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Sets theories �A�wm�m�� �A§r\�

Exercise series N° 1 ��C �§CAmt�� TlslF 1.1

Exercise N°− 1 − ��C �§rm�

:Ty�At�� �A�wm�m�� (r}An� �� ºAW��� ©�) �yOft�A� 	t��

Write in detail (i.e., by providing all elements) the following sets:

A = {integers between 2π ¤
√
2 �y� T�y�}  �d��}. (1

B =
{
x ∈ Q; ∃(n, p) ∈ N✕N, x = p

n
and 1 ≤ p ≤ 2n ≤ 7

}
. (2

Solution : �þþ���

An§d�

A = {2, 3, 4, 5, 6} .

 � ^�®� , B T�Atk�

1/2 ≤ n ≤ 7/2 ⇒ n = 1, 2 ¤� 3.

:Yl� �O��¤ , p þ� Tlmt�m�� �yq�� 	tk� , n þ� Tlmt�� Tmy� �k�

B =

{
1, 2,

1

2
,
3

2
,
1

3
,
2

3
,
4

3
,
5

3

}
.
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1 Sets theories �A�wm�m�� �A§r\�

,2 ��r� d� ¯¤ , 3/3 ¤ 2/2 þ� AS§� Ahyl� �wO��� �� ¨t��¤ , 1 ��r� d� 	tk� �� ¢�� ^�®�

.6/3 ¤ 4/2 ¤ 2/1 þ� Ahyl� AnlO� ¨t��¤

Exercise N°− 2 − ��C �§rm�

? C ⊂ B ¤� C ⊂ A  ± : �h� C ⊂ A ∪B An§d�  A� �Ð�

If we have C ⊂ A ∪B does that mean C ⊂ A or C ⊂ B ?

Solution : �þþ���

.C = {2, 3} ¤ B = {3, 4} ,A = {1, 2} ®�� @��� !¯

Exercise N°− 3 − ��C �§rm�

�� A,B,C Ty¶z� �A�wm�� T�®� Yl� ©wt�§ ©@�� , ¨�At�� �y� XW�� CAbt�¯� ¨� @���

.E �� a, b, c, d, e, f, g, h r}An`�� ¤ E T�wm�m��

We consider the following Venn diagram, which contains three partial sets A, B, and C of

the set E, and the elements a, b, c, d, e, f, g, h from E.

E

A

B

C

h

c

g

f

a e

d

b

:T·VA� �� T�y�} Ty�At�� ��CAb`�� �A� �Ð� A�  d�
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Sets theories �A�wm�m�� �A§r\� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

Determine whether the following statements are true or false:

1) g ∈ A ∩ B̄ 2) g ∈ Ā ∩ B̄. 3) g ∈ Ā ∪ B̄.

4) f ∈ Ā. 5) e ∈ Ā ∩ B̄ ∩ C̄. 6) {h, b} ⊂ Ā ∩ B̄.

7) {a, f} ⊂ A ∪ C.

Solution : �þþ���

.g /∈ B ¨�At�A�¤ g ∈ B  ± �W� (1

.	bs�� Hfn� �W� (2

.g ∈ A  ± �y�} (3

.f ∈ A  ± �W� (4

.e ∈ A  ± �W� (5

.�W� �@¡ ¤ : b ∈ A ∩B ¤ h /∈ A ∩B  � �Ab�� Y�� �@¡ ��r§ (6

.�y�} �@¡ ¤ :f ∈ A ∪ C ¤ a ∈ A ∪ C  � �Ab�� Y�� �@¡ ��r§ (7

Exercise N°− 4 − ��C �§rm�

.A ∪B = B ∩ C �y� �A�wm�� �®� C ¤ B,A �kt�

Let B,A and C be three sets where A ∪B = B ∩ C.

.A ⊂ B ⊂ C  � b��

Prove that A ⊂ B ⊂ C.

Solution : �þþ���

.A ⊂ B ¨�At�A�¤ , x ∈ B , � ©� ,x ∈ B ∩ C ¨�At�A�¤ , x ∈ A ∪B ¢n�¤ .x ∈ A �ky�

.B ⊂ C ¨�At�A�¤ , x ∈ C ,  � ©� ,x ∈ B ∩ C ¨�At�A�¤ , x ∈ A ∪B ¢n�¤ .x ∈ B @���  µ�

Exercise N°− 5 − ��C �§rm�

Y�� Xc z�r�A� z�r� , X ⊂ E ��� �� .E T�wm�m�� �� Ty¶z� �A�wm�� T�®� C ¤ B,A �kt�

.E ¨� X Tmmt�
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Let B,A and C be three subsets of the set E. For X ⊂ E, we denote by Xc the complement

of X in E.

