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1. Whatis a linear regression?

* Linear Regression is a form of statistical approach;

* Linear Regression is useful to examine and establish a relationship
between two separate variables — independent and dependent
variables.

* Linear Regression devided into two categories —

e # Simple Linear Regression: The model includes one independent
variable

e # Multiple Linear Regression: This model includes more than one
independent variables



1. Whatis a linear regression?

This is the outcome or the effect that you are
trying to measure or explain. It "depends" on other factors, which are
the independent variables. A dependent variable Also known as the

predicted variable, explained variable.

This is the factor that you think might
influence or cause changes in the dependent variable. It's what you
observe to see if it has an effect. also called the explanatory variable,
exogenous variable, predicting variable.

* For example, if you're studying how studying time affects exam
scores, the exam score is the dependent variable.



2. The concept of simple linear regression

* Simple linear regression is a regression model that estimates the
relationship between one independent variable and one dependent
variable using a straight line.

* You can use simple linear regression when you want to know:

1.How strong the relationship is between two variables

2.The value of the dependent variable at a certain value of
the independent variable -This helps in the forecasting or anticipating
process.



https://www.scribbr.com/methodology/independent-and-dependent-variables/
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3. How to perform a simple linear regression

* Simple linear regression formula: the formula for a simple linear regression is:
Y=0g+pP1X+ €&

y is the predicted value of the dependent variable (y) for any given value of the independent

variable (x).

P is the intercept, the predicted value of y when the x is 0.

[1 is the regression coefficient — how much we expect y to change as x increases or decrease.

x is the independent variable ( the variable we expect is influencing y).

€ is the error of the estimate, or how much variation there is in our estimate of the regression

coefficient.



3. How to perform a simple linear regression

* To find the linear equation by hand, you need to get the value of “f,”
and l(ﬁlﬂ.

* Then substitute the resulting value in the slope formula and that gives
you your linear regression equation.

* We will take the following example to understand how it is done.



3. How to perform a simple linear regression

* Lets take the following dataset as an example:

N
= i Xi

X

_ yN,,.
=16500/5= 3300, Y=¥=12000/5=2400

Month Income Money (X;—-X) (Y;-Y) X;—-X)¥;-Y) (X; — X)?

(Xi) spent (Yi)

1 2000 2000 -1300 -400 520000 1690000
2 3000 2200 -300 -200 60000 90000

3 4000 3000 700 600 420000 490000
4 2500 1200 -800 -1200 960000 640000
5 5000 3600 1700 1200 2040000 2890000

Sum 16500 12000 4000000 5800000




3. How to perform a simple linear regression

The least square estimator for the slope {31 and intercept 3, and

error term € in the linear regressin model are:
. P L X X(i-Y)

/il = R (1)
¢ éo =,\Yi — ,\ﬁlXi ...................................... (2)
¢ Yl — ﬁo +E1Xi ...................................... (3)
o 7 /T (4)

* So, if we continue with the example in above table, the value of 3; and 8 can
be as follow:

5 4000000 5
¢ py = =5=0.689 By = 2400 — 0.689 x 3300 =126.3

* Our regression model is:
« ¥ =126.3 + 0.689X * ¢




3. How to perform a simple linear regression

* If we want to make a prediction about the value of Y for a given value
of X let’s say 8000

* ¥:=126.3+0.689*8000=5638.3

» To find the value of error we calculate Y; then substract it from the
actual or the true value of Y

» ¥, = 126.3+0.689*5000=3571.3
* The value of error is
« £ =Y, —Y,, §=3600-3571.3=28.7




4. Estimating the deviation

* The value Y; — Y;, is a positive when the point lies above the
regression line and a negative number when it lies below the
line.

