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S
ectio

n
 8.3 P

o
lar F

o
rm

 o
f C

o
m

p
lex N

u
m

b
ers 

  From
 previous classes, you m

ay have encountered “im
aginary num

bers” – the square 
roots of negative num

bers – and, m
ore generally, com

plex num
bers w

hich are the sum
 of 

a real num
ber and an im

aginary num
ber.  W

hile these are useful for expressing the 
solutions to quadratic equations, they have m

uch richer applications in electrical 
engineering, signal analysis, and other fields.  M

ost of these m
ore advanced applications 

rely on properties that arise from
 looking at com

plex num
bers from

 the perspective of 
polar coordinates. 
 W

e w
ill begin w

ith a review
 of the definition of com

plex num
bers. 

  
Im

aginary N
um

ber i 

T
he m

ost basic com
plex num

ber is i, defined to be 
1

−
=

i
, com

m
only called an 

im
aginary num

ber.  A
ny real m

ultiple of i is also an im
aginary num

ber. 
  E

xam
ple 1 

Sim
plify 

9
−

. 
 W

e can separate 
9

−
 as 

1
9

−
.  W

e can take the square root of 9, and w
rite the 

square root of -1 as i.   
9

−
=

i3
1

9
=

−
 

  A
 com

plex num
ber is the sum

 of a real num
ber and an im

aginary num
ber. 

  
C

om
plex N

um
ber 

A
 com

plex num
ber is a num

ber 
bi

a
z

+
=

, w
here a and b are real num

bers 

a  is the real part of the com
plex num

ber 

b  is the im
aginary part of the com

plex num
ber 

1
−

=
i

 
  P

lotting a com
plex num

ber 
W

e can plot real num
bers on a num

ber line.  For exam
ple, if w

e w
anted to show

 the 
num

ber 3, w
e plot a point: 
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T
o plot a com

plex num
ber like 

i4
3

−
, w

e need m
ore than 

just a num
ber line since there are tw

o com
ponents to the 

num
ber.  T

o plot this num
ber, w

e need tw
o num

ber lines, 
crossed to form

 a com
plex plane.   

   
C

om
plex P

lane 

In the com
plex plane, the horizontal axis is the real axis and the vertical axis is the 

im
aginary axis. 

  E
xam

ple 2 
Plot the num

ber 
i4

3
−

 on the com
plex plane. 

 T
he real part of this num

ber is 3, and the im
aginary part is -

4.  T
o plot this, w

e draw
 a point 3 units to the right of the 

origin in the horizontal direction and 4 units dow
n in the 

vertical direction. 
 B

ecause this is analogous to the C
artesian coordinate system

 
for plotting points, w

e can think about plotting our com
plex 

num
ber 

bi
a

z
+

=
 as if w

e w
ere plotting the point (a, b) in 

C
artesian coordinates.  Som

etim
es people w

rite com
plex 

num
bers as z

x
yi

=
+

 to highlight this relation. 
  A

rithm
etic on C

om
plex N

um
bers 

 B
efore w

e dive into the m
ore com

plicated uses of com
plex num

bers, let’s m
ake sure w

e 
rem

em
ber the basic arithm

etic involved.  T
o add or subtract com

plex num
bers, w

e sim
ply 

add the like term
s, com

bining the real parts and com
bining the im

aginary parts. 
  E

xam
ple 3 

A
dd 

i4
3

−
 and 

i5
2

+
. 

 A
dding 

)
5

2(
)

4
3(

i
i

+
+

−
, w

e add the real parts and the im
aginary parts 

i
i

5
4

2
3

+
−

+
 

i
+

5
 

  T
ry it N

ow
 

1. Subtract 
i5

2
+

 from
 

i4
3

−
. 

real 

im
aginary 
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W
e can also m

ultiply and divide com
plex num

bers. 
  E

xam
ple 4 

M
ultiply:  

)
5

2(
4

i
+

. 
 T

o m
ultiply the com

plex num
ber by a real num

ber, w
e sim

ply distribute as w
e w

ould 
w

hen m
ultiplying polynom

ials. 
 