Prove the following Morgan’s laws: :Ty�At��  A�Cw� �y��w� b��

1. (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C) 2. (Ac)c = A

3. (A ∩B)c = Ac ∪Bc 4. (A ∪B)c = Ac ∩Bc.

Solution : �þþ���

.�¤ zm�� º�wt�³A� �¡rbnF r� �� ¨�

 �� , x ∈ B ¤ x ∈ A  A� �Ð� .x ∈ C ¤� x ∈ B ¤ x ∈ A ¢n�¤ ,x ∈ (A ∩ B) ∪ C �ky� (1

£@¡ ¨�¤ , Xq� x ∈ C  wk§ , ��Ð �®�� .º�wt�³� �Ab�� �t§¤ , x ∈ B ∪ C ¤ x ∈ A ∪ C

.x ∈ B ∪ C ¤ x ∈ A ∪ C AS§� An§d� T�A���

, x ∈ C  A� �Ð� :�yt�A� �y� zym� An��� , x ∈ B ∪ C ¤ x ∈ A ∪ C  A� �Ð� , ��Aqm�A�

Am� , �k�¤ .x /∈ C , ��Ð �®� .x ∈ (A ∩ B) ∪ C ¨�At�A�¤ x ∈ C ¤� x ∈ (A ∩ B) ¢n�¤

 � b�§ �@¡ .x ∈ B  �� ,x ∈ B ∪ C  � Am� ,��m�A�¤ .x ∈ A An§d� �bO§ ,x ∈ A ∪ C  �

.x ∈ (A ∩B) ∪ C ¨�At�A�¤ x ∈ A ∩B

x /∈ Ac
 �� , x ∈ A  A� �Ð� , ��Aqm�A� .x ∈ A ¨�At�A�¤ , x /∈ Ac

¢n�¤ .x ∈ (Ac)c �ky� (2

.x ∈ (Ac)c ¨�At�A�¤

.x ∈ Bc
¤� x ∈ Ac

 � ©� , x /∈ B ¤� x /∈ A An§d�  Ð� .x /∈ A ∩ B �� .x ∈ (A ∩ B)c �ky� (3

x /∈ A ,  � ©� , x ∈ Bc
¤� x ∈ Ac

 Ð� .x ∈ Ac ∪Bc
�ky� , ��Aqm�A� .x ∈ Ac ∪Bc

 � �tnts�

.x ∈ (A ∩B)c ¨�At�A�¤ x /∈ A ∩B , QwO��� ¢�¤ Yl� .x /∈ B ¤�

¥�Akt�� �Ðwm� ¨� ��As�� �Wnm�� �§dq� A¾AS§� Annkm§ (4

x ∈ (A ∪B)c ⇐⇒ x /∈ A ∪B

⇐⇒ x /∈ A ¤ x /∈ B

⇐⇒ x ∈ Ac
¤ x ∈ Bc

⇐⇒ x ∈ Ac ∩Bc.

Exercise N°− 6 − ��C �§rm�

: � b�� .P(E) �� r}An� T�®� C ¤ B , A ,T�wm�� E �kt�

Let E be a set, A , B and C three elements of P(E). Prove that:
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Sets theories �A�wm�m�� �A§r\� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

If A ∩B = A ∪B , then A = B . .A = B  �� , A ∩B = A ∪B  A� �Ð� (1

?�yVrK�� d�� ¨fk§ �¡ .B = C  �� , A ∪B = A ∪ C ¤ A ∩B = A ∩ C  A� �Ð� (2

If A ∩B = A ∩ C and A ∪B = A ∪ C , then B = C . Is one of the two conditions

sufficient?

Solution : �þþ���

.A ⊂ B  � �Ab�� ¨fk§ ,B ¤ A ¨� TySq�� rZAn� �®� �� (1

 �� ¨�At�A�¤ x /∈ A ∩ B �k�¤ x ∈ A ∪ B  �� ¢n�¤ .x /∈ B  � |rf�¤ x ∈ A �ky�

.x ∈ B  �� ��@� .{�An� �@¡¤ ,  Atflt�� A ∪B ¤ A ∩B �yt�wm�m��

.B ⊂ C  � �Ab�� ¨fk§ , C ¤ B ¨� TySq�� rZAn� �®� �� (2

:�yt�A� An¡ zym� .x ∈ B �ky�

.x ∈ C ¨�At�A�¤ , x ∈ A ∩B = A ∩ C , T�A��� £@¡ ¨� ,x ∈ A A�� (A

An�± A¾r\� .x ∈ C ¤� x ∈ A ¨�At�A�¤ x ∈ A ∪ B = A ∪ C , T�A��� £@¡ ¨� ,x /∈ A ¤� (B

