&y Jasd
Linear applications éasd) —\aplil)

Jadl! g o2

183 o Linear applications &alsd) w\apdd) 1.4
184 . . e Definitions cas yla3 1.1.4
186 . ..o Linear application range las Gudad 4.5 ) 214
187 Image and kernel 31 931 9 3 5 gucal! 3.1.4
191 Matrixz form cogmo.d\ Jﬁ:‘\d\ 2.4
197 Change of bas'is oun I PR 34
199 oo Transit matrix j g.adl 48 gon0 1.3.4
204 ..o Base change formula suwlw¥! yoad daows 234
206 . Ezercise series N° 4 w0 o3} Slulw 4.4

Linear applications dudazd! Oldudall! 1.4

Awigll g gwlstl agle 9 cby jall g Oledby 11 ‘:,5 Lewlui Lo ggan Jied ddasd! Olacdadd
Adasd) 31 gatl g Slacdatll deiols 1 ol g3l albnic! Adasntl Glacdath sl

183



Linear applications &alsd) w\enidl 1./ Linear applications &asd) o \anhsl)

Definitions wid jlad  1.1.4

‘,.\.QE)S.&ﬂoL\Ap.e.a.'td}uf2RP%R"M‘93&$J|M1?WL@M%‘3M
Adeladdl Olslinall =
We have previously encountered the concept of a linear application in the application f : RP —»

R"™ We will generalize this idea to all vector spaces.

1.1.4 : Definition - «aJ yad

5] GBS ol B F g5 E ua [ &nbill o) Jgis K Jasd) S one\Rb ofbas F g B ol
Fond WY oab 461 iy o\
Let E and F be two vector spaces over the field K. We say that the mapping f from E to F

is a linear application if it satisfies the following two conditions:

\;;Au,veEJ!Jﬂm(l

For all u,v € E we have
flutv) = f(u) + flv).

W deKque B3 38 oo (2
For allu € E and \ € K we have

fv-u) =X f(u).

i 1.1.4 : Example - J 24

Application f defined as —5 0! [ ki)

f: R} — R?
(ZL’,y7Z> = (—2$,y+32)

518 X g B 9o oaposs v = (2,y, ) g u = (2,1,2) iy Uy 51 olay s ks ¢®

It is a linear application. It can be proven that we have u = (x,y, z) and v = (2, y, 2") two
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Linear applications &asd) - \anhsl) Linear applications &asd) w\enaidy 1./

elements of R® and X is a real numbers where:

flu+v) = flea+2,y+y,2+7)
= (—2(z+2),y+y +3(z+ 7))
(—2x,y + 32) + (=22, ¢y + 32)
= flu)+ f(v)

and 9

FOew) = fOdyA2)
= (=2Xz,\y +3A2)
A (—2z,y + 32)
= A flu)
\. J

Properties yal &

.

1.1.4 : Proposition - duad

o F g3 7 g 05 &b f ol 1) K Jasd) i J& one R0 gasbios F g B oLy}
Let E and F' be vector spaces on the same field K. If f is a linear application from E
to F', then:

f(Op) =0r e

Vue E: f(—u)=—f(u) e

lasi AL ol gandf Lond

We also have the following properties:

2.1.4 : Proposition - dugad

Let E and F' be two vector spaces on the same field K and f the application from E to F
then:

cKmug)\\Fah\J;d}e\mgEmvgu\gd}g\mg\;\ﬁwg\ﬂ&f&}@\
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The application f is linear if and only if for every uw and v of E and for every scalars A\ and

wof K,

S+ po) = Af(u) + pf(v).

K Jasdl gudd ole (oclad ublad F g B (Sa
Let E and F' be vector spaces on the same field K

2.1.4 : Definition - «aJ yad

badl) b 909091 o1 pja5,909]) byl 05 Fgss B oo b all s sl o) Jois o
sty
We say that the defined linear application of E to F' is also an isomorphism or

omomorphism of the vector space.

LIEF) oo W jop I (0 E oo Gulasd) Naphill 68 g00 @
The set of linear applications of E in F' is denoted by L(E, F).

oy il) 68 gaten (15 JHUS ) 930,90 9151 B 935 B oo —by2ell BSIH Sabid) oms @
' .E(E),’a,ﬁ\;\m}aﬁFéEmé;bSJ\

We call the linear application defined from E to E an endomorphism. :The set of

linear applications defined from E to E is denoted by the symbol L(F).

Linear application range la¥ Gedad 4oy 2.1.4

o0 p 2 rge gl fg K Gbaddt Jasdl e 1o dad) L (reelad (ndlad F g B (S
ookl {v1, 09,00} OlE BB Im(f) 39l day oo f st Gudaid) A8, Ol F g3 B
Ay 0SS g (Gl 10a B9 W5 B = {f(v1),f(v2), ., [ ()} O E eladdl slaall

TSS9 [ de gamadl e Ldad WETaed) 2283 sde ST <0 o Guda

Let E and F' be vector spaces with finite dimension n defined on a commutative field K and f
is an homeomorphism from E to F', then the range of the linear application f is the dimension
of Im(f). If {vq,vq,...,v,} is a basis for the vector space E, then 8 = {f (v1), f (va), ..., f (vn)}

generates the image of this application, and the range of the application is m < n is the largest
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number of linearly independent rays from the set 3, and we write:

rang (f) = dim (Im () = m

(hlas Last Gudatd Gl @5 (4e 9yl 45190 vy (L8 1 T A glus Gudat WS ) CAls 1)

If the range of the application is equal to n, then its kernel dimension is zero, and therefore

the linear application is bijective.

