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�� �wn�� �@¡ .Ahf§r`� �A�� ��  d� ©�� Tyqyq� Tmy� ¨qyq��� ry�tml� Tyqyq��� T��d�� X�r�

.�yty¶A§zy� �ytym� �y� T�®� T�Ay} QwO��� ¢�¤ Yl� �kmm�� �� �`�§ T§ d`�� ��¤d��

�®� �� T��d�� £@¡ d§d�� AS§� �km§¤ ,�l`m�  ¤zm�� «wtsm�� ¨� ¨ly�mt�� A¡An�nm� zymm�

.¨lyl�� �kJ ¤� TylRAf� T� A`� ¤� Tny`� T�y}

A real-valued function of a real variable relates a real value to any number within its domain.

This type of numerical function makes it possible, in particular, to formulate a relationship
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Real functions Tyqyq��� ��¤d�� Numerical function T§ d`�� T��d�� .1.2

between two physical quantities. It is characterized by its graphical representation in the coor-

dinate plane, and can also be defined by a specific formula, differential equation, or analytical

form.

Numerical function T§ d`�� T��d�� 1.2

1.1.2 : Definition - �§r`�

�Ð� T�� Ah�� f �� �wq� . F T�wm�m�� w�� E T�wm�m�� �� T�®� f ¤  At�wm�� F ¤ E �kt�

:	tk�¤ F �� r��±� Yl� �rOn� E �� rOn� �k� q�C�

Let E and F be two sets and f be a relation from the set E to the set F . We say that f is a

function, if every element of E is associated with at most one element of F , and we write:

f : E −→ F

x 7−→ f(x) = y

is an application .�ybW� �kK�

2.1.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� T§ d� T�� f  � �wq�

We say that f is a numerical function if and only if:

f : E ⊂ R −→ F ⊂ R
x 7−→ f(x) = y

is an application .�ybW� �kK�

. F ∈ R ¨� r��±� Yl� Cw} E �� x rOn� �k�  A� �Ð� Xq�¤ �Ð� T§ d� T�� f  � Yn`m�

In other words, f is a numerical function if and only if for every element x in E, its image in

F is at most one real number.
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Numerical function T§ d`�� T��d�� .1.2 Real functions Tyqyq��� ��¤d��

1.1.2 : Example - �A��

The function is the inverse of x: : x 
wlq� T��d��

f : ]−∞, 0[∪ ]0,+∞[ −→ R

x 7−→ 1

x
.

Domain of definition �§r`t�� T�wm�� 1.1.2

£@h� A¡Cw} d��  � �km§ ¨t��  �d�±� T�wm��  A�§� ¨n`§ T§ d� T�� �§r`� T�wm�� d§d��

:¨l§ Am� Ah�r`�  � �km§ �@h�¤ .T��d��

To determine the domain of a numerical function, we need to find the set of numbers for which

the function is defined. So we can define the domain of a numerical function as follows:

3.1.2 : Definition - �§r`�

 �d�±� �ym� T�wm�� ¨¡ ,Dom(f) z�r�A� Ah� z�r� ¨t�� ,f �§r`� T�wm�� .T§ d� T�� f �kt�

	tk�¤ .¾� d�� ¾Ayqyq� ¾� d� f(x) �`�� ¨t�� x Tyqyq���

Let f be a numerical function. The domain of f , denoted by Dom(f), is the set of all real

numbers x such that f(x) is a well-defined real number and we write:

Dom(f) = {x ∈ R | f(x) ∈ R}

T§ d� T�yt� ¨W`� ¨t�� �yq�� �ym� T�wm�� ¨¡ T§ d`�� T��d�� �§r`� T�wm�� ,r�� Yn`m�

. d�� T��d�� �`�� ¨t��¤ ,T��d�� Y�� Ah�A� � dn� Tyqyq�

In other words, the domain of a numerical function is the set of all values for which the

function is defined and has a real number output.

f : Dom(f) ⊂ R −→ R
x 7−→ f(x).

�A�m� d���
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2.1.2 : Example - �A��

¨l§ Am� T�r`m�� f T��d�� �kt�

Let the function f be defined as follows

f : R −→ R

x 7−→ f(x) =
1

(x2 − 1)
.