)
5

2(
4

i
+

 
 

 
D

istribute 

=
i5

4
2

4
⋅

+
⋅

  
 

Sim
plify 

i
20

8
+

=
 

  E
xam

ple 5 
M

ultiply:  
)

4
1)(

3
2(

i
i

+
−

. 
 T

o m
ultiply tw

o com
plex num

bers, w
e expand the product as w

e w
ould w

ith 
polynom

ials (the process com
m

only called FO
IL

 – “first outer inner last”).   
)

4
1)(

3
2(

i
i

+
−

 
 

E
xpand 

=
2

12
3

8
2

i
i

i
−

−
+

 
 

S
ince 

1
−

=
i

, 
1

2
−

=
i

 

=
)1

(
12

3
8

2
−

−
−

+
i

i
  

Sim
plify 

=
i5

14
+

 
  E

xam
ple 6 

D
ivide (2

5
)

(4
) ii

+−
. 

 T
o divide tw

o com
plex num

bers, w
e have to devise a w

ay to w
rite this as a com

plex 
num

ber w
ith a real part and an im

aginary part.   
 W

e start this process by elim
inating the com

plex num
ber in the denom

inator.  T
o do 

this, w
e m

ultiply the num
erator and denom

inator by a special com
plex num

ber so that 
the result in the denom

inator is a real num
ber.  T

he num
ber w

e need to m
ultiply by is 

called the com
plex conjugate, in w

hich the sign of the im
aginary part is changed.  

H
ere, 4+

i  is the com
plex conjugate of 4–i.  O

f course, obeying our algebraic rules, w
e 

m
ust m

ultiply by 4+
i  on both the top and bottom

. 
(2

5
)

(4
)

(4
)

(4
)

i
i

i
i

+
+

⋅
−

+
   

 In the num
erator, 
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(2
5

)(4
)

i
i

+
+

 
 

 
E

xpand 
2

8
20

2
5

i
i

i
=

+
+

+
 

 
 

S
ince 

1
−

=
i

, 
1

2
−

=
i

 
8

20
2

5(
1)

i
i

=
+

+
+

−
 

 
Sim

plify 
3

22i
=

+
 

 M
ultiplying the denom

inator  
(4

)(4
)

i
i

−
+

  
 

 
E

xpand 
2

(16
4

4
)

i
i

i
−

+
−

 
 

 
S

ince 
1

−
=

i
, 

1
2

−
=

i
 

(16
(

1))
−

−
  

=
17 

 C
om

bining this w
e get 3

22
3

22

17
17

17

i
i

+
=

+
  

  T
ry it N

ow
 

2.  M
ultiply 

i4
3

−
 and 2

3i
+

. 

  W
ith the interpretation of com

plex num
bers as points in a plane, w

hich can be related to 
the C

artesian coordinate system
, you m

ight be starting to guess our next step – to refer to 
this point not by its horizontal and vertical com

ponents, but using its polar location, given 
by the distance from

 the origin and an angle. 
  P

olar F
orm

 of C
om

plex N
um

bers 
 R

em
em

ber, because the com
plex plane is analogous to the C

artesian plane that w
e can 

think of a com
plex num

ber z
x

yi
=

+
 as analogous to the C

artesian point (x, y) and recall 
how

 w
e converted from

 (x, y) to polar (r, �) coordinates in the last section. 
 B

ringing in all of our old rules w
e rem

em
ber the follow

ing:  
 

r x
=

)
cos(θ

 
 

)
cos(θ

r
x

=
 

r y
=

)
sin(θ

 
 

)
sin(θ

r
y

=
 

x y
=

)
tan(θ

 
 

2
2

2
r

y
x

=
+

 

  W
ith this in m

ind, w
e can w

rite 
cos(

)
sin(

)
z

x
yi

r
ir

θ
θ

=
+

=
+

. 

x +
 yi 

r � 
y 

x 
real 

im
aginary 
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 E
xam

ple 7 
E

xpress the com
plex num

ber 
i4 using polar coordinates.  

 O
n the com

plex plane, the num
ber 4i is a distance of 4 from

 

the origin at an angle of 2 π
, so 

�� �
�� �

+
�� �

�� �
=

2
sin

4
2

cos
4

4
π

π
i

i
  

 N
ote that the real part of this com

plex num
ber is 0.  