Image and kernel 3/ gl g 3 gl 3.1.4

degame A (ST F 950 B (e Gudad f 9 K Jasdl udd e (oelad (dlad F' g F (S
Let E and F be vector spaces on the same field K and f an application from F to F. Let A
be a subset of F.

AL LY e 0 A de gameld B piles 5y g0 (2 A A gomell jolial [ ilaul gy ) suadl pax

PA yaodl FT (pe A 3 Ae gee 09 .f(A)
All images by f of the elements of the set A are direct images of the set A which we denote by
f(A). Tt is a subset of F. defined as:

f(A) = {f(:c) |z € A}.
AL LY e 0y sl Grdall 3o el f(E) OB s Gudal f 1 B Folss 1))
Im(f)
If f:E — F is a linear application, then f(F) is called the linear application image and we
denote it with: Im(f).

3.1.4 : Proposition - dugad

F oo S S\ cbod (B f(E) ol E oo i SR ebaod B =5 1s) (1
If E' is a vector subspace of E then f(E') is a vector subspace of F.
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F oo Jis \59\2;”“ ¢\:&1'9§51m(f) Guols- Gy (2

In particular Im(f) is a sub-vector space of F'.

( 1.1.4 : Remark - Zua;)u\

Im(f) = F 1) bivg 13) pol& f ogh ¢ F(E) 6 pdlad) 60 —ay ;25 J¥& oo i s
We have from definition of the direct image f(E): the function f is surjective if and only
if Im(f) = F. )

4 3.1.4 : Definition - q)ﬁ\

F g5 B g 0S5 b [ g K Jasd) s J& o0 126 os8bd F g B oly)
Let E and F' be vector spaces on the same field K and f a linear application from E to F.

H0p 08 )90 G E oa polit) & gate Ker(f) jo b [ ophil) olgd jo s
We denote the application kernel of f by Ker(f): the set of elements of E whose images

are represented by Op:

Ker(f)={z € E| f(z) =0F}

[Jpogh) hadl & el ¢ 126l bl 690l B sl « 5T e

In other words, the kernel is the inverse image of the zero ray of the arrival space:

Ker(f) = f~'{0r}.
\ J

.

4.1.4 : Proposition - dugad

f enbi 8lgs ol F 985 B oo oS oaali [ g K Jasd) i o oo 128 gasbios F g B o)
Let E and F' be vector spaces on the same field K and f a linear appliéation }Crom E to F
Then the kernel of application f is a sub-vector space of E.

2.1.4 : Example - Jiio
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f: R} — R?
(.’L’,y,Z) = (—2I,y+32)

(z,y,2) € Ker(f) <= f(z,y,2)=(0,0)
(—2z,y + 32) = (0 0)

<~
—2r =
=
{y—i—?)z =
— (z,y,2) = (0, 3,22) z€eR

then

Ker(f) = {(0,-3z2,2) | z € R} = Vect{(0,-3,1)}.

(@' y) = f(,y,2) = (2z,y+32) = (¢,¢)

Conclusion:
/ / x / / /
v(2',y') €R2;‘f(—§,y,0) = (2',y)
o8 f enbil o) adhle 130 ¢ Im(f)

Then Im(f) = R?, which proves that the application f is surjective.
L

Let f be the linear application defined by —o %)) s okl f \;1:!

Calculating the kernel Ker(f): Let J.\/.\S Ker(f) 8 g wlisd> o

(0,-3,1) oRys ¢ o126 yubiue Js Ker(f) « 51 62uo

In other words, Ker(f) it forms a straight line whose direction is (0,—3,1).

Calculating the image of f. We take (2',y) € R? FC T YW >

We can take an example J e )&-9\ @_b.u\u

1600 NN

= R? cieg
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g 3.1.4 : Example - J 20

fodeg f(X) = AX b Wf oy=all £ RP — R™ s gnbid) olidg A € M, ,(R) ol
Let A € M, ,(R) and let the linear application f : RP — R" defined as f(X) = AX. Then:

Ker(f) ={X e R’ | AX =0}

AX =0 bl Salasd) Slasl) Jolsd) o gatn (B X € RP oo Iy
kThus X € RP is the set of solutions of the homogeneous linear system AX = 0.

v,

A 4b gancl) sasel (yo M gall eladdl slindll oo Im(f) OF palall jgmell B (§ 0 B gw

We will see in the next chapter that Im(f) is the vector space generated from the columns of
the matrix A.

5.1.4 : Proposition - dugad

f@hﬂ\ungpuEun\Yh}Mfgu\xg-\ﬂfnuh\nngEuu
Let E and F' be two vector spaces and f a linear application from E to F. The application

fas:
Surjective if and only if Im(f) = F, dm(f)=F ol I3 boog 15) 101s @

Ker(f) = {0} o\ 13) boog 13 Lolie e
Injective if and only if Ker(f) = {0}.

- 1.1.4 : Corollary - 4 o)

* e

FWEM&Mfgmxﬁ:gguw\ﬁfnu\;\ongEulﬂ
Let E and F be finite-dimensional vector spaces and f be a linear application defined
from E to F.
If f is surjective then oo pele f ol 3] o

dim(E) > dim(F).
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If f is injective then olo wlie f o 13) o
dim(F) < dim(F).
If [ is bijective then ol Jbles f ol 3] o

dim(E) = dim(F).