 � Annkm§ ¯ An¡  Ð� .0 ©¤As§  � �km§ ¯ ¨qyq�  d� �Aq�  � �l`�¤ . T��d�� �Aqm� d�w§ x ry�tm��

ºAn�tF�� Tyqyq���  �d�±� �ym� Yl� T�r`� f ¨�At�A� . f T��d�A� −1  d`�� ¯ ¤ 1  d`�� Cw} 	s��

: 	tk� ¤ −1, 1

The variable x is in the denominator of the function. We know that a real number cannot

have a denominator equal to zero. Therefore, we cannot compute the image of the numbers 1

and −1 under the function f . Hence, f is defined for all real numbers except −1 and 1, and

we write:

(f : Defined T�r`� ) ⇐⇒ x2 − 1 ̸= 0

x2 − 1 = 0 ⇐⇒ (x− 1) (x+ 1) = 0

⇐⇒ x = 1 ∧ x = −1

⇐⇒ Df = R−{1,−1}

⇐⇒ Df = ]−∞,−1[ ∪ ]−1, 1[ ∪ ]1,+∞[

x

y

1
x2−1

1−1
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Function curve T��d�� Yn�n� 2.1.2

4.1.2 : Definition - �§r`�

¨l§ Am� T�r`m�� R2 �� Γf Ty¶z��� T�wm�m�� w¡ f : U → R T�d�� Yn�n�

The graph of the function f : U → R is the subset Γf of R2 defined as follows:

Γf =
{
(x, f(x)) | x ∈ U

}
.

3.1.2 : Example - �A��

T��d�� Yn�n� �CAs§¤ 1/x T��d�� Yn�n� Anym§

To the right the graph of the function 1/x and to the left of the graph of the function

1

2
+

x2

2
+ sin

(
3(x− 1)

2

)
.

x

f(x)
(x, f(x))

Γf

x

y

1
x

Parity and periodicity T§C¤d��¤ ��Amt�� 2.2

�Fr�� ��d�tFA� ,¯ �� T§ r� �� Ty�¤E T��d�� �A� �Ð� A� d§d�� Tyfy� �l`tnF ,ºz��� �@¡ ¨�

.Ty�¤E �� T§ r� �A� �Ð� A� Y�� T��d�� Yn�n� rZAn� ryK§ �y� .Ahf§r`� ¤� Ah� QA��� ¨�Ayb��
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In this section, we will learn how to determine whether a function is even, odd, or neither,

using its graph or its definition. The symmetry of the function’s curve indicates whether it is

odd or even.

Even function Ty�¤z�� T��d�� 1.2.2

5.2.2 : Definition - �§r`�

We say that f is an even function if: :  A� �Ð� Ty�¤E T�� f  � �wq�

∀x ∈ Df : f (x) = f (−x) .

4.2.2 : Example - �A��

¨�¤E (n ∈ N) �y� x 7→ axn ¨l§ Am� R T�wm�m�� Yl� T�r`m�� ��¤d��

Functions defined on the set R as x 7→ axn where n is even, are even functions.

x

y

x2

x4
6x6

�Ð� , ¨�At�A�¤ .T��d�� �AW� ¨� x �ym�� f(−x) = f(x)  � ¨n`§ �@h� , Ty�¤E f T��d�� �A� �Ð�

.M(−x0, f(−x0)) = (−x0, f(x0)) TWqn�� �bOts� , M(x0, f(x0)) TWq� ¨� −x þ� x �§dbt� Anm�

If the function f is even, this means that f(−x) = f(x) for all x in the domain of the function.

Therefore, if we replace x with −x in the point M(x0, f(x0)), the point M ′(−x0, f(−x0)) =

(−x0, f(x0)) is obtained.
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¨�At�A�¤ .Xq� x �Ay��d�� � Ab� �t§ ��@� ,x þ�� Cw�� ��m§ ¢��� ,	y��rt�� Cw�m� Tbsn�A�

Cw�m� Tbsn�A� M(x0, f(x0)) TWqn� rZAntm�� ¨¡ M(−x0, f(x0)) TWq�  � «r�  � Annkm§ ,

.	y��rt�� Cw�m� Tbsn�A� �y�rZAnt� Am¡ M ′
¤ M �ytWqn��  �� , ¨�At�A�¤ .	y��rt��

Regarding the axis of symmetry, it represents the x-axis, so only the x-coordinates are ex-

changed. Therefore, we can see that the point M ′(−x0, f(x0)) is the reflection of the point

M(x0, f(x0)) with respect to the axis of symmetry. Thus, the points M and M ′ are symmetric

with respect to the axis of symmetry.