.x ∈ C  � �tnts� An��� , x /∈ A T�A��� ¨�

.¨�A� ry� d��¤ ªrJ .B ⊂ C ¨�At�A�¤ , x ∈ C Antb�� , �¯A��� �ym� ¨�

C¤rR �¡rb� ¨k� ¨�At�� �A�m�� @���  � Xq� Anyl� , A∪B ⊂ A∪C  � Xq� AnRrt�� �Ð�

.A`� �yVrK��

.C = {2} ¤ B = {1} , A = {1, 2} �ky�

.B ⊂ C An§d� Hy� �k� , A ∪B ⊂ A ∪ C An§d�

B = {1, 2}. ¤ A = C = {1} �A�m� Xq� @���  � Anyl� , A∩B ⊂ A∩C  � Xq� AnRrt�� �Ð�

Exercise N°− 7 − ��C �§rm�

Find the set of parts of the set T�wm�m�� º�z�� T�wm�� d�¤�

E = {a, b, c, d} .

Solution : �þþ���
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Tnkmm�� Ty¶z��� �A�w�m�� �ym� Yl� ©wt�� E = a, b, c, d T�wm�� º�z�± P (E) T�wm�m��

�A�wm�m�� �ym� �y�� .Ahsf� T�wm�m��¤ Ty�A��� T�wm�m�� ��Ð ¨� Am� ,E T�wm�ml�

:Ty¶z���

The set P (E) of parts of the set E = {a, b, c, d} includes all possible subsets of E, including

the empty set and the set itself. Here are all the subsets:

P (E) = {ϕ,

{a}, {b}, {c}, {d},

{a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c, d},

{a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},

E}

Exercise N°− 8 − ��C �§rm�

. F �� �yty¶z� �yt�wm�� D, B ¤ E �� �yty¶z� �yt�wm�� C ¤ A �kt� ¤ �yt�wm�� F ¤ E �kt�

Let E and F be two sets, and let A and C be two subsets of E and B , D be two subsets of

F .

Prove that  � b��

(A✕B) ∩ (C✕D) = (A ∩ C)✕(B ∩D).

Solution : �þþ���

.�¤ zm�� º�wt�³� �¡rbnF

.y ∈ B , x ∈ A ¨�At�A�¤ (x, y) ∈ A✕B ¢n�¤ (x, y) ∈ (A✕B) ∩ (C✕D). �kt�

.y ∈ B ∩D ¤ x ∈ A ∩ C , �@� .y ∈ D ¤ x ∈ C ¨�At�A�¤ ,(x, y) ∈ (C✕D) AS§� An§d�

.(x, y) ∈ (A ∩ C)✕(B ∩D)  � b�§ �@¡

.x ∈ C ¤ x ∈ A ¨�At�A�¤ x ∈ A ∩ C  � ¨n`§ (x, y) ∈ (A ∩ C)✕(B ∩D) �kt� , ��Aqm�A�

.(x, y) ∈ C✕D ¤ (x, y) ∈ A✕B ,  Ð� .y ∈ D ¤ y ∈ B �@� , y ∈ B ∩D ,��m�A�¤

.(x, y) ∈ (A✕B) ∩ (C✕D)  � �tnts�
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Exercise N°− 9 − ��C �§rm�

.E �� �yty¶z� �yt�wm�� B ¤ A ¤ T�wm�� E �kt�

Let E be a set, and A and B be two subsets of E.

.A = ∅ �A� �Ð� Xq�¤ �Ð� (©rZAnt�� �rf��) A∆B = B  � b��

Prove that A∆B = B (symmetric difference) if and only if A = ∅.

Solution : �þþ���

�kK�� Yl� AS§� ¢t�At� �km§ ©rZAnt�� �rf��  � ¯¤� r�@�

A∆B = (A ∩ B̄) ∪
(
Ā ∩B

)
.E ¨� A T�wm�m�� �mt� ��m� Ā �y�

:�hF º�wt�� �An¡

.Ā ∩B = B ¤ A = ϕ  ± ¤ A ∩B = B An§d� ,©rZAnt�� �rf�� �§r`� dn`� , A = ϕ  A� �Ð�

.A = ϕ  � b��  � 	�§ , A ∩B = B  A� �Ð� , ��Aqm�A�

:�yms� Y�� �Ab�³� �sqnF

.A ∩B = ϕ  � b�� :¯¤�

.x ∈ Ā ∩B ¤� x ∈ A ∩ B̄  � Amt� ¨n`§ ¤ , x ∈ A ∩B QwO��� ¢�¤ Yl� ¤ ,x ∈ B �ky�

.x ∈ Ā ∩ B �y�O�� w¡ ¨�A��� �Amt�³� An§d� ¨�At�A�¤ (x ∈ B  ±) �y�ts� �¤±� �Amt�¯�

.A ∩B = ϕ ¨�At�A�¤ , Ā ¨� AS§�  w�w� B T�wm�m�� �� r}An� �� rOn� ��  �� , ¨�At�A�¤

.A ∩ B̄ = ϕ  � AS§� b�nF

, A ∩B = B ¨� AS§� rOn`�� �@¡  wkyF .A ∩ B̄ ¨� rOn�  A�§� Annkm§ ¢�� |rfn� , ���w�� ¨�

.B̄ ¤ B ¨� ¢sf� �w�� ¨�  wkyF ¢�± �y�ts� r�� w¡¤

.A = ϕ  � ¨n`§ �ytq�As�� �yty}A��� �y� Th��wm�� ,ry�±� ¨�

Exercise N°− 10 − ��C �§rm�

:T§d`t� ¤� T§rZAn� dR , T§rZAn� , TyFAk`�� Ty�At�� �A�®`�� �A� �Ð� A�  d�

Determine whether the following relations are reflexive, symmetric, anti-symmetric, or

transitive:

E = Z and xRy ⇐⇒ x = −y (1)
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E = R and xRy ⇐⇒ cos2 x+ sin2 y = 1 (2)

E = N and xRy ⇐⇒ ∃p, q ≥ 1, y = pxq (3)

where p and q are natural numbers. .Ty`ybV  �d�� q ¤ p �y�

Solution : �þþ���

.1 ̸= −1 , ���w�� ¨� .Ahsfn� T�®� Ah� Hy� 1  ± , TyFAk`�� sy� T�®`�� (1)

.x = −y ⇐⇒ y = −x  ± , T§rZAn� T�®`��

1 ̸= −1. Amny� , (−1)R1 ¤ 1R(−1)  ± , T§rZAn� dR sy� T�®`��

rZAnt�  wktF Ah��� ¯�¤ , T§d`t� sy� T�®`��

.	y�r� T�®� ¯¤ , ¥�Ak� T�®� sy� T�®`�� £@¡ ¢n�¤

Exercise N°− 11 − ��C �§rm�

In R2 we define the relationship R as follows: :¨l§ Am� R T�®`�� R2 ¨� �r`�

(x, y)R(x′, y′) ⇐⇒ x = x′.

Prove that R is an equivalence relation. .¥�Ak� T�®� R  � b�� (1)

.(x0, y0) ∈ R2 rOn`�� ¥�Ak� �n} d�¤� (2)

Find the equivalence class of the element (x0, y0) ∈ R2.

Solution : �þþ���

:Ah�± ¥�Ak� T�®� ¨¡ R T�®`��

(x, y)R(x, y) ¢n�¤ x �k§ Amh� x = x  ± TyFAk`�� (1)

¸�Ak§ ©@�� x′ = x AS§� ¢t�At� �km§ ©@�� x = x′
 �� (x, y)R(x′, y′)  A� �Ð� :T§rZAn� (2)

.(x′, y′)R(x, y)

Th� �� x′ = x′′
¤ Th� �� x = x′

 �� (x′, y′)R(x′′, y′′) ¤ (x, y)R(x′, y′)  A� �Ð� :T§d`t� (3)

.(x, y)R(x′′, y′′) An� �tn§ ©@�� x = x′′
¨n`§ ,«r��
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.(x, y)R(x0, y0) �q�� ¨t�� (x, y) �Ay¶An��� d§d�� ©� (x0, y0) rOn`�� ¥�Ak� �n} ��  µ� ��b�

An§d�

(x, y)R(x0, y0) =⇒ x = x0.

.Tmy� ©�  wk§ y A�� x0 ©¤As§  � 	�§ x  � AS§� �wq�  � �yWts�¤

T�wm�m�� w¡ (x0, y0) rOn`�� ¥�Ak� �n}  � �tnts�

{(x0, y); y ∈ R}.

Exercise N°− 12 − ��C �§rm�

We define the following relation on the set R Ty�At�� T�®`�� R T�wm�m�� Yl� �r`�

xRy ⇐⇒ x2 − y2 = x− y.