* The error (or residual) can be thought of as a measure of
deviation and we can summarize the notation in the following
way: § =Y, - Y,

* The following example show the error;



>

True regression line
y=PBy +bx




4. Estimating the deviation

* The Sum of Squares Error denoted by SSE, is defined as the variation
of the dependent variable unexplained by the independent variable.
SSE is given by the sum of the squared differences of the actual y-

value Y; and the predicted y-values Y;

A~ A A 2
¢ SSE= YN (V; = T2 = N[V — (Bo + BiX))]



—_ e~

1 2000 2000 1504.3 495.7 420292.89 Y, = B, — B1X;
2 3000 2200 2193.3 6.7 44.89 =Y -Y
3 4000 3000 2882.3 117.7 13853.29 o _
sse = ) (% = )
i=1
4 2500 1200 1848.3 -648.3 420292.89 —3 _ SSE YN (v-7)?
" N-2  N-=2
5 5000 3600 3571.3 28.7 823.69 So, 52=680733.25/3
SSE 680733.25 02=226911.08

Roughly speaking, 226911.08 is the magnitude of a typical deviation from the
estimated regression line—some points are closer to the line than this and others
are further away.



(a)

5. Model Validity

(b)

(c)



5. Model validity

* The error sum of squares SSE can be interpreted as a measure of how much
variation in y is left unexplained by the model—

* |n the first plot (a) SSE = 0, There is no unexplained variation, or all
variation is explained. all the points are fall exactly on a straight line. In this

case, all (100%) of the variation in y can be attributed to the variation in x.

* In the second plot (b) unexplained variation is small, means most variation
is explained.

* In the third plot (c), EiESIRPIEMINEARIEGressIonmodeNailsHolExplain




6. Model validity

* Model Validity: defined as “the process of checking that the model is

a good representation of the target”.
* To examine the validity of the model, we follow the following steps:

* Measuring the explanatory power and correlational strength of the
model: For this purpose, we calculate the The coefficient correlation

and the coefficient of determination RZ.



6. Model validity

First- Correlation coefficient is the value that determine the strength
of associations between data variables.

* The most common, called a Pearson correlation coefficient, measures

the -and the - of a linear relationship between two

variables.

* Values always range from -1 for a perfectly inverse, or negative,
relationship to 1 for a perfectly positive correlation. Values at, or close
to, zero indicate no linear relationship or a very weak correlation.



6. Model validity

* The further the coefficient is far from zero, whether it is positive or
negative, the better the fit and the greater the correlation.

 The values of -1 (for a negative correlation) and 1 (for a positive
correlation) describe perfect fits in which all data points align in a
straight line, indicating that the variables are perfectly correlated.

* The closer the correlation coefficient is to zero the weaker the
correlation, until at zero no linear relationship exists at all.
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6. Model validity

* To calculate the Pearson correlation, start by determining each
variable's standard deviation as well as the covariance between them.
The correlation coefficient is covariance divided by the product of the
two variables' standard deviations.

__Cov (xy)
*Pxy =

Ox0y
* Px,y-pearson correlation coefficient

* cov(x,y): covariance of variables x and y
* g,.:standard deviation of x

* 0,,: standard deviation of y


https://www.investopedia.com/terms/s/standarddeviation.asp
https://www.investopedia.com/terms/c/covariance.asp

6. Model validity

e Standard deviation is a measure of the dispersion of data from its
average.

* Covariance shows whether the two variables change together,

* The correlation coefficient measures the strength of that relationship
on a normalized scale, from -1 to 1.


https://www.investopedia.com/terms/d/dispersion.asp

6. Validity of model

* Second- The coefficient of determination: The coefficient of determination
(R)2 measures the proportion of the total variability of the dependent variable that
is explained by the independent variable. It is calculated using the formula below:

» Before we continue driving or formulating the formula of R?, let’s first define SSR
and SST.

1. The sum of squares regression is the variation of the dependent variable
explained by the independent variable. It is given by the sum of the squared
differences of the predicted y-value Y; and mean of y-observationsY.

+ SSR = Y1y (% =)




6. Model validity

2. Sum of Squares Total (SST): is a measure of the total variation of the
dependent variable. It is the sum of the squared differences of the actual y-
value and mean of y-observations.

SST=YW=0)*=2y"— QCy)*/n

 The Sum of Squares Total contains two parts:

e Sum of Square Regression (SSR).

e Sum of Squares Error (SSE). We talked about it in previous section

e SST = SSE + SSR

* Therefore, the sum of squares total is given by:

* Sum of Squares Total=Explained Variation + Unexplained Variation=SSR+ SSE



1)

Total sum of S
squares (y,-VY)

SST, SSR & SSE

Unexplained/rezsidual sum of
squares(y,- V)

v, =B

Explained sumzof
sSquIares. (y—V )

/
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6. Model Validity

e Let’s continue with formula (I)

2 Total variation—unexplained variation @ SST—SSE SSE
e R?2 = Lo = =1-—= ... ),
total variation , SST SST
2. (0i=i)
*R’=1=55E/SST = 1 = = i
/ X (wi=y)" ()

* (a number between 0 and 1) is the proportion of observed y variation explained
by the model.