Odd function T§ rf�� T��d�� 2.2.2

6.2.2 : Definition - �§r`�

We say that f is an odd function if: :  A� �Ð� T§ r� T�� f  � �wq�

∀x ∈ Df : f (x) = −f (−x) .

5.2.2 : Example - �A��

© r� (n ∈ N) �y� x 7→ xn ¨l§ Am� R T�wm�m�� Yl� T�r`m�� ��¤d��

Functions defined on the set R as follows x 7→ xn where (n ∈ N) is an odd functions

x

y

x3
x5

x7
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.T��d�� «d� ¨� x �ym�� f(−x) = −f(x)  � ¨n`§ ��@� ,T§ r� f T��d�� �A� �Ð�

TWqn�� Yl� �wO��� �tys� ,M(x0, f(x0)) TWqn�� ¨� −x þ� x �§dbt� Anm� �Ð� ,¨�At�A�¤

.M ′(−x0, f(−x0)) = (−x0,−f(x0))

If the function f is odd, this means that f(−x) = −f(x) for all x in the domain of the function.

Therefore, if we replace x with −x in the point M(x0, f(x0)), the point M ′(−x0, f(−x0)) =

(−x0,−f(x0)) is obtained.

TWqn��  � «r�  � Annkm§ ,¨�At�A�¤ .�Ay��d�³� «wts� Yl� (0, 0) TWqn�� wh� ,�dbml� Tbsn�A�¤

M�ytWqn��  wk� ,¨�At�A�¤ .�dbml� Tbsn�A� M(x0, f(x0)) TWqn�� xAk`�� ¨¡ M ′(−x0, f(−x0))

.�dbml� Tbsn�A� �ytl�Amt� M ′
¤

Regarding the origin, it is the point (0, 0) on the coordinate plane. Therefore, we can see that

the point M ′(−x0, f(−x0)) is the reflection of the point M(x0, f(x0)) with respect to the origin.

Thus, the points M and M ′ are symmetric with respect to the origin.

Periodic function T§C¤d�� T��d�� 3.2.2

�hf� .¨�CAk§d�� ©wtsm�� ¨� Crkt� �kK� ¢�At��  A`u§ �Ðwm� Y�� T§C¤d�� ��¤d�� ryK� ,Ay�Ay�

.rtf��¤ C¤d�� �y¡Af�  Aq�� �hm�� �� ,A�Am� T§C¤d�� �whf�

Graphically, periodic functions refer to a pattern that is repeated regularly in the Cartesian

plane. To fully understand the concept of periodicity, it is important to master the concepts

of cycle and period.

7.2.2 : Definition - �§r`�

�y� w�f�� Yms� ¤ .T��d�� C¤d� Crkt� Xm� �� ºz� r�}� �� ���wt§ ©@�� ¨�Ayb�� �Fr�� ºz� Yms§

.rtf�� �FA� C¤d�� Hf� �A§Ah� ¨�  w�wm�� Tl}Af�� ªAqn�� �� �yn��

The part of the graph that corresponds to the smallest repeating pattern of a periodic

function is called one cycle. The gap between two consecutive points that mark the end

of the same cycle is called the period.

8.2.2 : Definition - �§r`�

: �y� k > 0 d�¤ �Ð� T§C¤ T�� f  � �wq�
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We say that f is a periodic function if there exists k > 0 where :

∀x ∈ Df : f (x+ k) = f (x) .

x x+ Ti⃗

ff(x) = f(x+ T )

6.2.2 : Example - �A��

.π A¡C¤ T§C¤ T�� tangent T��d��¤ 2π A¡C¤ T§C¤ ��¤ cosine ¤ sine ��¤d��

The sine and cosine functions are periodic functions with a period of 2π, while the tangent

function is a periodic function with a period of π.

x

y

cosx

sinx

0 π−π

+1

−1

Positive and negative functions Tb�As��¤ Tb�wm�� ��¤d�� 4.2.2

.Df �� ¯A�� ∆ �ky�¤ .Df Ahf§r`� T�wm�� Yl� T�r`� T§ d� T�� f �kt�

Let f be a numerical function defined on a set Df , and let ∆ be a subset of Df .

