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Worksheet No. 2

Exercise 1 Let z€ C,z, y € R, r € R%, § € [0;27[ and 3> = —1

1. Rewrite each z into polar form (re®).

a)z=6, b)) z=6i, ¢z

242, d)z=-2+42i, e)z=23+3i

2. Rewrite z from polar into x + iy form.

57,

a) z=3e4", b)z= 56%”, ¢) z=reiz!, d)z=1\ 16e%5.

3. Compute the following, simplifying the results into x + iy form.

a) z=(2+2i)%, b)) \/3+V3i.

_ (149)
4. Let z = N

(a) Compute z, and simplifying the results into = + iy form.
(b) Deduce the values of cos(g) and sin(g)

Exercise 2 Let z, w € C and %2 = —1.
1. Let z=1+7 and w = 2" with n € Z.

(a) Determine the values of n for which w is a pure imaginary number (Re(w)

(b) Determine the values of n for which w is a real number (Im(w) = 0).
2. Let w =

~0).

z

zH with z # —1. Determine the set of points M with affix z of which

(a) w is a pure imaginary number (Re(w)

0).
(b) w is a real number (I'm(w) = 0).

Exercise 3 Let z, 20 =29 +yo i € C, r € R and i2

—1. Solve the following inequations.
L. |z —2| <.

2. |22+ <[z2+1].

3.

j:?) < r, with z # 5(Left to the student).
4. |2z + 20| < |Z + 21|, with zg, 21 € C (Left to the student).

Exercise 4 Let z € C and 2 = —1. Solve the following equations

a) 5z +2i = (i + 1)z — 3, mj;i:@, )2 +iz=3, d)2+22=0.

e) 2 +2:42=0, f) —22°4+62-5=0, g)22%2—2(1+45i)—2(1—-14)=0.



Exercise 5 We consider the following polynomial P(z) = 23+ 9i2% +2(6i — 11)z — 3(4i + 12), with Z € C.
1. Demonstrate that the equation P(z) = 0 admits a real solution z;.
2. Determine a polynomial Q(z) such that P(z) = (z — 21)Q(2).
3. Solve the equation P(z) =0 in C.

4. Demonstrate that the points of the complex plane corresponding to the solutions of the equation
P(z) = 0 are aligned.

Exercise 6 Let Z,, be a complex number defined by:

7 8, if n=20;
" H‘fl%‘/an_l, else.

and (M), cy are the points of affix Z,, on the complex plane P.
1. Calculate z based on n.

2. For any natural number n, calculate the ratio
Zn - Zn—l
Zn, ’

3. We note |Z,| = r,, gives the limit of , when n tends towards infinity. What geometric interpretation
can we give?

Exercise 7

1. Show that
Vu, veC: |u+v]?+u—v]*=2(lu+v?

2. Show that the following equivalence is false
foruecCandveC:u=v& |u =|w|.
Exercise 8 (Left to the student). We consider the following polynomial P(z) = 23 +2(v/2 —1)2% — 4(v/2 —
1)z — 8, with z € C.
1. Compute P(2). Determine a factorization of P(z) by (z — 2).

2. Solve the equation P(z) =0 in C.

Exercise 9 (Left to the student) We consider the function f of the plane which at any point M associates

the affix point:

w:iz,, with z # 2i.
z— 2

1. For z # 2i, we set z = 2i + re?? | with and r > 0 and 6 € [0; 27[. Write w — 1 using r and 6.
2. A is the affix point 24,

(a) Determine the set Ej of points M for which |w — 1| = 3.
(b) Determine the set Ey of points M for which arg(w — 1) = 7.
(c) Represent the sets Ey and Es
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Correction of worksheet No. 2

Course note: Let’s consider the complex number z = x + iy.
e Z =1x — iy (See figure 1, left side).

e V(2,0)€C it m=1+%

e The modulus of z is defined by: |z| = /22 + 2.

e For any complex number we have : |z|? = z Z.