* Note that if SSE = 0. as in case (a), then R%=1 .

It is interpreted as the proportion of observed y variation that can be explained
by the simple linear regression model. The higher the value of R?, the more
successful is the simple linear regression model in explaining y variation.



6. Validity of model

1 2000 2400 -400 160000 SST=3440000

2 2200 2400 -200 40000 SSE=680733.25

3 3000 2400 600 360000 2 SS_E —1_ 680733.25
SST 3440000

4 1200 2400 -1200 1440000 R?* =1-0.1979 = 0.802 = 80.2%

5 3600 2400 1200 1440000

Sum 3440000

That is, 80.2% of the observed variation in Money spent can be explained
by the simple linear regression relationship between money spent and
Income value.



6. Model validity

 Features of Coefficient of Determination R?
i R? lies between 0 and 1.
i. Ahigh R? explains variability better than a low R?.

iii. If R?=0.01, only 1% of the total variability in Y can be explained. On the other hand,
if R%=0.90, over 90% of the total variability in Y can be explained.

iv. The higher the R?, the higher the explanatory power of the model.

v. For models with one independent variable, R? is calculated by squaring the
correlation coefficient between the dependent and the independent variables:

ey "



7. Test of overall significance in regression

* Once the estimation of a regression model is complete, we
would like to:

»check the statistical significance of a regression model, this requires us
to calculate the F-statistic.

» The F-statistic confirms whether the slope (denoted by £5;) in a
regression model is equal to zero.

»In a typical simple linear regression hypothesis, the null hypothesis is

formulated as: H,: ;= 0 against the alternative hypothesis, Hy: f; #
0.



7. Test of overall significance in regression

* The Sum of Squares Regression (SSR) and Sum of Squares Error (SSE)
are employed to calculate the F-statistic. In the calculation, both the
Sum of Squares Regression (SSR) and Sum of Squares Error (SSE) are
adjusted for the degrees of freedom.

* The Sum of Squares Regression is divided by the number of
independent variables, k, to get the Mean Square Regression
(MSR).That is:

SSR _ i 1(9i=9)? ~
*MSR=—— === = Y= = 7))’

* Therefore, in Simple Linear Regression Model, MSR = SSR.



7. Test of overall significance in regression

* Also, the Sum of Squares Error (SSE) is divided by degrees of freedom
given by n—k-1 (this translates to n-2 for simple linear regression) to
arrive at Mean Square Error (MSE). That is,

« MSE = _SSE_ _ > tea @i=54)” _ > e @i=94)"

n—-k—1 n—-k—1 n—2

* Finally, to calculate the F-statistic for the linear regression, we find the

ratio of MSR to MSE. That is,

since K=1

SSR
o MSR . o SSR

e F — statistic = = —=— since k=1 F — statistic = ¢
n—-k—1 n-2

. sSR YN _(9i=9)?
e F — statistic = — ==l
SSE -yl =52

n-—2
n-—2




7. Test of overall significance in regression

* A large F-statistic value proves that the regression model is effective
in its explanation of the variation in the dependent variable and vice
versa.

* An F-statistic of O indicates that the independent variable does not
explain the variation in the dependent variable.



1 2000 1504.3 495.7 -895.7 420292.89  802227.49

2 2200 2193.3 6.7 -206.7 44.89 42724.89

3 3000 2882.3 117.7 482.3 13853.29 232613.29

4 1200 1848.3 -648.3 -551.7 420292.89  304372.89

5 3600 3571.3 28.7 1171.3 823.69 1371943.69

Sum 12000 680733.25  2753882.25
y = 2400

o SSR
F — statistic = =<7

n-2

N N —
_ Ji=a@i=9)* _ 2753882.25 — 1214

680733.25

= Z.I .4i'.._
n-2

3



7. Test of overall significance in regression

* When you fit a regression model to a dataset, you will receive a
regression table as output, which will tell you the F-statistic along with
the corresponding p-value for that F-statistic.