9.2.2 : Definition - �§r`�

 A� �Ð� ∆ Yl� (A�Am� ) Tb�w� f T��d��  wk�
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The function f is said to be positive (or strictly positive) on ∆ if:

∀x ∈ ∆ : f (x) ≥ 0 (f (x) > 0) .

 A� �Ð� ∆ Yl� (A�Am� ) Tb�AF f T��d��  wk� ¤

The function f is said to be negative (or strictly negative) on ∆ if:

∀x ∈ ∆ : f (x) ≤ 0 (f (x) < 0) .

1.2.2 : Remark - T\�®�

T��d�� Yn�nm� Tbsn�A� Hk`��¤ �}�wf�� Cw�� �w�  wk§ A¡An�n�  �� Tb�w� f T��d�� �A� �Ð� •
.Tb�As��

If the function f is positive, its graph lies above the x-axis, and conversely, if the

function f is negative, its graph lies below the x-axis.

.�}�wf�� Cw�� �� �d�� �VAqt§ ¯ A¡An�n�  �� A�Am� Tb�AF ¤� A�Am� Tb�w� f T��d�� �A� �Ð� •
If the function f is strictly positive or strictly negative, its graph never intersects the

x-axis.

Operations on functions ��¤d�� Yl� �Aylm`�� 5.2.2

¢n�¤ .R T�wm�m�� �� U ºz��� Hf� Yl� �yt�r`� �yt�� g : U → R ¤ f : U → R �kt�

:Ty�At�� ��¤d�� �§r`� �yWts�

Let f : U → R and g : U → R be two defined functions on the same part U of the set R. From
this, we can define the following functions:

¨l§ Am� T�r`m�� f + g : U → R T��d�� w¡ g ¤ f �yt��d�� �wm�� (1

The sum of the functions f and g is the function f + g : U → R defined as follows:

∀x ∈ U, (f + g)(x) = f(x) + g(x).

¨l§ Am� T�r`m�� f · g : U → R T��d�� w¡ g ¤ f �yt��d�� º�d� (2

The product of the functions f and g is the function f · g : U → R defined as follows:

∀x ∈ U, (f · g)(x) = f(x) · g(x).
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¨l§ Am� T�r`m�� λ · f : U → R T��d�� w¡ f T��d��¤ λ ∈ R ¨mls� º�d��� (3

The product by scalar λ ∈ R and the function f is the function λ · f : U → R defined as

follows:

∀x ∈ U, (λ · f)(x) = λ · f(x).

x

y

x

f(x)

g(x)

(f + g)(x)

g

f

f + g

Comparison of two functions �yt�� T�CAq� 6.2.2

©¤As§ ¤� �� r�}� f  � �wq� ¢n�¤ . ∆ ⊂ Df ∩Dg ºz��� Hf� Yl� �yt�r`� �yt�� g ¤ f �kt�

	tk�¤ g

Let f and g be two defined functions on the same domain ∆ ⊂ Df ∩Dg. We say that f is less

than or equal to g, denoted as:

f ≤ g : if  A� �Ð� ∀x ∈ ∆, f(x) ≤ g(x).

	tk�¤ g ©¤As§ ¤� �� rb�� f  � �wq� ¤

We say that f is greater than or equal to g, denoted as:

f ≥ g : if  A� �Ð� ∀x ∈ ∆, f(x) ≥ g(x).
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2.2.2 : Remark - T\�®�

. g T��d�� Yn�n� �w�  wk§ f T��d�� Yn�n�  �� g ©¤As§ ¤� �� rb�� f T��d�� �A� �Ð�

If the function f is greater than or equal to g, then the graph of the function f lies above the

graph of the function g.

x

y

f(x) = exp(x)

g(x) = ln(x)

Function monotony Tþþ�� T�A�C 7.2.2

.Df �� ¯A�� I �ky�¤ .Df Ahf§r`� T�wm�� Yl� T�r`� T�� f �kt�

Let f be a function defined on its domain Df , and let I be a subset of Df .

10.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� d§�zt� f  � �wq�

We say that f is increasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) ≥ f(y).

7.2.2 : Example - �A��

.]0,+∞[ �A�m�� Yl� d§�zt� T�� x 7→ ln (x) �t§CA�w� T��d��

The function logarithm x 7→ ln (x) is an increasing function on the domain ]0,+∞[.
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x

y
f(x) = ln(x)

11.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� A�Am� T§d§�zt� f  � �wq�

We say that f is strictly increasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) > f(y).