Prove that R is an equivalence relation. .¥þþ�Ak� T�®� R  � b�� (1)

Find the equivalence class of the element x of R. .R �� x rOn`�� ¥þþ�Ak� �n} d�¤� (2)

How many elements are there in this category? ?T·f�� £@¡ ¨� rOn� �� d�w§ �� (3)

Solution : �þþ���

 � ^�®� (1)

xRy ⇐⇒ x2 − x = y2 − y ⇐⇒ f(x) = f(y)

T�®� ¨¡ R  � �ybWt�� �@¡ �®� �� �q�t�� ��Ð d`� �hs�� �� , f : x 7→ x2 − x �y�

.T§d`t�¤ T§rZAn�¤ TyFAk`�� Ah�� ©� , ¥�Ak�

.xRy �y� R �� y r}An`�� �� ��b� .x ∈ R �ky� (2)

(y ¨�) T� A`m�� �� Anyl� 	�§ ��@�

x2 − y2 = x− y.

�Am`tFA�

(x− y)(x+ y)− (x− y) = 0 ⇐⇒ (x− y)(x+ y − 1) = 0.
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.{x, 1− x} T�wm�m�� w¡ x ¥�Ak� �n}  �� ¨�At�A�¤ .y = 1− x ¤ y = x ¨¡ T� A`m�� �wl� (3)

.�§rOn� �� T�wk� ¨¡¤

T�wm�m�� w¡ x rOn`�� ¥�Ak� �n} , T�A��� £@¡ ¨� x = 1 − x =⇒ x = 1/2.  A� �Ð�

.{1/2}

Let’s prove each of these properties:

(a) Reflexivity: For any x ∈ R, we have:

x2 − x = x− x (Subtracting x from both sides) x2 − x = 0.

This shows that xRx since x2 − x = 0.

(b) Symmetry: Let x, y ∈ R such that xRy. This means:

x2 − y2 = x− y.

We can rearrange this equation by adding y to both sides:

x2 − y2 + y = x− y + y

x2 − y2 + y = x.

Now, we have shown that xRy implies x = x2 − y2 + y. Similarly, if we start with yRx,

we will arrive at the same conclusion: y = x2 − y2 + y. Therefore, R is symmetric.

(c) Transitivity: Let x, y, z ∈ R such that xRy and yRz. This means:

x2 − y2 = x− y and y2 − z2 = y − z.

We can add these two equations together:

(x2 − y2) + (y2 − z2) = (x− y) + (y − z).

Now, we can simplify each side of the equation:

x2 − y2 + y2 − z2 = x− y + y − z x2 − z2 = x− z.
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This shows that xRz, and therefore, R is transitive.

Since R satisfies all three properties (reflexivity, symmetry, and transitivity), it is indeed

an equivalence relation.

(2) To find the equivalence class of the element x ∈ R, we need to determine all elements

y ∈ R such that xRy.

From the definition of R, we have:

xRy ⇐⇒ x2 − y2 = x− y.

Let’s simplify this equation:

x2 − y2 = x− y (x− y)(x+ y) = x− y.

Now, we have two cases:

Case 1: x− y = 0. This implies x = y.

Case 2: x− y ̸= 0. In this case, we can divide both sides by (x− y):

x+ y = 1.

Now, we have two equations:

(i) x = y from Case 1.

(ii) x+ y = 1 from Case 2.

Therefore, the equivalence class of x consists of all real numbers y such that y = x or

y + x = 1.

(3) To determine how many elements are in this equivalence class, let’s analyze the

possibilities:

(a) If y = x, then there is only one element in the equivalence class, which is x = 1/2

(b) If y ̸= x, then there is only two elements in the equivalence class, which is {x, 1− x}
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Exercise N°− 13 − ��C �§rm�

:d�¤� .A = [−1, 4] �kt� ¤ x 7→ x2 �y� f : R → R �kt� (1

Let f : R → R where x 7→ x2 and let A = [−1, 4]. Find:

f �ybWt�� TWF�w� A T�wm�ml� rJAbm�� CwO�� (A

The direct image of the set A by application f .

.f �ybWt�� TWF�w� A T�wm�ml� Tysk`�� CwO�� (B

The inverse image of the set A by the application f .

Let the function be sin : R → R sin : R → R T��d�� �kt� (2

?[0, π/2] ¤ ?[0, 2π] ¤ ?R T�wm�ml� sin TWF�w� rJAbm�� CwO�� ¨¡A� (A

What is the direct image by sin of the set R? And [0, 2π]? And [0, π/2]?

?[1, 2] ¤ ?[3, 4] ¤ ?[0, 1] T�wm�ml� sin TWF�w� Tysk`�� CwO�� ¨¡A� (B

What is the inverse image by sin of the set [0, 1]? And [3, 4]? And [1, 2]?