"=

e For any integer n we have |z z|™.

e The polar form of a complex number z = = + iy is given by
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z =r(cos(f) + isin(f)), with r = |z| > 0 and € = arg(z) € R (see figure 1, right side).

e The exponential form of a complex number z = x + 7y is given by

z=re" with r = |z| > 0 and § = arg(z) € R.

e If 2 = re® then
z =1 (cos(#) + isin(h)).

e For any natural number n we have

2" =™ = " (cos(nb) + isin(nd)).

L y) = (cos @, sin )

" *=cosf

Figure 1: Graphical illustrations of the conjugate of a complex number and its trigonometric form.



P(0) = (1,0)
X

o)-(2-3

D-(7-7)

Solution of the Exercise 1

26)

1. Rewrite each z into polar form (re

(a) 2=6=06+0i = |z| = V62402 =6. So,

=6(1+0i) = 6(cos(f) +isin(h)) = { sin(6) = 0

As 6 € [0,27[ then § =0 = z = 6(cos(0) + isin(0)).

cos0) =1 _ 4 _ork kez

(b) z=6i=0+6i = |z| =02+ 62 =6. So,
=6(0+14) = 6(cos(f) +isin(h)) = { :ﬁf((g)) _ S =0= g = z = 6(cos (g) + isin(%)) .

(c) 2=2+2i = |z| = V22 + 22 = 2V/2. So,

—2V2 (f +i f) = 2v2(cos(0) + isin(d)) = { sin(0) =

Hence,

z = 2v/2(cos <%) +isin(£)) .

(d) 2 =—-2+2i= |z| = /(—2)% + 22 = 2V/2. So,

nia(

Hence,
z = 2\[2 (cos <3;r> + 7sin <3:>> .

V2 \f) = 2v/2(cos(0) + isin()) = { :1(:((99)):



(e) z=343i=|z| = /32 + (v/3)2 = 2V/3. So,

Hence,

2

RPN (ﬁ + g) — 2V3(cos(9) + isin(0)) = {

cos(f) = § N
_ Vi -
sin() = %

z=2V3 (cos(%) +isin(%)> .

2. Rewrite z from polar into x + y ¢ form.

(a) z = 3%

(b) z=D5ed’

We have

(o (E) s (2))
_ 3 <cos (”JFZ) +isin (”Jr%))

= a(-om(§) vism (D)

- o) ()

— 5 (cos (27r - g) +isin (2” - 2))

- () risn(-5)

_5V2 5V2
2 2
z = reis’

i <cos (27r - %) +isin (2” - %))

cos?(f) = 1 — sin?(9)

cos(20) = cos?(6) — sin?(#) — { cos(20) = 1 — 2sin?(0)

sin(&) _ 1—cos(26)) )

{ cos(f) = /1 —sin?(#)
_—

Hence, if we put ¢ = {5 then we will have the following

2



So,

\/@ = 4e3’
= 4 <cos (g) + 7¢sin (g))

2 +i2V/3.

N
Il

3. Compute the following, then simplifying the results into « + y ¢ form.

(a) Case of z = (2 + 2i)8
Let w = 2 + 2i. Note that |w| = v/22 + 22 = 2y/2 and arg(w) = T 50

(2 + 2i)®

ol ()i ()
(7))

(
(2[2 i

z =

= 4096.

(b) Case of (3 + \/31)%
Let w = 3+ /3.

Note that |w| = /3% + V3® =23 and arg(w) = Z, so

4. Let z = +/(1+1)




(a) Compute z, and simplifying the results into x + y i form.
Let’s z=x +iy and w =1+ 4.

22 = w z” + y2 - ﬂ
w=2’= 9 = 22—y =1
2I° = Jwl
2zy =1

adding the first and the second above equation we obtain x = 4/ @ and y = 4/ @ ie.