12.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� TO�Ant� f  � �wq�

We say that f is strictly decreasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) ≤ f(y).

13.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� A�Am� TO�Ant� f  � �wq�

We say that f is strictly decreasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) < f(y).
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8.2.2 : Example - �A��

.]0,+∞[ �A�m�� Yl� A�Am� TO�Ant� T�� x 7→ 1
x

wlq� T��d��

The inverse function x 7→ 1
x
is a strictly decreasing function on the domain ]0,+∞[.

x

y

f(x) = 1/x

Finite function  ¤d�m�� T��d�� 8.2.2

T�wm�� Yl� T�r`� T��d��  wk�  � d�¯ ¯ ¤�  ¤d�� T��d�� �A� �Ð� A� ��b�� ¨� ºdb�� �b�

.T��d��  ¤d� �� ��b�� ¨� �db� �� Ty�A� ry�

Before investigating whether a function is bounded or not, it must be defined on a non-empty

set, and then we can start searching for the bounds of the function.

14.2.2 : Definition - �§r`�

.Df Ahf§r`� T�wm�� T§ d� T�� f �kt�

Let f be a numerical function defined on the set Df

: �y�� M ¨qyq�  d� d�¤ �Ð� Xq�¤ �Ð� Yl�±� ��  ¤d�� f  � �wq� (1

We say that f is bounded above if and only if there exists a real number M such that:

∀x ∈ Df : f(x) ≤ M.

: �y�� m ¨qyq�  d� d�¤ �Ð� Xq�¤ �Ð� �fF±� ��  ¤d�� f  � �wq� (2

We say that f is bounded below if and only if there exists a real number m such that:

∀x ∈ Df : m ≤ f(x).
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: �y�� M ¤ m  Ayqyq�  � d� d�¤ �Ð� Xq�¤ �Ð�  ¤d�� f  � �wq� (3

We say that f is bounded if and only if there exist two real numbers m and M such

that:

∀x ∈ Df : m ≤ f(x) ≤ M.

x

y

M

m

9.2.2 : Example - �A��

. ¤d�� ��¤ cosine ¤ sine ��¤d��

The sine and cosine functions are bounded functions.

x

y

cosx

sinx
0 π−π

+1

−1

Max and min values of a function T��d� Ay�d��¤ «wOq�� �yq�� 9.2.2
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15.2.2 : Definition - �§r`�

.Df �� �A�� I ¤ x0 ∈ Df �ky� ¤ Df Ahf§r`� T�wm�� T§ d� T�� f �kt�

Let f be a numerical function defined on the set Df , and let x0 ∈ Df and I be a subset of

Df .

 A� �Ð� x0 TWqn�� dn� f T��dl� TqlWm�� «wOq�� Tmyq�� ¢�� f(x0)  d`��  � �wq� (1

We say that the number f(x0) is the absolute maximum value of the function f at the

point x0 if:

∀x ∈ Df : f(x) ≤ f(x0).

 A� �Ð� I �A�m�� ¨� x0 TWqn�� dn� f T��dl� Tybs� «wO� Tmy� ¢�� f(x0)  d`��  � �wq� (2

¤ x0 ∈ I

We say that the number f(x0) is a relative maximum value of the function f at the

point x0 in the domain I if x0 ∈ I and:

∀x ∈ I f(x) ≤ f(x0).

 A� �Ð� x0 TWqn�� dn� f T��dl� TqlWm�� Ay�d�� Tmyq�� ¢�� f(x0)  d`��  � �wq� (3

We say that the number f(x0) is the absolute minimum value of the function f at the

point x0 if:

∀x ∈ Df f(x) ≥ f(x0).

x0 ∈ I  A� �Ð� I �A�m�� ¨� x0 TWqn�� dn� f T��dl� Tybs� Ay� Tmy� ¢�� f(x0)  d`��  � �wq� (4

¤

We say that the number f(x0) is a relative minimum value of the function f at the

point x0 in the domain I if x0 ∈ I and:

∀x ∈ I f(x) ≥ f(x0).