. J

ubj.ad”.\.b'i\:vjj\.mf!\.u&a:'W‘Qw‘wwgﬁbﬁﬁm1upgmuj
.S,Jm‘p.’d“_,.l.c

Thus dimension is a strong requirement on the nature of linear applications. We can also see

this condition as follows.

2 1.1.4 : Theorem - ZQJ.YQD

F 95 F go 05 b [ g odie 12 95 0bS 126 olebias F g B o)

Let E and F be finite-dimensional vector spaces and f be a linear application of E to F.

dim(Im(f)) + dim(Ker(f)) = dim(E) .

Matriz form o8 saaed| JS&II 2.4

9 B e sladd e p (S 9 K Jasd) Gle cdlbeadt vadl Ol 9d meelad dlnd [7 g B (SO
QS.:.Y 9 JF u.uLwi B = (f17-~-7fn> 9 F claaan A T QS.:.Y I u.uLwi B = (61,62,...,€p)
Let E and F be finite-dimensional vector spaces on the field K and let p be the dimension of

the space of E and B = (ey, es,...,€,) is a basis for E. Let n be the dimension of the space F
and B' = (f1,..., fn) be the basis of F. Let f : E — F be a linear application.

b Lo S0 OF dugiie sladl OB Guilad o ddasdl Olicdadll ailad L pewd
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The properties of linear applications between two spaces of finite dimensions allow us to state

the following:

Aawlgs @3 e ¢ B ula¥) 3000 IS (pe o b JSho f dddaddl Godalll dodsd el @

S(er), flea), ..., flep) ana¥
The linear application f is uniquely determined by the basis image of E, and hence by
the rays f(e1), f(e2), ..., f(ep).

plad g et b JSis LgiSe F e plad 5o f(6) o € {L....p} J&e dai oo o
B o8 Oleoledl (yo 7 e v g3 i g F po B = (f1, fo, o, fr) oula¥) daai B
:«i«.ﬂ&# (alj,agj,. .. ,Clnj Lc‘ae‘ Lé.' }ﬁ):ﬁ ..\53) a17j,a27j,. .. ,an,j

Foreachj € {1,...,p}, f(e;) is a vector from F' uniquely written as a linear mixture in the
basis rays B' = (f1, fa, ..., fn) from F. Then, there are n single scalers a; j, a2, ..., an;
(which may also be denoted as ayj, asj, . .., a,;) where:

Qa1;

agj

flej) =aifi +agifo+ -+ anifn=

anj 5

..........

So it is natural to give the following definition:

4.2.4 : Definition - «aJ yad

o 2as (a;;) € M, ,(K) bbspaal) B B g B wlwdl dunsdly f ubsdl ubill Sbgias
PB = (i foreeoo o) w5 fle)) @16 5118 0o 5902
The matriz of the linear application f with respect to the basis B and B’ is the matrix

(ai;) € M, ,(K) where the column j consists primarily of the coordinates of the ray f(e;) in
the basic B' = (f1, foy -y [n) :
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fler) o fley) oo flep)
fi 11 ay; ce Q1p
fa 21 a9 ce Q2p
fn, Qn1 Q5 e Qpyp

oulal 2aaY f 3 0 o Lgineel SN A2 ghmdll oo s Godad 4B sace tdann] Of Lo
AL Aol digl je B Jgo gl slnd ului 2adi o8 Lgie | yae « B padl slind

Matg s (f)
In simpler terms: a linear application matrix is a matrix whose columns are an image f of the

basis rays of the start space B, expressed in basis rays of the arrival space B’. We denote this

matrix by Mat&B/ (f) .

( 2.2.4 : Remark - :\Jé#){n

The range of the matriz Matg g (f) relates only to the dimension of space E and the

dimension of space F.
0o B @I Mg E oo B wlI i) Jo sogana) = YolRe 1012 « &y 6usb oo o
F

On the other hand, the matrix coefficients depend on the choice of basis B from E and
. /
Go basis B' from F. y

4.2.4 : Example - J 2

th W R? o RY o 5 p2elle sl doaakid) £ ol
Let f be the linear application of R in R? defined as follows:
f: R — R?
(x1,T2,23) —> (1 —x9 — 223, T1 + 229 + 323)

SuI) olier st oes JWhg bres I amily u Y 6261 10158 pusiall ve
It is desirable to specify line rays and column rays, and thus f can be considered as the

application
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a1
T, — Lo — 2$3
fifaa] =
T1 + 225 + 323
I3

P VR S Sl wld B = (f1, f2) 9 R® I g wlw ¥ B = (e, €5, e5) ok
Let B = (ey, €9, €3) be the canonical basis for R® and B' = (f1, f2) the canonical basis for R%.