  In the 18
th century, L

eonhard E
uler dem

onstrated a relationship betw
een exponential and 

trigonom
etric functions that allow

s the use of com
plex num

bers to greatly sim
plify som

e 
trigonom

etric calculations.  W
hile the proof is beyond the scope of this class, you w

ill 
likely see it in a later calculus class.  
  

P
olar F

orm
 of a C

om
plex N

um
ber and E

uler’s F
orm

ula 

T
he polar form

 of a com
plex num

ber is 
)

sin(
)

cos(
θ

θ
ir

r
z

+
=

.  

A
n alternate form

, w
hich w

ill be the prim
ary one used, is 

θi
re

z
=

 

 E
uler’s F

orm
ula states 

)
sin(

)
cos(

θ
θ

θ
ir

r
re

i
+

=
 

 Sim
ilar to plotting a point in the polar coordinate system

 w
e need r and θ

 to find the 
polar form

 of a com
plex num

ber. 
  E

xam
ple 8 

Find the polar form
 of the com

plex num
ber -8. 

 T
reating this is a com

plex num
ber, w

e can w
rite it as -8+

0i. 
 Plotted in the com

plex plane, the num
ber -8 is on the negative 

horizontal axis, a distance of 8 from
 the origin at an angle of 

� 
from

 the positive horizontal axis.   
 T

he polar form
 of the num

ber -8 is 
πi

e8
. 

 P
lugging r =

 8 and � =
 
� back into E

uler’s form
ula, w

e have:  
8

0
8

)
sin(

8
)

cos(
8

8
−

=
+

−
=

+
=

i
i

e
i

π
π

π
 as desired. 
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E
xam

ple 9 
Find the polar form

 of 
i4

4
+

−
. 

 O
n the com

plex plane, this com
plex num

ber w
ould correspond to the point (-4, 4) on a 

C
artesian plane.  W

e can find the distance r and angle � as w
e did in the last section. 

 
2

2
2

y
x

r
+

=
 

2
2

2
4

)4
(

+
−

=
r

 

2
4

32
=

=
r

 
 T

o find �, w
e can use 

r x
=

)
cos(θ

 
 

2 2

2
4

4
)

cos(
−

=
−

=
θ

 

T
his is one of know

n cosine values, and since the point is 

in the second quadrant, w
e can conclude that 

4 3π
θ

=
. 

T
he polar form

 of this com
plex num

ber is 
i

e
4 3

2
4

π

. 
  E

xam
ple 10 

Find the polar form
 of 

i5
3

−
−

. 
 O

n the com
plex plane, this com

plex num
ber w

ould correspond to the point (-3, -5) on a 
C

artesian plane.  First, w
e find r. 

2
2

2
y

x
r

+
=

 
2

2
2

)5
(

)3
(

−
+

−
=

r
 

34
=

r
  

 T
o find �, w

e m
ight use 

x y
=

)
tan(θ

 

3 5
)

tan(
− −

=
θ

 

0304
.1

3 5
tan

1
=

�� �
�� �

=
−

θ
 

 T
his angle is in the w

rong quadrant, so w
e need to find a second solution.  For tangent, 

w
e can find that by adding 

�. 
1720
.4

0304
.1

=
+

=
π

θ
 

 T
he polar form

 of this com
plex num

ber is 
i

e
1720

.4
34

. 
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T
ry it N

ow
 

3.  W
rite 

3
i

+
 in polar form

. 

  E
xam

ple 11 

W
rite 

i
e

6
3

π

 in com
plex a

bi
+

 form
. 

 

�� �
�� �

+
�� �

�� �
=

6
sin

3
6

cos
3

3
6

π
π

π

i
e

i

 
 

 
E

valuate the trig functions 

2 1
3

2 3
3

⋅
+

⋅
=

i
 

 
 

 
 

S
im

plify 

2 3

2 3
3

i
+

=
 

  T
he polar form

 of a com
plex num

ber provides a pow
erful w

ay to com
pute pow

ers and 
roots of com

plex num
bers by using exponent rules you learned in algebra.  T

o com
pute a 

pow
er of a com

plex num
ber, w

e: 
1) 

C
onvert to polar form

 
2) 

R
aise to the pow

er, using exponent rules to sim
plify 

3) 
C

onvert back to a +
 bi form

, if needed 
  E

xam
ple 12 

E
valuate (

) 6
4

4
i

+
−

. 
 W

hile w
e could m

ultiply this num
ber by itself five tim

es, that w
ould be very tedious.  