10.2.2 : Example - �A��
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.[2, 2] �A�m�� Yl� �Fr�� ¨� �y� d�m�� �ytWqn�� ¨� ¨lfF r��¤ ©wl� d� �bq� f T��d��

The function f has an upper limit and a lower limit at the two specified points in the graph

on the domain [2, 2].

y

f(x) = 3x3 − x2 − 10x

x2−2

Limits �Aþþ§Ahn�� 3.2

�y� �yl�t�� ¨� Tmhm�� �y¡Afm�� ��¤ �AyRA§r�� ¨� TyFAF±� �y¡Afm�� d�� �� �A§Ahn�� rbt`�

TF�C ¢� �bF d� ¹CAq��  � ¨� �J ¯¤ .��Akt��¤ �AqtJ¯�¤ C�rmtF¯� �whf� Ahyl� dmt`§

.T� r��� �kK� �A§Ahn�� xCd� �Of�� �@¡ ¨� �k� ,�A§Ahn�� �wRw�

Limits are one of the fundamental concepts in mathematics and an important concept in anal-

ysis, upon which the concepts of continuity, differentiation, and integration rely. Undoubtedly,

the reader has already studied the topic of limits, but in this chapter, we study limits in more

detail.

Definitions �þþ§CA`� 1.3.2

End at point TWq� dn� T§Ahn��

16.3.2 : Definition - �§r`�
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©w�§ �wtf� �A�� Yl� ©wt�� �A� �Ð� x0 TWqn�� C�w� ¢�� R �� V Ty¶z��� T�wm�m��  � �wq�

.x0 TWqn��

We say that a subset V of R is a neighborhood of the point x0 if it contains an open set that

includes the point x0.

.I �A�m�� �� TWq� x0 ∈ R �kt�¤ .R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

Let f : I → R be a function defined on the domain I of R. Let x0 ∈ R be a point in the

domain I.

17.3.2 : Definition - �§r`�

�bq� Ah�� (x0 TWqn�� dn� T�r`� ry�  wk� Am�C) x0 TWqn�� C�w� ¨� T�r`m�� f T��d��  � �wq�

: A� �Ð� x0 TWqn�� dn� ℓ ∈ R T§Ah�

We say that the function f , defined in a neighborhood of the point x0 (possibly undefined at

the point x0), has a limit ℓ ∈ R at the point x0 if:

∀ϵ > 0 ∃δ > 0 ∀x ∈ I |x− x0| < δ =⇒ |f(x)− ℓ| < ϵ.

: 	tk� ¤ x0 Y�� �¤¥§ x Am� ℓ Y�� �¤¥� f(x) T��d��  � �wq�¤

and we say that the function f(x) approaches ℓ as x approaches x0, and we write:

lim
x→x0

f(x) = ℓ or ¤� lim
x0

f = ℓ.

x

y

x0

ℓ
ϵ

ϵ

δ
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11.3.2 : Example - �A��

:An§d� .x0 = 1 TWqn�� dn� T§Ahn��  A�§� 
wlWm�� f (x) = 3x− 2 �kt�

Let f(x) = 3x− 2, the task is to find the limit at the point x0 = 1. We have:

lim
x→1

f (x) = lim
x→1

(3x− 2) = 1

d�� �§r`t�� �Am`tFA�¤

Using the definition, we find

∀ϵ > 0, ∃δ > 0, ∀x ∈ R, |x− x0| < δ =⇒ |f(x)− ℓ| < ϵ

|x− 1| < δ =⇒ |3x− 2− 1| < ϵ

=⇒ |3x− 3| < ϵ

=⇒ |3 (x− 1)| < ϵ

=⇒ 3 |(x− 1)| < ϵ

=⇒ |(x− 1)| < ϵ

3

 � d�� ¨k� δ = ϵ
3
Tmyq�� @���  � ¨fk§ ¨n`§

It means that taking the value δ = ϵ
3
is sufficient to show that for any x satisfying

|x− 1| < δ, we have |f(x)− 1| < ϵ.

lim
x→1

f (x) = 1.

.]a, x0[∪]x0, b[ �kK�� �� T�wm�m�� Yl� T�r`� T�� f �kt�

Let f be a function defined on the set of points of the form ]a, x0[∪]x0, b[.

18.3.2 : Definition - �§r`�

 A� �Ð� x0 TWqn�� dn� +∞ T§Ah� �bq� f T��d��  � �wq� (1

We say that the function f tends to +∞ at the point x0 if

∀A > 0, ∃δ > 0, ∀x ∈ I : |x− x0| < δ =⇒ f(x) > A.

we write: :	tk�¤

Brahim Brahimi-Jihane Abdelli 80 University of Mohamed Kheidar, Biskra



Real functions Tyqyq��� ��¤d�� Limits �Aþþ§Ahn�� .3.2

lim
x→x0

f(x) = +∞.