V241 . V2 -1
2 T 2

(b) Deduce the values of cos(g) and sin(g) from the first question we have

o2 () v (o () i ()

Vw = w3 = (ﬁ cos (%)) +1 (ﬁ sin (%)) =z.

By identification we find:

S0,

Zeos() = V5 [eos(p) = V22
2isin(3) = /% sin(3) = /232

Solution of the Exercise 2

1. Note that

zzl—i—izﬂ(cos(%)—i—i sin(%)) — w=2"=2% (COS(%)—F@' sin(%)).

(a) Case w is a pure imaginary number

Re(w)zo:cos(%) :%zgww:n:zﬂk, with k € Z.
(b) Case w is a pure real number
Im(w):o:sin(%) z%:kﬂznzllk, with & € Z.

2=t with 2 = 2 4+ iy, v = (x + 1) — iy and z # —1.

2. Let w = |

z—i:x—i—(y—l)i

z+1 (x+1)+iy

r+@y—1i (x+1)—iy

(x+1)+iy (x+1)—dy

_ <w(w+1)+y(y—1)>+i<(w+1)(y—1)—xy>.

[o]? [o]?




(a) Case w is a pure imaginary number.

Re(w)=0 = z(z+1)+yly—1)=0

9 1 1 9 1
== +2§:p+7+y —2-y+-=

From this last equation, we conclude that the values of z, such that w is a pure imaginary number,

are the points belonging to the circle with center (%1, %) of radius g without the point (—1,0)
(because z # —1).

(b) w is a pure real number.

Imw)=0 = (z+1)y-1)—2y=0
= axy—zrz+y—1-a2y=20
= y=x+1.

From this last equation, we conclude that the values of z, so that w is a real number, are the
points belonging to the line y = z + 1 without the point (—1,0).

Solution of the Exercise 3
Let z, zo =20 +1yo € C, r e R} and 2 = —1.

1. Case |z — zo| <.

|z — 20| <7 = (\/(95—360)24'(3/—%)2)2 <1t = (z—x0)*+ (y —y0)* < 1.

According to this last result, we conclude that the solutions of the inequality are the set of points
belonging to the disk delimited by the circle with the center (xq,yo) and radius 7.

Remark 1 In the previous inequality, if we replace the operator ” less or equal than (<)” by strictly
less than” (<), then the solutions of the inequality are the set of points that belonging only to the interior
of disk delimited by the circle with center (xo,yo) of radius r.

2. Case |2z +1i| < |Z+1].

12z +i| < |Z2+1] 2z +i(2y + 1)| < |(x + 1) — dy|

122 +i(2y + 1)]* < |(z + 1) —iy|?

42® + 2y + 1) < (z +1)% + ¢
4x2+4y2+4y+1§m2+2m+1+y2

11 2 4\ 1 4
2 2
=2z + - |+ (P 25+ ) <=+
< 3 9> (y 3 9> 9

2
1\? 2\* (V5
N Z < | 2=
<x 3> (“3) : ( 3
According to this last result, we conclude that the solutions of the inequality are the set of points

1 =2 V5
37 3 3

el

!

belonging to the disk delimited by the center circle ( ) of radius



Solution of the Exercise 4
Let z € C and i? = —1. Solve the following equations.
1. Case of the equation 5z + 2i = (i + 1)z — 3,

5242i=(i+1)2—3 — bz—(i+1)z=-3-2i

N —-3—-2i
z =
4—1q
. z:(_3_,2l)(4—172)
(4—1i)(4+1)
So,
_ 10 12
BTN T
2. Case of the equation jﬁ = 1.
z—1 NN =iz i — (1—1) 9i 2 N 2i(1+1)
=1 z—i1=1z+1 —i)z =21 z= ="
z+1 1—14 (1—=12)(1+419)

So,
z=—1+471.

3. Case of the equation 2z + iz = 3.

Let’s assume that z = ¢ + ¢y with x, y € R.