So :
1 0 0
1 0
e = 0 o €y = 1 ; €3 — 0 and f1 = (O) : fg = (1> .
0 0 1

BB oW o f sd) gnbill Gogias stal (1

Finding the linear application matriz f in the basis B and B’
We have Loy (A
fler) = £(1,0,0) = (1, 1) = f1 + f2,

It is the first column in the matric ~ Matg g (f) Sogmaal) (0 390 \399\ 99g
and 9 (B

f(eQ) = f(ov 170) = (_172) = _fl + 2f2a
the second column in the matrix Matgz p(f) Sogonll (0 sg0s (S
And finally \,.\>-9\ 9 (C

f(@g) = f(0a07 ]-) = (_2a3) = _2f1 + 3f2
the third and last column in the matric Matgp (f) Gogtoal) (o yq0 pig =34

therefore: (JWL g
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s oboal) oo JU s wlel Jgpogt cbis s g Tad) cbos wlnl i oY peim (2
fob

We will now change the basis of the start space and the basis of the arrival space with

a new basis for each of the two spaces, according to the following:

1 1 0
1 0 1 o) ! ¢ !
€1 = 5 €y = 5 €Eq — 5 = . =
1 2 3 1 0 2 1
0 1 1

9 R 0o By = (1,62, €3) wn I b & onu8d) Jhsd) oubil) Gogae —luso oI pods
R? uo By = (41, 62)

Now, we calculate the matriz of the new linear transformation with basis

By = (€1, €2, €3) From R3 and B} = (¢1, ¢o) from R?

f(el) = f(17 170) = (073) = _3¢27
f(EQ) = f(1707 1) = (_174) = —¢1 — 5¢2,
f(€3) = f(()? 1, 1) = (_37 5) = —3¢1 + 202,

then Qe g

0 -1 -3
Matg, g (f) = .
(%)

bW s o o sais B8 enbil) Gogae of Gisds wog JRel) 13D
This example illustrates the fact that the linear application matriz actually depends on

the choice of basis.

\. .

~\

i 5.2.4 : Example - Jti

Let the application defined from R? to R3: tR? ¢80 R? go R0} i) UT;J

B 626 03 8,90 .((1,0), (0, 1)) ¢ R? I Selah) gulw Y
The canonical basis of R? is ((1,0),(0,1)). The image of this z-ray is:
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f((1,0)) = (1,2,1) and £((0,1)) = (1,3, —1).

Hence the application matriz of f is D f Subil) Goetoe Ging
1 1
2 3
1 -1

a2a Y R3S I wlal g cal sl go ((1,1),(1,—1)) &6 R? cbasl) 7 wiwl
D s 1) cbod wln 620 6,90 cing Jpogll sbas xie ((1,0,0), (1,1,0),(1,1,1))

Let’s consider another basis for the space R?: rays ((1,1),(1,—1)) from the starting space

and a basis for R3: rays ((1),0,0), (1,1,0),(1,1,1)) from the destination space. The image of

the basis rays in the starting space 1is.

f((1,1) = (2,5,0) =—-3(1,0,0) + 5(1,1,0) +0(1,1,1)
f((1,-1)) = (0,-1,2) =1(1,0,0) — 3(1,1,0) +2(1,1,1)

then the matriz 1s: ) Sogt0al) Gieg
-3 1
5 —3
0 2
\_ _J
( 3.2.4 : Remark - Z\JA;)D

o B85 (pjabje09 8] 08 8)be Enbil)) Wuis B e sl sbodg Jpogh cbab ooy lenie
6208 g oI sie wis o Bius 1) JS) bgias 653 Jpog g el e win Yl
6210 ) Sl 601 sall SogRoal oelig
When the destination space and the starting space are thé same (the transformation is an
endomorphism), we choose the same basis for both the start and the destination. The

resulting matriz of the self-mapping then has the same number of rows and columns, making

the matriz of the linear transformation square. y

.
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Change of basis yuud| yedd 3.4

T €FE J5= Jai o B 3 pulud B = (61,62, .,6p) (S g diis day 9D elad slind F (S0
e K e 3o 9 (71, 22, ..., 7)) ddeling—p i 4o

Let E be a finite-dimensional vector space and let B = (e, e, ...,¢e,) be the basis of E. For

every x € E there exists a unique p-multiple (z1, zo, ..., z,) of K where:

T =2T1€1 + To€g + -+ + Tpep.

AL A je s dgee plad 90 T OLSIAs) A2 gans

The coordinate matrix x is a column vector, denoted by:

=
Matg(x) of () :
Tp B

docad! JSAI 128 lo pladd) COSid L5 glal ulu¥) o B Olss 13 R 4e gasall 2

In the set R?, if B is the canonical basis, then we write the vector in this simple form

T1
2
Tp

without showing the basis. ok Hlglsl (o 9a
OS5 ek Garkad [ E 5 F oS0 9 K Jamdl e iad) Lighin pelad (uiliad F g F (S

F 3 gulwi B g F 3 wlwi B
Let E and F' be finite-dimensional vector spaces, on the field K Let f : £ — F be a linear
application. Let B be the basis of F and B’ be the basis of F.

Y

6.3.4 : Proposition - duad

Let A = Matg s (f). A= Matsp(f) o e
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For every x € E we set @o;xEE\l;d.s-‘M °

1
X = Matg(z) = ( > .
zp /B

For every y € ' we set @myEFdf\bf\w °

02
Y = MatB/ (y) = : 0
n /B

Hence, if we have y = f(x), it can be written &olid \;l/m oslo y = f(z) W ol 13) cieg
Y = AX

In other words: D& Gy

Matgl (f(:L')) = Matgﬁz(f)XMatB(x)

2 6.3.4 : Example - JL’ZD

Bl oLy E I wlal B = (e1, e, e5) g R Jasd) S 3 odial) 1241 g3 (126 bbb E oL}
‘D B olw Y O OU9g0n Las E e f (p,}b,g&;g}ia\) B
Let E be a vector space with finite dimension 3, on the field R and B = (e1, e, e3) is a basis

for E. Let the endomorphism f of E, where its matriz in basis B is:

A= MatB(f) =

— N
W N
S = =

(e1,€2,€5) 3 GBS gjo B E v v polid) 3F o) s .f 6909 619 2155 Yol ¢ s
We first propose to define a kernel and an image f. We know that all elements x of E are

linear miztures of (eq, ez, €3)

T = T1€] + To€a + T3€3
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we have IEUN

0
v € Ker(f) += f(z)=0p <= Mats(f(x)) = |0
0

0 Ty 0
<— AX=|0| <= A|lxz| =10
0 T3 0
ry + 29 4+ x23 = 0
<= 201 + 3x2 + x3 = 0
T, + 29 =0
After solving the system we find: SUSRAPCS LI TPT-3

Ker(f) = {xlel + X969 + w363 € B | 21 + 229+ 23 =0 and xo + x3 = O}
t 1
={ (%) Iver) = veet(( 1))
10126 3ol 185 2 ¢ Im(f) 12 185 6,pallg slgd) 6u,85 Jlaimb g .1 a2 1B gl ol Uy
Therefore the kernel has dimension 1. Using kernel and image theory, we find that the

dimension of Im(f) is 2. We take the first two vectors in the matriz A to be linearly

independent to generate the space Im(f):

Transit matrix ygad| 42 g 1.3.4

g#E;h&.&J‘QL‘uL‘uiniM@.ﬁuh@.ﬂ@%jlwhfb;hbﬁE‘ﬁub}ﬂ
.JAA-’LC n "-LC
Let E be a vector space with finite dimension n. According to the above, we know that all

basis of the space E contain n elements.
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5.3.4 : Definition - «ad yad

EJ sl oWwiB g F D wwiB i
Let B be the basis of E and B' be another basis for E.
Vs &% pol) Gogr0all Passs i jofb B jopg B wlad) J) B wbI oo o0 dogron ans
B ol Gl B ol j ¢ 126 oo Sie j 3902 2as nXn G )
We call the transit matriz from the basis B to the basis B' denoted by Passgp The square

matriz of rank nXn where the column j formed by the vector j of the basis B', with respect
to the basis B.

Matp(B') e 3L Passgp 49 gamaell Lilesi 3o 0 a8 o

We may sometimes denote the matrix Passp 5 by Matg(B').

2 7.3.4 : Example - J 20

Let the real vector space R? and let \';l;\g R? oot o \kid) ¢ Lbasal) ‘;L/x.\

() () () --0)

B = (e1,0) oW g B=(c1,e) wWwdl piss

We consider the basis B = (e1,e2) and the basis B’ = (€1, €3).

B ol 3B ol oo ;00 dogans s\

Finding the transit matrix from basis B to basis B'.
SLS) .(61,62) &y)& €2 9 €1 S )1.5?.\ 0¢‘ _—&Q

We must express €; and €3 in terms of (e1, e3). We find:

—1l 1
61:—€1+2€2: 62:€1+462:
Z 4
B B
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The transit matriz is then: : 05! <D 19.32\\ Sog00
p -1 1
assgp =
o5 2 4
\_ _J
Q@ el Ip colowed! lasd) Gudaidt 4280 ,edl 42 gaiael) Lgdi (o ) guall 48 gain0 jcad O (S
'E w

We can regard the transit matrix as the associate matrix of the neutral linear application Ig
defined on F.

.

7.3.4 : Proposition - Auad

b)) gubil) Gao) ol ogonl! (B B el J) B ww oo Passsp 9 Gogas
ol Y sgjall Jgogh cbos F g 5wl b 390 Taaell sbod (B E 2as I : (B, B)) — (E, B)

' B
Transit matric Passg g from basis B to basis B' is the associate matriz of a natural linear
application I : (E,B') — (E,B) where E is the starting space provided by the basis B', and
E s the destination space provided by the basis B:

PG,SS&B/ = M(LtB/,B(IE)

Lile a8 g Slulu ¥l Lk g Luuse ot (SO

-

8.3.4 : Proposition - dugad

o oo ;02! Gogbas ¢ Wrglaeg Swgle B ww I ) B wlw Il o ;02 dogtoe (1
(B wWwI J) B
Transit matrix from basis B to basis B' its invertible and its inverse is the transit

matriz from the basis B’ to the basis B:

Passp g = (Passp ) !

If B, B and B" are three basis, then ulo i 25 B” 9B B ol ) (2

Passp g = Passpg g XPassp pr
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8.3.4 : Example - J 20

_.'0152139 B @9;\&“ un\.\\lg\) s B = R? UT)J
Let E = R3 be provided with the canonical basis B and we define

1 0 3 1 0 0
B, = 1, l=11.,1 2 and By = -1, 5
0 0 —1 0 0 —1

By I N B wln Y oo ;912! Goghon sl

Finding the transit matriz from basis By to basis Bs.

