒


x = −z

y = −z

z = z
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¢n�¤ Ker(f) xAF� wh� ,�¤d`� ry� ¢�± A¾r\� Ker(f) d�w§ (−1,−1, 1) �A`K��  � �tnts�

dim(Ker(f)) = 1.

d`� �y� ¨� 1 d`b�� ��Ð ­�wn��  ± r�A� Hy� f �ybWt��  �� ­CwO��¤ ­�wn�� T§r\� 	s� (3

 ± 3 ©¤As§ ¯ Im(f)

Im(f) = V ect{f(e1), f(e2)} =⇒ dim(Im(f)) = 2.

Exercise N°− 4 − ��C �§rm�

: ¯ �� AyW� fi �ybWt��  A� �Ð� A�  d�

Determine whether the application fi is linear or not:

f1 : R2 → R2 f1(x, y) = (2x+ y, x− y)

f2 : R3 → R3 f2(x, y, z) = (xy, x, y)

f3 : R3 → R3 f3(x, y, z) = (2x+ y + z, y − z, x+ y)

f4 : R2 → R4 f4(x, y) = (y, 0, x− 7y, x+ y)

f5 : R3[X] → R3 f5(P ) =
(
P (−1), P (0), P (1)

)

Solution : �þþ���

: (x′, y′) ∈ R2
¤ (x, y) ∈ R2

�ky� .¨W� �ybW� f1 (1

f1
(
(x, y) + (x′, y′)

)
= f1

(
x+ x′, y + y′

)
=
(
2(x+ x′) + (y + y′), (x+ x′)− (y + y′)

)
=
(
2x+ y + 2x′ + y′, x− y + x′ − y′

)
=
(
2x+ y, x− y

)
+
(
2x′ + y′, x′ − y′

)
= f1(x, y) + f1(x

′, y′)

: λ ∈ R ¤ (x, y) ∈ R2
�ky�

f1
(
λ · (x, y)

)
= f1

(
λx, λy

)
=
(
2λx+ λy, λx− λy

)
= λ ·

(
2x+ y, x− y

)
= λ · f1(x, y).

.f2(2, 2, 0) þ� T§¤As� 
sy� f2(1, 1, 0) + f2(1, 1, 0) �A�m�� �ybF Yl� ¨W� �ybW� Hy� f2 (2
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 � (x′, y′, z′) ¤ (x, y, z) ��� �� �q�t� : ¨W� �ybW� f3 (3

f3
(
(x, y, z) + (x′, y′, z′)

)
= f3(x, y, z) + f3(x

′, y′, z′)

.f3
(
λ · (x, y, z)

)
= λ · f3(x, y, z) An§d� λ ¤ (x, y, z) ��� �� A¡d`� .

 � (x′, y′) ¤ (x, y) ��� �� �q�t� : ¨W� �ybW� f4 (4

f4
(
(x, y) + (x′, y′)

)
= f4(x, y) + f4(x

′, y′).

.f4
(
λ · (x, y)

)
= λ · f4(x, y) An§d� λ ¤ (x, y) ��� ��¤ ,A¡d`�

 �� P, P ′ ∈ R3[X] �kt� : ¨W� �ybW� f5 (5

f5
(
P + P ′) = ((P + P ′)(−1), (P + P ′)(0), (P + P ′)(1)

)
=
(
P (−1) + P ′(−1), P (0) + P ′(0), P (1) + P ′(1)

)
=
(
P (−1), P (0), P (1)

)
+
(
P ′(−1), P ′(0), P ′(1)

)
= f5(P ) + f5(P

′)

: λ ∈ R ¤ P ∈ R3[X]  A� �Ð� ¤

f5
(
λ · P

)
=
(
(λP )(−1), (λP )(0), (λP )(1)

)
=
(
λ · P (−1), λ · P (0), λ · P (1)

)
= λ ·

(
P (−1), P (0), P (1)

)
= λ · f5(P )

Exercise N°− 5 − ��C �§rm�

:�r`m�� f : R3 → R3 ¨W��� �ybWt�� �ky�

Let the linear application be f : R3 → R3 defined as:

f(x, y, z) = (−3x− y + z, 8x+ 3y − 2z, −4x− y + 2z).