T
o com

pute this m
ore efficiently, w

e can utilize the polar form
 of the com

plex num
ber.  

In an earlier exam
ple, w

e found that 
i

e
i

4 3

2
4

4
4

π

=
+

−
.  U

sing this, 
 (

) 6
4

4
i

+
−

 
 

 
W

rite the com
plex num

ber in polar form
 

6

4 3

2
4

� �� �
� �� �

=
i

e
π

 
 

U
tilize the exponent rule 

m
m

m
b

a
ab

=
)

(
 

(
)

6

4 3
6

2
4

� �� �
� �� �

=
i

e
π

 
 

O
n the second factor, use the rule 

m
n

n
m

a
a

=
)

(
 

(
)

6
4 3

6
2

4
⋅

=
i

e
π

 
 

Sim
plify 

i
e

2 9

32768
π

=
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A
t this point, w

e have found the pow
er as a com

plex num
ber in polar form

.  If w
e w

ant 
the answ

er in standard a +
 bi form

, w
e can utilize E

uler’s form
ula. 

 

�� �
�� �

+
�� �

�� �
=

2 9
sin

32768
2 9

cos
32768

32768
2 9

π
π

π

i
e

i

 

 S
ince 

2 9π
 is coterm

inal w
ith 2 π

, w
e can use our special angle know

ledge to evaluate 

the sine and cosine. 

�� �
�� �

+
�� �

�� �
2 9

sin
32768

2 9
cos

32768
π

π
i

i
i

32768
)1

(
32768

)0
(

32768
=

+
=

 

 W
e have found that (

)
i

i
32768

4
4

6
=

+
−

. 
  T

he result of the process can be sum
m

arized by D
eM

oivre’s T
heorem

.  T
his is a 

shorthand to using exponent rules. 
  

D
eM

oivre’s T
heorem

 

If 
(

)
(

)
(

)
cos

sin
z

r
i

θ
θ

=
+

, then for any integer n, 
(

)
(

)
(

)
cos

sin
n

n
z

r
n

i
n

θ
θ

=
+

 

  W
e om

it the proof, but note w
e can easily verify it holds in one case using E

xam
ple 12: 

(
)

i
i

i
i

32768
2 9

sin
2 9

cos
32768

4 3
6

sin
4 3

6
cos

2
4

)
4

4
(

6
6

=
� �� �

� �� �
�� �

�� �
+
�� �

�� �
=

� �� �
� �� �

�� �
�� �

⋅
+
�� �

�� �
⋅

=
+

−
π

π
π

π

  E
xam

ple 13 

E
valuate 

i9
. 

 T
o evaluate the square root of a com

plex num
ber, w

e can first note that the square root 

is the sam
e as having an exponent of 2 1

:  
2/

1
)

9(
9

i
i

=
. 

 T
o evaluate the pow

er, w
e first w

rite the com
plex num

ber in polar form
.  Since 9i has 

no real part, w
e know

 that this value w
ould be plotted along the vertical axis, a distance 

of 9 from
 the origin at an angle of 2 π

.  T
his gives the polar form

:  
i

e
i

2
9

9
π

=
. 
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2/
1

)
9(

9
i

i
=

  
 

U
se the polar form

 

=

2/
1

2
9

� �� �
� �� �

i
e

π

 
 

 
U

se exponent rules to sim
plify 

2/
1

2
2/

1
9

� �� �
� �� �

=
i

e
π

 

2 1

2
2/

1
9

⋅

=
i

e
π

 
 

 
Sim

plify 
i

e
4

3
π

=
 

 
 

R
ew

rite using E
uler’s form

ula if desired 

�� �
�� �

+
�� �

�� �
=

4
sin

3
4

cos
3

π
π

i
 

E
valuate the sine and cosine 

2 2
3

2 2
3

i
+

=
 

 U
sing the polar form

, w
e w

ere able to find a square root of a com
plex num

ber. 

i
i

2 2
3

2 2
3

9
+

=
 

 A
lternatively, using D

eM
oivre’s T

heorem
 w

e could w
rite  

2/
1

2
9

� �� �
� �� �

i
e

π

=
 

1/2
1

1
9

cos
sin

3
cos

sin
2

2
2

2
4

4
i

i
π

π
π

π
�

�
�

�
�

�
�

�
�

�
�

�
⋅

+
⋅

=
+

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

 and sim
plify 

  T
ry it N

ow
 

4.  E
valuate (

)
6

3
i

+
 using polar form

. 