Solution : �þþ���

@�� �t§ , 0 ¤ −1 �yb� x ∈ [−1, 4] A�dn� x2
TWF�w� Ðw��m�� �yq�� �ym� �� ��b� (A (1

.f(A) = [0, 16] , ��@� 16 ¤ 0 �y� �yq�� �ym� , 4 ¤ 0 �y�¤ , 1 Y�� 0 �� �yq�� �ym�

We are looking for all the values taken by x2 when x∈ [−1, 4]. Between −1 and 0,

all values are taken from 0 to −1, and between 0 and 4, all values are taken from 0

to 16. Therefore, f(A) = [0, 16].

Tb�As�� �yq��  A`btF� �� �bW�A� x2 ∈ [−1, 4] �A� �Ð� Xq�¤ �Ð� x ∈ f−1(A) An§d� (B

An§d�  Ð� x ∈ [−2, 2]  � ¨�Ak��¤ ©C¤rS�� �m� , [0, 4] ¨� x2
 wk� ¨k�¤ ,

.f−1(A) = [−2, 2]

We have x ∈ f−1(A) if and only if x2 ∈ [−1, 4], of course, excluding negative values.

To have x2 in [0, 4], it is necessary and sufficient for x to be in [−2, 2]. So, we have

f−1(A) = [−2, 2].

.[−1, 1]¨¡ [0, 2π] �� �CAbt�� R þ� rJAbm�� CwO�� (2

.[0, 1] ¨¡[0, π/2] þ� rJAbm�� CwO��
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,¢n� ¤ .sin(x) ∈ [0, 1] ��� x Tyqyq���  �d�±� �� ��b� ,[0, 1] þ� T�wlqm�� CwO�� d§d�t�

T�At� An�Ak��� . k ∈ Z ¤ u ∈ [0, π] �� u + k2π ¨¡ Aht�At� �km§ ¨t�� Tyqyq��� �yq��

T�wm�m��⋃
k∈Z

[2kπ, (2k + 1)π].

T�wm�m�� ¨¡ [3, 4] þ� Tysk`�� CwO��  �� ¨�At�A�¤ [3, 4] ¨� ¢b� ¨qyq�  d� d�w§ ¯

.T�CAf��

©¤As� ¨¡¤ , {1} þ� Tysk`�� CwOl� Tq�AW� [1, 2] þ� Tysk`�� CwO�� ,�ry��

.{π/2 + 2kπ; k ∈ Z}

Exercise N°− 14 − ��C �§rm�

¤ f(x) = 2x ¨l§ Am� T�r`m�� N w�� N �� T�r`m�� ��¤d�� g ¤ f �kt�

Let f and g be the functions defined from N towards N defined as follows f(x) = 2x and

g(x) =

{
x
2

if x an even number

0 if x an odd number

Find g ◦ f and f ◦ g. . f ◦ g ¤ g ◦ f d�¤�

?Tyl�Aq� ?r�A� ?Tn§Abt� g ¤ f ��¤d�� �¡

Are the functions f and g Injectionts? surjections? bijections?

Solution : �þþ���

:f ◦ g ¤ g ◦ f 	y�rt�� ¾¯¤� d�n� (1

Let’s first find the compositions g ◦ f and f ◦ g:

(g ◦ f)(x) = g(f(x)) = g(2x) = x.

On the other hand: :«r�� Th� ��

f ◦ g(x) =

{
f(x/2) = x if x an even number

f(0) = 0 if x an odd number

In particular, we have: :An§d� ,T}A� TfO�

f ◦ g ̸= g ◦ f
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because  ±

f ◦ g(1) = 0 ̸= g ◦ f(1) = 1.

:��¤d�� P¶AO� �l�� A�w�  µ� (2

Now, let’s analyze the properties of the functions:

For the function : :T��d�� ��� ��

f(x) = 2x

 wk§ ,x2¤ x1 �yfl�� �yy`ybV �§ d� �� ��� �� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

.�yflt�� f(x2) = 2x2¤ f(x1) = 2x1

Injection: Yes, it’s injective because for any two different natural numbers x1 and x2,

f(x1) = 2x1 and f(x2) = 2x2 are different.

.Cw} Ah� Hy� T§ rf��  �d�±�  ± r�A� sy� Ah�� :Cwm���

Surjection: No, it’s not surjective because the odd numbers don’t have images.

.��Aq� sy� ¨h� r�A� sy� Ah�± �r\� :��Aqt��

Bijection: No, it’s not bijection because it’s not surjective.

For the function : :T��d�� ��� ��

g(x) =

{
x
2

if x an even number

0 if x an odd number

g(3) = g(7) = 0  ± Tn§Abt� sy� T��d�� £@¡ :�§Abt��

Injection: No, it’s not injective because it maps different even numbers to the same

value (e.g., g(3) = g(7) = 1).