.A¡d`u� 	s��¤ f �ybWt�� ­�wn� xAF� d�¤� (1

Find a basis for the kernel of application f and calculate its dimension.
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Is the application f injective? ?�§Abt� f �ybWt�� �¡ (2

Find the range of f . Is the application f surjective? ?r�A� f �ybWt�� �¡ .f Tb�C d�¤� (3

Find a basis for Im(f). .Im(f) þ� xAF� d�¤� (4

Solution : �þþ���

:  A� �Ð� Xq�¤ �Ð� (x, y, z) ∈ ker(f) An§d� .(x, y, z) ∈ R3
�ky� (1

−3x − y + z = 0

8x + 3y − 2z = 0

−4x − y + 2z = 0

=⇒


z − y − 3x = 0

−2z + 3y + 8x = 0

2z − y − 4x = 0

:d�� ,(��A��� ¨��wt�� Yl�) ¨�A��� Y�� �¤±� rWs�� �`R (¨��wt�� Yl� T��E�) T�AR�� , ��


z −y − 3x = 0

y + 2x = 0

y + 2x = 0

=⇒

{
z −x = 0

y +2x = 0
.

:©� Tlm��� £@¡ �� (x, y, z)  A� �Ð� Xq�¤�Ð� (x, y, z) ∈ ker(f) ¨�At�A�¤

(x, y, z) = (x,−2x, x) = x(1,−2, 1).

d��¤ rOn� ��  wkt§ xAF±� ©� (1,−2, 1) �A`K�� f �bWt�� ­�wn� xAF�� @��� ¢n�¤

.dim(ker(f)) = 1 ¨n`§

.�§Abt� Hy� f ¢n�¤ {0} �¤d`m�� ºASf�� �� ��AWt� ¯ ­�wn�� (2

:An§d� Tb�r�� T§r\� 	s� (3

rg(f) = 3− dim(ker(f)) = 3− 1 = 2.

w¡ ©@�� �w}w�� ºAS� �� �lt�§ 2 ©¤As§ ­CwO�� ºAS� d`u�  ± : r�A� Hy� f �ybWt��

.3 d`ub�� ¤Ð R3

:An§d� .f �ybWtl� CwO�� ºAS�  A�§� (4

Im(f) = {x(−3, 8,−4) + y(−1, 3,−1) + z(1,−2, 2) : x, y, z ∈ R}

= vect(u1, u2, u3),
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Tb�C  �� ��As�� ��¥s�� �� .u3 = (1,−2, 2) ¤ u2 = (−1, 3,−1) ,u1 = (−3, 8,−4) �S� �y�

.Im(f) þ� xAF� �kK� ¨h� AyW� Tlqts� (u1, u2) Tlm��� «r�� Th� �� .2 ¨¡ f �ybWt��

Exercise N°− 6 − ��C �§rm�

:¨l§ Am� T�r`� (e1, e2, e3) ¨�w�Aq�� xAF±� ¨� ¢t�wfO� �y� R3 �� f ¨��@�� ��AKt�� �ky�

Let the ondomorphism f of R3 whose matrix in the canonical basis (e1, e2, e3) is defined as

follows:

A =


15 −11 5

20 −15 8

8 −7 6

 .

Prove that the vectors T`J±�  � 
b��

e′1 = 2e1 + 3e2 + e3, e′2 = 3e1 + 4e2 + e3, e′3 = e1 + 2e2 + 2e3

.xAF±� �@h� Tbsn�A� f T�wfO� d�¤� �� R3 ºASfl� xAF� �kK�

form a basis for the space R3, then find the matrix f with respect to this basis.