2z24+iz=3=2x+i2y) +i(r —iy) =3 = 2x+y)+i(r+2y) =3+10.

So, to find the solution to the above equation, we must solve the following system of linear equations:

2z + y = 3
z + 2y =0

After the resolution of this system, we get x = 2 and y = —1, hence the solution if the original equation
is :
z=2—1.
4. Case of the equation 22 + 2z = 0.

Let’s assume that z = ¢ + ¢y with x, y € R.

N _ L z =0 (xay) (0’0)
Z+Zz—0:>z(z+z)_oz>{z+z = 0 :>{w - O7andyeR

hence, the solution of the original equation is the set of the pure imaginary numbers (z € i x R).
5. Case of the equation 22 42z + 2 = 0.

2 . 21 = 2= -1 -9
A=224%2=—4=— VA =42 — 2

g = 2 = 144,
6. Case equation —222 + 6z —5 =0,

—6—2i
—1
—6+2i
-1

zZ1 =
z2

Il

+
D=0 =
ST

A:62—4*(—2)*(—5):—4:>\/Z:i2z’:>{



7. Case equation 222 — (1 + 5i)z — 2(1 — i) =0
A=(145i)2—4%2x%(=2)(1—14) = -8 —6i = VA =?
To obtain the two solutions of the equation, we must first find the root of the determinant A. Suppose

that VA = w = z + iy with z and y are a real numbers. From this assumption, it is clear that the
following holds.

w? = A 22+y’ = 10
Ul = g =2t = 8
2xy = —6

Using the first and the second above equations we obtain x = £1 and y = 4+3. From the third equation,
we note that z and y have different sign, so

VA =£(1-3i).
Then the solutions of the given second order equation are:

(145i)—(1—34) %

zZ1 = )
14+53)4+(1—34¢ 1 1.
2 = (ERDHOS) 11,

Solution of the Exercise 5

1. The equation P(z) admit a real solution = 3z € R such as P(z) =0

Plz)=0 = 2®+9iz® +2(6i — 11)z — 3(4i +12) =0
= (2 — 222 —36) +i (92" + 120 — 12) =0

23 —-22x—-36 = 0

922 +12x —12 = 0.

Solving the second equation of this system above, we get © = —2 or & = % (A = %4). After replacing
x with these two values ?7in the first equation, we see that only x = —2 satisfies both equations of the
system. Therefore, we conclude that the real root of the polynomial P(z) is z = —2.

2. As z = —2is aroot of P(z) then the latter can be rewritten as follows:

P(z) = (2 +2)Q(2),

with Q(z) is a second order polynomial, i.e. Q(z) = az®+ bz + ¢. The complex coefficients a, b, and ¢
are to be determined.

To determine these coefficients, we can proceed in two ways, namely: by identifying P(z) with (z +
2)(az® +bz+c) or simply using the Euclidean division of P(z) on (z+2). Using the Euclidean division
we get:

P(2) = (2 +2)(2* + (90 — 2)z — 6(3 +1)).

10



2 4922 42(6i—11)z —3(4i+12) | z+2

— 2?2 — (2= 9i)z — (18 + 61i)

23 4222
(9 —2)2% +2(60 — 11)z —3(4i + 12)

(9i —2)2%  +2(9 —2)z
—2(3i +9)z  —3(4i + 12)

—2(3i+9)z  —3(4i +12)

3. Solve the equation P(z) =0

P(z):O:>(z+2)(22+(9i—2)z—6(3+i)):():>{ 2+ 2

Let’s solve the equation 22 + (9i — 2)z — 6(3 + i) = 0.We have
A= (9 —2)2+4%6(3+1i)=—5—12i.
Let’s w = x + iy, with x and y are a real numbers, the root of A so
w2 = A 4y’ = 13 r = 2
{wa N T e M {y = -3
2xy = —12

Finally, the solutions of the equation P(z) are given as follows:

z1 = —2
2 _ —(92—2)2—(2—31) — 3
2 = —(92—2);-(2—31) —92_6i

4. The affixes of the solution are aligned?

Let’s A, B and C denotes the affixes of z1, 29 and z3 respectively.