* If the p-value is less than the significance level (common level are .01,
.05, and .10), then you have sufficient evidence to conclude that your
regression model fits the data better than the intercept-only model.

* For example if we find in our regression the value:
 F-statistic: 12.14
e P-value: 0.0332

 Since the p-value is less than the significance level, we can conclude
that our regression model fits the data better than the intercept-only
model.



https://www.statology.org/how-to-read-and-interpret-a-regression-table/
https://www.statology.org/how-to-read-and-interpret-a-regression-table/

Example of how to perform a linear
regression in Microsoft Excel

Hour studied (X) Exam Score (Y)
2 60
3 62
4 66
5 /71
6 78
8 80
10 86

12 93



8. How to read the value in Excel table

Coefficients Standard T-stat P-value Lower 95% Upper 95%
error

Constant 53,7390  1,5463  34,754069  BJ78E08 49,956138 57,52339408

Hour studied (X)  3,3216  0,2192 1515160  B)21E"06 2,7852088 3,858065982



ANALYSE DE VARIANCE = ANOVA-test
Degree of  Somme des Moyenne des

freedom carres carres I

Regression SSR 1 943,345 943,345 229,5712  5,2135E-06
Residual SSE 6 24,655 4,109
Total SST 7 968

Multiple R 0,987182855

Coefficient of determination R? 0,974529989

Adjusted R? 0,970284987

Standard error 2,027106754

Observations 8



8. How to read the table

of how much the estimated value of parameter [ or other statistic is
likely to vary from the true population parameter.

* SSE=24.655

* SSR=943.345

* SST=968

* F-statistic=229.5712.
* R% =0.9745



8. Testing the hypothesis

In our example we are interested in determining the relationship between

exam scores and the number of hours studied;

HO: Bl — 0}

Ha: ﬁl * 0

* After testing the data we get the the value of ‘-and t-

stat=15.1516, p-value=5,21E-06, lower 95% =2.7852 & Upper95%=3.858

* Here, the hypothesis: {




Testing the hypothesis- using confidence
interval

* A confidence interval is a statistical range within which the true population
parameter is likely to fall. It provides a range of values rather than a single
point estimate and is associated with a certain level of confidence (eg: 95%).



Testing the hypothesis- using confidence
interval

* Example: In the table we see that the value of Coefficient 8, is 3.3216
which is beteween the lower limit (2.758) and Upper limit (3.858) for
confidence level of 95% . The value of f,is 53.7390 which is
beteween the lower (49.956) and Upper limit (57.523) for confidence
level of 95%

* From the tables, the estimated value of the £3; is statistically
significant, as its value belongs to the interval determined by the
confidence level.



8. Testing the hypothesis using t-statistic

* T-statistic: the calculated t-statistic is 15.1516, we compare this value to
the critical value from t-distribution in the table below, to do so we need
to Know the degree of freedom and confidence level

i. The degree of freedom (df) of a statistic is calculated from the sample
size (n).

e df=n—-2; inour example df= 6

ii. The significance level: the significance level 95%, or a = 0.05....(1-0.95)

e So, from the table of critical values of t, we can see that the critical value
from t-distribution is 1.943 which is less than the calculated t-statistic, so
we reject the null hypothesis and accept the alternative hypothesis


https://www.scribbr.com/statistics/parameter-vs-statistic/
https://www.scribbr.com/statistics/statistical-significance/

Critical values of  ffor ome—tailed tests

Degrees of
freedom (o)

VONOOMUNS

100
1000
Infinite

—

1.376
1.061
o.o978
o.=241
OoO.220
O.06
o.s896
o.s889
o.ss83
o.879
o.s876
o.873
o.870
o.sses
o.s8ss
o.s8s65S
o.ss63
o.ss2
o.ss1
o.860
o.s8592
o.s8ss
o.sss
o.857
o.856
o.s8s5s6
o.855
o.85S5
o.s8s4a
o.s8s4a
o851
o.s8a9o
o.sas
o.s4a”7
o.s8as
o.s84as
o.saz>2
o.s8az2