Solution : �þþ���

T�wfO� P �kt� .B′ = (e′1, e
′
2, e

′
3) þ� d§d��� xAF°� ¤ �§dq�� xAF°� B = (e1, e2, e3) þ� z�r�

d§d��� xAF±� T`J� �Ab�r� �� ryb`t�� �� �tn� ¨t�� T`J±� �Ab�r� ¨¡ Ah�dm�� ¨t�� Cwb`��

:d�� B �§dq�� xAF±� T�¯d� B′

P =


2 3 1

3 4 2

1 1 2


: ��Ð Y�� T�AR³A� ,xAF� �kK§ B′

 � d�� Ah�wlq� 
As��¤ ,TFwk� P  � �q�t�

P−1 =


−6 5 −2

4 −3 1

1 −1 1

 	s�� B = P−1AP =


1 0 0

0 2 0

0 0 3


.B′

xAF±� ¨� f �ybWt�� T�wfO� ¨¡ B
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Exercise N°− 7 − ��C �§rm�

¢t�wfO� �y� R2 �� f ¨��@�� ��AKt�� �ky�

Let the ondomorphism f of R2 where its matrix

A =

(
2 2

3

−5
2

−2
3

)

on the canonical basis, so let �ky�¤ ,¨�w�Aq�� xAF±� ¨�

e1 =

(
−2

3

)
and e2 =

(
−2

5

)
.

.MatB′(f) T�wfOm�� d�¤� �� R2 ºASfl� xAF� B′ = (e1, e2)  � 
b�� (1

Prove that B′ = (e1, e2) is a basis for the space R2 and then find the matrix MatB′(f).

Calculate An for n ∈ N. .n ∈ N ��� �� An 	s�� (2

:�q�� ¨t�� Tyqyq��� �Ay�Attm�� T�wm��  d� (3

Determine the set of real sequences that satisfy:

∀n ∈ N :


xn+1 = 2xn +

2

3
yn

yn+1 = −5

2
xn −

2

3
yn

Solution : �þþ���

.B′ = (e1, e2) xAF±� w�� B =
(
(1, 0), (0, 1)

)
¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �S� (1

: e2 ¤ e1 ­dm�±� T`J� �� T�wk�

P =

(
−2 −2

3 5

)
.xAF� B′

¨�At�A�¤ TFwk� P ¢n�¤ detP = −4 ̸= 0

: ¨¡ B′
xAF±� ¨� f T�wfO� ¢n�¤

B = P−1AP = −1

4

(
5 2

−3 −2

)(
2 2

3

−5
2

−2
3

)(
−2 −2

3 5

)
=

(
1 0

0 1
3

)
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: T§rW� T�wfO� ­w� 
As� �d� �hs�� �� (2

Bn =

(
1 0

0
(
1
3

)n
)

: An
A¡d`� �tnts� A = PBP−1

 � Am�

An =
(
PBP−1

)n
= PBnP−1 =

1

4

(
10− 6

3n
4− 4

3n

−15 + 15
3n

−6 + 10
3n

)

�kK�� Yl� 	tk� �Ay�Attm�� ¢t¡ �q�� ¨t�� �¯ A`m�� ¢n�¤ Xn =

(
xn

yn

)
An`R¤ �Ð� (3

:¨l§ Am� ¨�wfOm��

Xn+1 = AXn.

: � �tnts�¤ .Xn = AnX0 : �� X0 =

(
x0

y0

)
∈ R2

¨¶�dt�³� ªrK�� An`R¤ �Ð�

 xn = 1
4

(
(10− 6

3n
)x0 + (4− 4

3n
)y0

)
yn = 1

4

(
(−15 + 15

3n
)x0 + (−6 + 10

3n
)y0

)
.
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Cours+ exos, MIAS. MASS. SM, Ediscience (Dunod pour la nouvelle édition) Paris 2003.
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