Hy� N T�wm�m�� ¨� (y = 1) rOn� ��±� Yl� d�w§ ¢�± r�A� sy� T��d�� £@¡ :Cwm���

.�r�A� Hy� g  � ¨n`§ A� �@¡¤ N T�wm�m�� ¨� Tq�AF Ah�

Surjection: No, it’s not surjective because there exists at least one element (y = 1)

in the domain N which is not the image of an element in the domain N under g, which

means that g is not surjective.
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.��Aq� sy� ¨h� Tn§Abt� sy� ¤ r�A� sy� Ah�± �r\� :��Aqt��

Bijection: No, it’s not a bijection because it’s neither injective nor surjective.

.��Aq� Asy� g ¤ f �yt��d�� ®� �bF A� �®� ��

From the above, both functions f and g are not bijective.

Exercise N°− 15 − ��C �§rm�

?Tyl�Aq� ?r�A� ?Tn§Abt� Ty�At�� ��¤d�� �¡

Are the following functions Injectionts? surjections? bijections?

f1 : Z → Z, n 7→ 2n, f2 : Z → Z, n 7→ −n

f3 : R → R, x 7→ x2, f4 : R → R+, x 7→ x2

f5 : C → C, z 7→ z2.

Solution : �þþ���

Let’s analyze each of the functions: :«d� Yl� T�� �� �l�n�

The function :T��d�� (1

f1 : Z → Z, n 7→ 2n,

2n = 2m  A� �Ð� (n,m) T�y�O��  �d�±� �� �¤E �k� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

n = m  ��

Injection: This function is injective because for every distinct pair of integers (n,m) if

2n = 2m, then n = m.

∀n,m ∈ Z : f1 (n) = f1 (m) =⇒ 2n = 2m =⇒ n = m

Yl� .�A�m�� ¨� T�y�O��  �d�±� �ym� ¨W�� ¯ Ah�± r�A� sy� T��d�� £@¡ :Cwm���

.2n = 1 �y� n �y�}  d� d�w§ ¯ ,�A�m�� �ybF
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Surjection: This function is not surjective because it does not cover all integers in the

domain. For example, there is no integer n such that 2n = 1.

.��Aq� sy� ¨h� r�A� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not surjective, it’s not a bijection.

The function :T��d�� (2

f2 : Z → Z, n 7→ −n,

−n = −m  A� �Ð� (n,m) T�y�O��  �d�±� �� �¤E �k� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

n = m  ��

Injection: This function is injective because for every distinct pair of integers (n,m) ,

if −n = −m , then n = m.

∀n,m ∈ Z : f2 (n) = f2 (m) =⇒ −n = −m =⇒ n = m

��� �� .Z T�wm�m�� ¨� T�y�O��  �d�±� �ym� ¨W�� Ah�± r�A� T��d�� £@¡ :Cwm���

.−n = −m �y� n �y�}  d� d�w§ ,Z ¨� m �y�}  d� ��

Surjection : This function is surjective because it covers all integers in the domain Z.
For any integer m in Z, there exists an integer n such that −n = −m.

.��Aq� ¨h� r�A� ¤ Tn§Abt� Ah�± �r\� :��Aqt��

Bijection: Since it’s both injective and surjective, it is a bijection.

The function :T��d�� (3

f3 : R → R, x 7→ x2,

¨h� �@� ,f3(2) = 4¤ f3(−2) = 4 ,�A�m�� �ybF Yl� ¤ ¢�± Tn§Abt� sy� T��d�� £@¡ :�§Abt��

.Tn§Abt� sy�
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Injection : This function is not injective because for example, f3(−2) = 4 and f3(2) = 4,

so it’s not injective.

�� ��� �� .R T�wm�m�� ¨� Tyqyq���  �d�±� T�A� ¨W�� Ah�± r�A� T��d�� £@h:Cwm���

.x2 = y �y� x ¨qyq�  d� d�w§ ,y ¨qyq�  d�

Surjection : This function is surjective because it covers all real numbers in the domain

R. For any real number y, there exists a real number x such that x2 = y.

.��Aq� sy� ¨h� Tn§Abt� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not injective, it’s not a bijection.

The function :T��d�� (4

f4 : R → R+, x 7→ x2,

�y� Tyqyq�  �d�� x2¤ x1 �ky� .f3 ��� 	bs�� Hfn� Tn§Abt� sy� T��d�� £@¡ :�§Abt��

.Tn§Abt� sy� ¨¡ �@h� Tb�wm�� CwO�� Hf� Amh� .x1 = −x2

Injection : This function is not injective for the same reason as f3. It maps distinct real

numbers x1 and x2 to the same positive value if x1 = −x2. So, it’s not injective.