Aas

1T.963
1.386
1250
11920
1156
1134
1119
1.108
1.100
1.093
1088
1.083
1.079
1.076
1.074a
1.071
1.06=2
1.067
1.066
1.064a
1.063
1.061
1.060
1.059
1.058
1.058
1.057
1.056
1.05S
1.055S
1.050
1.04a47
1.04asSs
1.04a4a
1.04a3
1.04a22
T1.037
1.036S

Significance level

iy |

3.0738
1.886
1.6e38
1.533
1.A476
1.440
1.-41S
1-397
1383
1.3 7=
1.363
1.3S6
1.3S5S0
1.34aSs
1.34a1
1-S37
T1-333
1.330
1328
1.325
TI.S23
1.321
1.319
1318
1316
o =33 1=
1.314a
T-3S13=
q1-3711
1.310
1.303
1299
1.2906
12904
T-Z29=
1.-290
1.282
1.282

OsS

s.=214
2.920
2353
2032
2.01S
1243
1-895
1.860
1833
1.812
1.796
1782
S 7
1. 761
A-ZS=3
1. 746
1.740
1.734a
1.729
AL7Z2S
=223
US7ew 7e
1.714a
aA- 711
1. 708
1.706
1.703
1. 701
1699
1.7
1.e84a
1676
S 7
1.667
1T.64
1.660
1.4
1.64sS

—_rScocribbr

(xx)

O2s

12.706
a4.303
.82
2B o g S
2.571
2. a4a7
2.365
2.306
222
2228
=271
2079
2180
204as
2. 231
2120
2110
2101
2093
2.086
2.080
2.074a
20692
2.064
2.0680
Z2.056
2.052
2.04a8
2.04as
2.0a=2
2.021
2.00=2
2.000
1.994a
1.9920
184
1622
1.9650

O

21.821
sS.965S
a.s4an
3.747
3.365S
143
2.o9o8
2.8906
2821
2764
2718
2.e81
2.650
zZ2.e2a
2.6802
2.583
2.567
2.552
2.539
2.s528
2.518
2.508
2.500
2. as22
2. a8S
2. 479
2. a3
2. as”7
2. as2
2. as7
2. a>23
2. 403
2.390
2.381
2.374
2.364
2.330
2326

Relel -y

sS=23.657
S.925
s.8a1
a4.s04a
a4.032
3.707
.a9o9
SSESS
3.250
=< 3 KX
3106
3.055S
3.012
2 7T
2.o4a7
2.927
2Z2.898
2878
2.861
2.8aS
2.831
2.819
2.807
Z. T
=2 FTE7
2 77D
22 T 7 A |
2.763
2. 756
2.750
2.704a
2.6e78
2.6650
Z2.e4a8
2.6e39
2.e26
2.s581
2. S76

Reley)

3I1s.30=2

22.327

TO21S
ZaA73
S.89093
S.208
a.785
a4.501
a4 2907
a.14a4a
a4.025
3.230
2852
S 787
S Z=S=
=S.e86
.646
3.610
.57
3552
3.527
3.50S
3.a4a8S
3. as”7
3.450
3.4a3S
.4=21
.40
.96
338S
3.307
3.261
=3 2>
3.-211
3.09SS
3174
3.098
3.090



8. Testing the hypothesis using P-value

* P-value:is the probability of rejecting the null hypothesis when it is
true. It is often set before conducting the test and represents the
maximum allowable probability of making error.

 Commonly used significance levels are 0.05, 0.01, and 0.10.

* A significance level of 0.05, for example, means that you are willing to
accept a 5% (a = 0.05 )chance of rejecting the null hypothesis when
it is actually true.



8. Testing the hypothesis using P-value

e So, if the p-vale is less than or equal to the significance level, you reject the
null hypothesis.

* |f the p-value is greater than the significance level, you fail to reject the null
hypothesis.

* |[n our example t-statistic p- value related to the coefficient ‘ is very small
(5.2135E-06=0.000005213= 0.000521%) is less than 1% , so, we conclude that
there is a significant positive relationship between the hour studied and exam
score, for each 1% increase in hour studied the exam score move up by
3.321%.



* We can also see that the p-value related to F-statistic is very small
(0.000036),s0 the relationship is highly statistically significant.

* From the R-squared, we can see that the the hour studied alone can
explain more than 97% of the observed variations in the exam score.