  Y
ou m

ay rem
em

ber that equations like 
4

2
=

x
have tw

o solutions, 2 and -2 in this case, 

though the square root 
4

 only gives one of those solutions.  L
ikew

ise, the square root 
w

e found in E
xam

ple 11 is only one of tw
o com

plex num
bers w

hose square is 9i.  
Sim

ilarly, the equation 
3

8
z

=
 w

ould have three solutions w
here only one is given by the 

cube root.  In this case, how
ever, only one of those solutions, z =

 2, is a real value.  T
o 

find the others, w
e can use the fact that com

plex num
bers have m

ultiple representations 
in polar form

. 
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E
xam

ple 14 

Find all com
plex solutions to 

3
8

z
=

. 
 S

ince w
e are trying to solve 

3
8

z
=

, w
e can solve for z as 

1/3
8

z
=

.  C
ertainly one of 

these solutions is the basic cube root, giving z =
 2.  T

o find others, w
e can turn to the 

polar representation of 8.   
 S

ince 8 is a real num
ber, is w

ould sit in the com
plex plane on the horizontal axis at an 

angle of 0, giving the polar form
 

i
e

0
8

.  T
aking the 1/3 pow

er of this gives the real 
solution: 

(
)

(
)

2
)0

sin(
2

)0
cos(

2
2

8
8

0
3/

1
0

3/
1

3/
1

0
=

+
=

=
=

i
e

e
e

i
i

 
 H

ow
ever, since the angle 2

� is coterm
inal w

ith the angle of 0, w
e could also represent 

the num
ber 8 as 

i
e

π2
8

.  T
aking the 1/3 pow

er of this gives a first com
plex solution: 

(
)

(
)

i
i

i
e

e
e

i
i

i
3

1
2 3

2
2 1

2
3 2

sin
2

3 2
cos

2
2

8
8

3 2
3/

1
2

3/
1

3/
1

2
+

−
=

� �� �
� �� �

+
�� �

�� �
−

=
�� �

�� �
+
�� �

�� �
=

=
=

π
π

π
π

π

 For the third root, w
e use the angle of 4

�, w
hich is also coterm

inal w
ith an angle of 0. 

8e
4

π
i

(
) 1/3

=
8

1/3
e

4
π

i
(

) 1/3
=

2e
4

π3
i=

2
cos

4 π3

�� �
�� � +

i2
sin

4 π3

�� �
�� �

=
2

−
12

�� �
�� �
+

i2
−

32

�� �
�� �

=
−1

−
3i

A
ltogether, w

e found all three com
plex solutions to 

3
8

z
=

, 

2,
1

3
,

1
3

z
i

i
=

−
+

−
−

 
 G

raphed, these three num
bers w

ould be equally spaced on a 
circle about the origin at a radius of 2.  
   

   
Im

portant T
opics of T

his Section 

C
om

plex num
bers 

Im
aginary num

bers 

Plotting points in the com
plex coordinate system

 

B
asic operations w

ith com
plex num

bers  

E
uler’s Form

ula 

D
eM

oivre’s T
heorem

 

Finding com
plex solutions to equations 
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  T
ry it N

ow
 A

nsw
ers 

1. (3
4

)
(2

5
)

1
9

i
i

i
−

−
+

=
−

  

2. (3
4

)(2
3

)
18

i
i

i
−

+
=

+
  

3. 
3

i
+

 w
ould correspond w

ith the point (
)

3,1
 in the first quadrant. 

2
2

3
1

4
2

r
=

+
=

=
 

(
)

1
sin

2
θ

=
, so 

6 π
θ

=
 

3
i

+
 in polar form

 is 
6

2
i

e
π

 

4. (
)

6

3
i

+
=

 (
)

6
6

6
2

2
64

cos(
)

64
sin(

)
64

i
i

e
e

i
π

π
π

π
=

=
+

=
−
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S
ectio

n
 8.3 E

xercises 
S

im
plify each expression to a single com

plex num
ber. 