We have: o s
1 0 3 1 0 0
Passgp, =1 -1 2 and Passgp,=|—-1 1 0
0 0 -1 0 0 -1

The previous proposition is equivalent to: 0 @‘\E Eoylud) Gl

Passp p, = Passgp, XPassp, s,
then we find PUSI-AVY '

_ -1
Passp, 5, = Passg 5, XPassg s,

After calculating the inverse of Passg s we find: D489 Passgly ——glaad) s 1%
il
1 0 3 1 0 0
Passg, g, = |1 —1 2 X|-11 0
0 0 -1 0 0 -1
1 0 3 1 0 0 1 0 =3
=11 -1 1 (X|-11 0]=[|2 -1 -1
0 0 -1 0 0 -1 0 0 1
. v,

Aaa¥W Ol ye e ¥l e 5S U Al jus O shiw
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We will now study the effect of changing bases on ray compounds

B geladd) sladl yuadd Guwled B = (e),6),...,¢,) 9 B = (e, ey,

en) oS e

Let B = (e1,ea,...,¢e,) and B = (€),¢€,,..., e/ ) be two basis of the same vector space F.
1) %2 n

B il M B ulw¥ e ) guall 4 gaine Passgp St @
Let Passp g be the transit matrix from the basis B to the basis B'.

B ola¥l Gd x =" mie; JSAN e Adad Alemss dnliss (S DB T € F Jai Ho o

Y

For x € F it can be written as a linear system of the form z = Z?:l x;e; in the base B

and we write:
1
T2
X = Matp(z) = ( : )
$.n B

wui'tgsxzzg‘zlx;e;J&mtwwwéu@i@\:éo&fxeE,.a.u..m,.m o

Poass g B
The same element « € E can also be written as a linear system of the form z = ) | zle]
in the base B’ and we write:

.

9.3.4 : Proposition - dusad

X = PCLSSB’B/ : X/
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Base change formula glu¥| wmudd ddwe 2.3.4
C).ﬁ)’.faﬁ‘.i\ﬁ}&.mP:PaSSB7B/3EJWM‘B/38.QJQ$MfIE—>EOS.:J.
B pulw¥ A1 B ulu

Let f : E — E be a linear application. B and B’ are two basis of E' and P = Passgp

the transit matrix from the basis B to the base B'.

W gawme B =Maty(f) 9 B juluw¥! o2 [ ot Gdail) Ad gawme A = Matp(f) (S8 o
B pula¥ o [ last Gdaid
Let A = Matp(f) be the matrix of the linear application f in the basis B and B =
Matg (f) the matrix of f in the basis 5’

) {EERRYCE PRV REUIEL I PRU-X

The basis change theory is as follows:

2 2.3.4 : Theorem - 2.1,.19
B=PlAP
in general for every n > 1 n>1d4 8 oe bwle Gao 9
|B" = p~lA"P|
J
2 9.3.4 : Example - J A
Let given the following bases of R3: P R? ge oW olwlu Y \,Tﬂ
1 0 3 1 0
B, = 1. -1, 2 and By = —=1{,[1]:
0 0 —1 0 0 —1
P oD B wln ) (b clbgron cas s Eubil) £ RS - R3 5T g
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Let f : R3 — R3? be the linear application whose matriz in the base By is:

1 0 —6
A= M(J,tgl (f) =|1-2 2 -7
0 0 3

:B = Matg,(f) B> wwI) o f Gog0s 315!
Finding a matriz of f in the basis Ba, B = Matg,(f):

Baseo By wln I M By ool Y oo Wl ;a9 Gognne —lusey @

By previously calculating the transit matriz from the basis By to the basis Bs, we find

1 0 -3
P = Passg p,= |2 -1 -1
0O 0 1
we calculate —_—ndo e
1 0 3
P'=12 -1 5
0 0 1

D185 Gl & 0 e eI 1R SRuo s e

Applying the basis change formula from the previous theorem we find:

1 0 3 1 0 —6 1 0 -3 1 00
B=P''AP =12 -1 5|(X|-2 2 —7[X|2 -1 —1|=1]0 2 0
0 0 1 0 0 3 0 0 1 00 3

\.

J

43 gaina) dawsi 4d gaae ) Let 3int @l OF Olulu¥ 58 Ol o) dmdias e O sSa e LILE
B 42 gainst 598 Llus Jgadl o L Jliel Jicw oo (Bdlau oi Zogle Ailio oi A ,dad

Lgis AF LY
It is often in the interest of changes in foundations to be reduced to a simpler matrix (an upper

or lower diagonal or triangular matrix). For example here, it is easy to calculate the power of
the matrix B* to deduce A* from it.
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Ezercise series N° 4 ady O jbeld| dds 4.4

Exercise N°— 1 — gdy id w2

Y ol Gubs ek oo 6,4 S o lanhil) 518 1) sas
Determine whether the following applications are linear applications or not:
[R5 R (z,y)— (x+y, z—2y,0) (1
[R5 R (n,y)— (x+y, z—2y1) (2
[ R2 SR, (z,y) —~ 22 —¢? (3

Solution : (e

dog AER g R Lav=(2,y) gu=(1,y) 830 .Jas Godai f o< (1

flutv) = ((@+a)+y+y) (@ +2) =2y +y),0)
= (x+y,x—2y,0)+(m'+y',x'—2y',0)
= flu)+ f(v).

N =)
fOw) = (A + Ay, Az — 2Xy,0)
= ANz +y,z—2y,0)
= M(w).
£((0,0)) #(0,0,0) ¥ las Gudad Cewd & f (2
OY Glad Gudad Cewd f (3
(L) =1, f((-1,0)) =1 5 f((0,0)) =0# f((1,0)) + f((~1,0)).

Exercise N°— 2 — gy id w2

Let the linear application f : R? — R? be defined ol f:R* — R sd) gl ‘;L/x.\

¢pols Coylike oB UB 90390 g of ) &) bl ag
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Find the kernel of the linear application f, and its image. And is it injective? surjective?