��� �� .R T�wm�m�� ¨� Tyqyq���  �d�±� T�A� ¨W�� Ah�± r�A� T��d�� £@¡ :Cwm���

.x2 = y �y� x ¨qyq�  d� d�w§ ,y ¨qyq�  d� ��

Surjection: This function is surjective because it covers all positive real numbers in

the domain R+. For any positive real number y, there exists a real number x such that

x2 = y.

.��Aq� sy� ¨h� Tn§Abt� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not injective, it’s not a bijection.

The function :T��d�� (5

f4 : C → C, z 7→ z2,
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Injection: This function is not injective because it maps distinct complex numbers z1

and z2 to the same value if z1 = z2. For example, f5(−2i) = −4 and f5(2i) = −4, so it’s

not injective.

�ybF Yl� .C T�wm�m�� ¨�  �d�±� T�A� ¨W�� ¯ Ah�± r�A� sy� T��d�� £@¡ :Cwm���

.Tb�As�� Tyqyq���  �d�°� ���wF  A�§� �km§ ¯ ,�A�m��

Surjection: This function is not surjective because it doesn’t cover all complex numbers

in the domain C. For example, it cannot map to negative real numbers.

.��Aq� sy� ¨h� r�A� sy�¤ Tn§Abt� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s neither injective nor surjective, it’s not a bijection.

Exercise N°− 16 − ��C �§rm�

Show that 5 divides n5 − n. .n5 − n �sq§ 5  � �y�

Solution : �þþ���

,���rt�A� �¯dtF³� ��d�tFA� n Ty`ybW��  �d�±� �� ��� �� n5 − n �sq§ 5  d`��  � b�n�

: Ty�At�� ��wW��� �btnF

To prove that 5 divides n5−n for all natural numbers n using mathematical induction, we will

follow these steps:

 wk� A�  A� ¨t��¤ ,TyFAF±� T�A�l� A¾A�y�}  Ayb��  A� �Ð� Am� �q�tnF ,¾¯¤� :TyFAF±� T�A���

:An§d� ,n = 1 þ� Tbsn�A� .n = 1

Base Case: First, we’ll check if the statement holds for the base case, which is typically n = 1.

For n = 1, we have:

15 − 1 = 0.

.T�y�} TyFAF±� T�A���  �� ,5 ��Ð ¨� Am� ,�y�}  d� ©� Yl� Tmsql� ��A� rfO��  ± �r\�
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Since 0 is divisible by any integer, including 5, the base case is true.

©� ,k ¨`ybW��  d`�� ��� �� T�y�} Ty`��rt�� Ty}A���  � |rtf� :Ty¶�rqtF¯� TyRrf��

.k5 − k �sq� 5  � |rtf�

Inductive Hypothesis: We assume that the statement is true for some positive integer k,

i.e., we assume that 5 divides k5 − k.

©@�� |�rt�¯� Y�� A¾ AntF� k + 1 þ� T�y�} Ty}A���  � b��  � Anyl� :Ty¶�rqtF¯� wW���

.Ty¶�rqtF¯� TyRrf�� ¨� ¢� Anm�

Inductive Step: We need to prove that the statement is true for k+1 based on the assumption

made in the inductive hypothesis.

.�y�}  d� m �y� k5 − k = 5m An§d� ,|�rt�¯� �� �ºd�

Starting with the assumption, we have: k5 − k = 5m, where m is an integer.

Now, we’ll consider: : Y�� r\nnF , µ�

(k + 1)5 − (k + 1) :

(k + 1)5 − (k + 1) = k5 + 5k4 + 10k3 + 10k2 + 5k + 1− (k + 1)

= k5 − k + 5k4 + 10k3 + 10k2 + 5k

= 5m+ 5
(
k4 + 2k3 + 2k2 + k

)
= 5 +

(
m+ k4 + 2k3 + 2k2 + k

)
= 5m′,m′ ∈ Z.

.5 Yl� Tmsql� ��A� (k + 1)5 − (k + 1)  � Antb�� d� ,¾�Ð�

So, we’ve shown that (k + 1)5 − (k + 1) is divisible by 5.

.n5 − n �sq§ 5 ,n Ty`ybW��  �d�±� �ym�� Tbsn�A� ¢�� Antb� d� ,¨RA§r�� �¯dtF¯� �db� 	�wm�

By the principle of mathematical induction, we have established that for all natural numbers

n, 5 divides n5 − n.
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