1. 
9−

 
 

 
2. 

16
−

 
 

 
3. 

6
24

−
−

 
 

 

4. 
3

75
−

−
 

 
 

5. 2
12

2

+
−

 
 

 
6. 4

20

2

+
−

 

 S
im

plify each expression to a single com
plex num

ber. 
7. (

)
3

2
(5

3
)

i
i

+
+

−
 

 
 

 
8. (

)
(

)
2

4
1

6
i

i
−

−
+

+
 

9. (
)

5
3

(6
)

i
i

−
+

−
−

 
 

 
 

10. (
)

2
3

(3
2

)
i

i
−

−
+

 

11. (
)

2
3

(4
)

i
i

+
 

 
 

 
12. (

)
5

2
(3

)
i

i
−

 

13. (
)

6
2

(5)
i

−
 

 
 

 
14. (

)(
)

2
4

8
i

−
+

 

15. (
)

2
3

(4
)

i
i

+
−

 
 

 
 

16. (
)

1
2

(
2

3
)

i
i

−
+

−
+

 

17. (
)

4
2

(4
2

)
i

i
−

+
 

 
 

 
18. (

)(
)

3
4

3
4

i
i

+
−

 

19. 3
42

i
+

 
 

 
 

 
20. 6

23

i
−

 

21. 
5

3

2

i

i

−
+

 
 

 
 

 
22. 6

4i

i +
 

23. 2
3

4
3 ii

−+
 

 
 

 
 

24. 3
4

2

ii

+−
 

25. 
6i
 

 
 

26. 
11
i

  
 

27. 
17

i
  

 
28. 

24
i

 

 R
ew

rite each com
plex num

ber from
 polar form

 into a
bi

+
 form

. 

29. 
2

3
i

e
 

 
30. 

4
4

i
e

 
 

31. 
6

6
i

e
π

 
 

32. 
3

8
i

e
π

 
 

 

33. 
54

3
i

e
π

 
 

34. 
74

5
i

e
π

 

 R
ew

rite each com
plex num

ber into polar 
i

re
θ form

. 
35. 6

 
 

 
36. 

8
−

  
 

37. 
4i

−
 

 
38. 6i  

 

39. 2
2i

+
 

 
40. 4

4i
+

 
 

41. 
3

3i
−

+
 

 
42. 

4
4i

−
−

 
 

43. 5
3i

+
 

 
44. 4

7i
+

 
 

45. 
3

i
−

+
 

 
46. 

2
3i

−
+

 

47. 
1

4i
−

−
 

 
48. 

3
6i

−
−

 
 

49. 5
i

−
 

 
50. 1

3i
−
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 C
om

pute each of the follow
ing, leaving the result in polar 

i
re

θ form
. 

51. 
6

4
3

2
 

i
i

e
e

π
π

�
��

�
�

��
�

�
�

�
�

 
 

52. 
2

5

3
3

2
4

i
i

e
e

π
π

�
��

�
�

��
�

�
��

�   
 

53. 

346

63

ii

ee

ππ
 

 
 

54. 

432

246

i

i

ee

π

π
 

 
 

55. 
10

4
2

i
e

π
�

�
�

�
�

�
 

 
 

56. 
4

6
3

i
e

π
�

�
�

�
�

�
 

 
 

 

57. 
23

16
 i

e
π

 
 

 
58.

32
9

i
e

π

 

 C
om

pute each of the follow
ing, sim

plifying the result into a
bi

+
 form

. 

59. (
) 8

2
2i

+
 

 
 

60. (
)

6
4

4i
+

 
 

 
61. 

3
3i

−
+

 
 

 

62. 
4

4i
−

−
 

 
 

63. 
35

3i
+

 
 

 
64. 

4
4

7i
+

 

 S
olve each of the follow

ing equations for all com
plex solutions. 

65. 
5

2
z

=
 

 
66. 

7
3

z
=

 
 

67. 
6

1
z

=
 

 
68. 

8
1

z
=

 