Solution : (e

] et Gedatdl 5193 sl (1
Ker(f) = {(z,y) € R*: f(z,y) = (0,0,0)}.

1also 1

r+y = 0
r+y 0
r—y = 0 <=
{ 2 = 0
Ker(f) =1(0,0) O gccwd
alie [ Ol Bt cews Ker(f) = (0,0) o Loy (2

Ao gama (o (U, 0, W) OF J9a3 R (e g lad (u,0,0) S .f Glasd! Godatll 3 ) g sl (3
Ol 13) dadd g 13) f Glasd) Gl jgw

u = r+y
Az, y) €R?, (w,0,w) = f(,y) <= (z,9) R’ ¢ v = z—y
w = r+y
u = xr+vy

< I(z,y) € R?, u+v = 2

w—u = 0

’U,EU _ y

< J(z,y) € R?, o T

w—u = 0

OF s

Im(f) = {(u,v,w) € R* u—w = 0}.

peld ud f dde g dm(f) .E\.CWJ‘;AI%Y(LLO) (Aol oy
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Exercise N°— 3 — @) (d w2

Let the linear application f : R® — R* be defined ol f: R* — R* (Jasd) gl UT»J

flz,y,2)=(x+2, y—=z, 2z+y, x+y-+22).

Find a basis for Im(f). Im(f) 2 bl ).>.-9¢\ (1

Find a basis for Ker(f). Ker(f) 2 bl ).>,-9¢\ (2

Is f injective? Surjective? Bijective? f b8 ¢ le Coolie £ 4B (3
Solution : Jemsd!

s f lasdl Gudatd) cay pal Jeatwd (1
f(61) = (17_17()’1)

f(e2) = (0,1,1,1)
fles) = (1,0,1,2)

101 das M O (San

f(es) = f(er) + fle2)
fler), fle2), fles) aaa¥) O plad Less bdas alad ;o {f(e1), flea), fles)} aaa¥ O (i
et bl 0S5 o2 9 {f(€1), fle2)} (o B3 g0 Im(f) ain g Im(f) =3 53 90

Lot (2
r+z = 0 z+z = 0
—x + 0 +z 0
(x,y,2) € ker(f) — Y — {7
y+z 0 y+z 0
r+y+2z = 0 y+z = 0
r = —z
— Y —Zz
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s g Ker(f) (ulwi 9gd (p gans jul adY LJ.Ya.a Ker(f) &g (=1, —1,1) ¢ Ladd) i gisdewsd

dim(Ker(f)) = 1.

Ao (s B 1 aa ) O B O jeld el [ Gedatdl OL8 By guall g B o) Ay s s (3
Q;Y?)&gij:aTXIm(f)

Im(f) = Vect{f(e1), f(e2)} = dim(Im(f)) = 2.

Exercise N°— 4 — gdy id w2

ZY\o‘\%h}fi@hﬂ\o\;\bgbgb

Determine whether the application f; is linear or not:

fi:RZ=R? fi(z,y) = 2x+y,x—1y)
fo R =R fo(z,y,2) = (zy,2,9)
f3 R =R fa(x,y,2)=x+y+2,y—2z2+7Yy)
fi:R2 >R fy(x,y) = (y,0,2 — Ty,x +y)
Js(

fs : Rs[X] = R® f5(P) = (P(-1),P(0), P(1))

Solution : (e

D@ y) €R? g (2,y) € R? (S0 pas Gudal fy (1

fillz,y) + (2,y) = fi(z + 2"y +y)
= Q2@ +2)+y+y), (z+2) - (y+y))
=2z +y+20+y, s —y+a' —y)
= (2e 4y, —y)+ (22" + ¢, 2 - )
= filz,y) + [1(2Y)

PAER 5 (2,y) ER? S

SiA- () = Az, dy) = Az + My, A —dy) =X Lz +y, 2 —y) = X fi(z,y).

'f2(27270> = 4 glus Cewd f2(17170) +f2(1a 170) Jld! Joiww (Ao ‘;‘Y‘i‘ Gudad ued f2 (2
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Of (2,9, 2) 9 (2,9, 2) dal (e G0 T Glad Guda fs (3
fs((w,y,2) + (2,9, 2) = falz,y,2) + fo(a', ', 2)
Ss(N - (2,9,2)) = X fa(a,y,2) Lot A g (2,1, 2) Jal o Laay .
Of (2,9) 9 (2,y) dai (e G0 Glas Gudas fy (4
fil(a,y) + (2, y) = falw,y) + fal@,y).
JiO - (@,9) =X falw,y) Lot X g (2,y) J2T (o9 aa

Ola PP € Ry[X] oS3 ¢ las Gedad f5 (5

fs(P+P') = ((P+P)(=1),(P+ P)(0), (P + F')(1))
= (P(-1) + P'(-1), P(0) + P'(0), P(1) + P'(1))
= (P(- 0), P(1)) + (P'(=1), P'(0), P'(1))
= [5(P) +f5( )

Z)\GRjPGRg,[X]Q\élb!j

Exercise N°— 5 — @y 3 w2

(o el £ RY 5 RY s gl ol
Let the linear application be f : R® — R? defined as:

flz,y,2) =(-3x—y+2, 8r+3y—2z, —4dz—y+22).