224 (9 —2)z—6(34+14) = 0

— VA = +(2— 30).

To show that the three points are aligned, it is enough to determine the equation of the line passing
through two points, for example, A and B, and to verify that the remaining point C belongs to this

line.

By a simple calculation, we can show that the line passing through the two points A and B is written

as follows: 3
y=—5%- 3.

We see that the coordinates (2,-6) associated with point C' verify the equation of the constructed line.

Consequently, the three points are therefore aligned.

Solution of the Exercise 6

11



1. Calculate z based on n.

We see that for all n € N*, ng = 1+j1\/g = constant, So (Z,) is a complex geometric sequence that

can be defined by its first term Zy = 8 and the common ratio ¢ = 1++4'\/§. Hence the expression of (Z,)
can be rewritten as follows:

. n
Zn:8<1+4“/§> . neN.

2. For any natural number n, calculate the ratio

1 \/gn 1 \/§ n—1
Zo-zaa  S(0) —8(M5)
Zn 8<1+2\/§>n
4

(HZ\E) -1 343

(1+i\/§) 1443

4
3+iv3 y 1—iV3
1+iV3  1-iV3
= V3.

3. We note |Z,| = rp, gives the limit of , when n tends towards infinity. What geometric interpretation
can we give?

Let’s first find the expression of r,.

1+iv3\"
(252) |-

1+iv3
4

Tn = |Zn‘ =

(O () -6

Hence,
1 n—3
lim 7, = lim () = 0.
n—oo n—-aoo 2

This means that the point M, of affix Z,,, as n tend to infinity tend to the origin (0,0) of the complex
plane P.

Solution of the Exercise 7

1. Show that : Vu, v€ C: [u+vf* +|u—v* =2 (Ju* + |v]?).

ut o2+ Ju—of? = (utv)*(@F o)+ (u—v)*(@—v)
(u+v)*x(TW+7v)+ (u—v)* (u—"71)
U + UV + VU + VU + Ut — UV — VU + VU
2uu + 200

= 2(Jul*+|v]?).
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2. Show that the following equivalence is false
forueCandveC:u=v& |u = |w|.

(a) "="Let’s consider u, v € C with u = x1 + iy; and v = z3 + iy

u:U:>x1:x2andy1:y2:>|u|:\/m%—l—y%:\/m%—l—y%:hd.

(b) "<=" This implication is not always true. Indeed, this can be shown by a simple counter-example:
if we take u = —v0 (with u # 0) then |u| = |v| although u # v.

As final result, the equivalence is false.

Solution of the Exercise 8
We consider the following polynomial P(z) = 2% + 2(v/2 — 1)22 — 4(v/2 — 1)z — 8, with z € C.

1. Compute P(2). Determine a factorization of P(z) by (z — 2).

By substitution z = 2 in the expression of the polynomial we get P(2) = 0 i.e. z = 2 is a root of P.
So, P can be rewritten as follows: P(z) = (z — 2)Q(z) with Q(z) is a second order polynomial.

2. Using the Euclidean division of P(z) on (z — 2) we obtain Q(z) = 22 + 2v/2z + 4. Hence
P(z)=(2-2) <22 +2V/22 +4> :
3. Solve the equation P(z) =0 in C.

z—2 =0

P(z) =0= (2 —2) (z2+2\/§z+4):>{ 2422244 = 0

We have the determinant of equation 22 + 2v/2z +4 = 0 is:

A=(2V2)?—4x4=-8=— VA ==4i2V2
So, the solutions of the equation P(z) are given as follows:

zZ1 = 2
Zy = 72\@_; 22 = \2-i V2
5= BEHBA 51D
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