912 s Ty £ Enni) olgd wlni ssqh (1

Find a basis for the kernel of application f and calculate its dimension.
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Is the application f injective? foolie f ol JB (2
Find the range of f. Is the application f surjective? ¢o\& f ki) I® .f &3, ).>.-9¢\ (3

Find a basis for Im(f). Im(f) 23 ol ).>,-9¢\ (4

Solution : (jed!

DOl 13) dadd g 13) (7,7, 2) € ker(f) Lot (z,y,2) € R? (s (1

-3z — y + 2z =0 z =y — 3r =
8z + 3y — 2z = 0 - -2z + 3y + 8r =
—4dr — y + 22 =0 2z — y — 4dx =

faamd (Sl Mg e ) AL ) J oW et Cands (15 e A1) Adloals ¢ @5
z —y — 3z = 0
z —r =
y + 22 = 0 = {
y +2r =
y + 2z =
i1 Alext oia o (7,Y,2) Ol 13) dasdd o3 (7,y, 2) € ker(f) LSLILy
(x,y,2) = (v, —2z,z) = z(1,—2,1).
Ay paie (o 09800 wle¥! g1 (1,-2,1) gladdl f Gdaill 3190 ululs 25Dl aie
dim(ker(f)) =1 han
Oaldos pud [ aie g {0} p giacdl slindll pe Gallail ¥ 51 gat) (2
g 25 3 g 500 s (3
rg(f) =3 —dim(ker(f)) =3—-1=2.
ygm‘d}my‘;h’aé&cﬂéﬁng@SJ}mﬂ;m..\.1;[_;;}’3).oLéu.u:df@,‘g‘da:d‘
3 ..\.a;.ﬂ 93 R3
:L‘e..\} f M J}m.n cliad A\_‘.’qf! (4

Im(f) = {x(-3,8,—4) +y(—-1,3,-1)+2(1,-2,2) : z,y,z € R}

= wvect(uy,uz, uz),
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A5y Ol Gkt I3t e uz = (1,-2,2) gup = (—1,3,—1) auy = (3,8, —4) auad Co>
Im(f) 3 Gelawi a3 e bdas 25T (U1, ug) et & 51 Ags> (pe 2 o2 [ Gl

Exercise N°— 6 — @) (d w2

LG WS 6612 (1, €2, 03) S wln Y 5 oibghos Las R oo f 11 JHN oL

Let the ondomorphism f of R® whose matriz in the canonical basis (e, ez, e3) is defined as

follows:
15 —11 5
A=1] 20 —-15 8
8§ =7 6
Prove that the vectors a2 oF s

6/1 :2€1+3€2—|—63, 6/2 :3€1+4€2+63, Bg :€1+262+263

o IR Sausdly f Sogoe 1590 w5 R? sbadl) wlnf JI&S

form a basis for the space R®, then find the matriz f with respect to this basis.

Solution : (e

b game P SO B = (€], ey, 65) = codadt ulwd g @l wlud B = (61,62, 63) = e 53

Aol ol Aadi Ol po (1o el (o il it daa ¥l Slss o o Lgideci (Sd1 ) gl
it B ot pula¥ ¥y B

2
P=13
1

— o

1
2
2
sty (A Z\AL@:X\.)“_,‘L“?MB’Q?_\?JL@.;M Cluon 9 (dw 9Se P O @amd

—6 5 =2 1 00
P'=]14 -3 1| ccwssB=P'"AP=|0 2 0
1 -1 1 00 3

B pulw¥ 2 f Godal) 4d gane o B
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Exercise N°— 7 — @) (d w2

cibgion 2as R” oo f S Sl oI

Let the ondomorphism f of R? where its matriz

2
A=
_5 _
2
-2 -2
e1 = and ey = )
3 5

Mat (f) bogaoa) 1591 5 R sboal) wln B = (e1,¢5) o =31 (1
Prove that B' = (e, e3) is a basis for the space R?* and then find the matriz Matg (f).
.nEN&‘mA”..‘—d\\};\ (2

wiN
(S]]

on the canonical basis, so let

Calculate A™ for n € N.
19083 () Gumasd) Wil G gaso sa- (3

Determine the set of real sequences that satisfy:

Tp4+1 = 2xn I ~Yn

Yn+1 = _él‘n - gyn

Solution : (e

B = (e1,63) pukaw¥) g3 B = ((1,0),(0,1)) 5 $3Lad ula¥1 (o guall 42 gans P auad (1
Dy g€ Biee¥!) Aadi e W 9Se
-2 =2
P =

.u.uLwiB/‘:,Jijjles.cPA.LnjdetP:—él%O
gAB/uustf‘g&fM}a.ms\.'«.nj

B:P‘IAP:—l 5 2 2 § -2 -2 _ 10
4\-3 —2)\-2 -2 3 5 0
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DAyl A5 ghnn 598 Clus lus Jgwd! e (2

(o )

PA" Waas it A= PBP Ui Les

6 4
ar—(pBp Y —pprpi= L[ 07w e
4\-154+4 -6+ 32

Tn

IS Gle CaST OLILed! s Gasd Gl O¥aleedl die Xn—< > L g 13) (3

Z‘:,J:' (P== ‘:,_"5.4444.”
Xn+1 - AXn

T
(O it 9 . X, = A" X 1okd X = ( 0) € R? LSl do ,adl Liais g 13
Yo i

va = 5(00= a0+ (4= )

(=15 + 28)ag + (=6 + ;—S)y()).

N TN

Yn =
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