 A� �Ð� x0 TWqn�� dn� −∞ T§Ah� �bq� f T��d��  � �wq� (2

We say that the function f has a limit of −∞ at the point x0 if:

∀A > 0, ∃δ > 0, ∀x ∈ I : |x− x0| < δ =⇒ f(x) < −A.

we write: :	tk�¤

lim
x→x0

f(x) = −∞.

.I =]a,+∞[ �kK�� �� T�wm�� Yl� T�r`m�� f : I → R T��d�� �kt�

Let the function f : I → R be defined on a set of the form I =]a,+∞[.

19.3.2 : Definition - �§r`�

 A� �Ð� +∞ dn� ℓ T§Ahn�� �bq� f T��d��  � �wq� ℓ ∈ R �ky� (1

We say that the function f converges to the limit ℓ ∈ R as x approaches infinity,

denoted by +∞, if:

∀ϵ > 0, ∃B > 0, ∀x ∈ I : x > B =⇒ |f(x)− ℓ| < ϵ.

we write: :	tk�¤

lim
x→+∞

f(x) = ℓ Or ¤� lim
+∞

f = ℓ.

 A� �Ð� +∞ dn� +∞ T§Ahn�� �bq� f T��d��  � �wq�¤ (2

We say that the function f converges to infinity, denoted by +∞, as x approaches to

+∞, if:

∀A > 0, ∃B > 0, ∀x ∈ I : x > B =⇒ f(x) > A.

we write: :	tk�¤

lim
x→+∞

f(x) = +∞.
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.]−∞, a[ �kK�� �� T�wm�� Yl� T�Är`m�� fT��d� Tb�As�� T§Ah�®�� dn� Äd��� �r`� ,Tq§rW�� Hfn�

,−∞ z�r�A� Ah� z�r� ¨t�� ,Tb�As�� T§Ah�®�� Y�� x �¤¥§ A�dn� ℓ ∈ R T§Ah� �bq� f T��d��  � �wq�

: A� �Ð�

Similarly, we define the limit at negative infinity for a function f defined on a set of the

form ]−∞, a[. We say that the function f converges to the limit ℓ ∈ R as x approaches

negative infinity, denoted by −∞, if:

∀ϵ > 0, ∃B > 0, ∀x ∈ I : x < B =⇒ |f(x)− ℓ| < ϵ.

we write: 	tk�¤

lim
x→−∞

f(x) = ℓ Or ¤� lim
−∞

f = ℓ.

Operations on limits �A§Ahn�� Yl� �Aylm`�� 2.3.2

.x0 = ±∞ �y� x0 TWqn�� �kt� . g¤ f �yt��d�� �kt�

Let f and g be two functions. Let x0 be a point where x0 = ±∞.

1.3.2 : Proposition - TþyS�

If we have  A� �Ð�

lim
x0

f = ℓ ∈ R ¤ lim
x0

g = ℓ′ ∈ R

then: :  ��

lim
x0

(λ · f) = λ · ℓ  �� λ ∈ R �� ��� �� •
For every λ ∈ R, lim

x0

(λ · f) = λ · ℓ.

lim
x0

(f + g) = ℓ+ ℓ′ •

lim
x0

(f · g) = ℓ · ℓ′ •

lim
x0

1

f
=

1

ℓ
¢n�¤ ,ℓ ̸= 0  A� �Ð� •

If ℓ ̸= is0, then lim
x0

1

f
=

1

ℓ
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.lim
x0

1

f
= 0  �� (−∞ ¤�) lim

x0

f = +∞ AS§�  A� �Ð�

If also lim
x0

f = +∞ (or −∞), then lim
x0

1

f
= 0.

Continuity C�rmtF³� 4.2

Continuity at a point TWq� dn� C�rmtF³� 1.4.2

20.4.2 : Definition - �§r`�

T��d��  � �wq� .I �A�m�� �� TWq� x0 ∈ R �kt�¤ .R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

: ¨l§A� �q�� �Ð� x0 TWqn�� dn� rmts� f

Let f : I → R be a function defined on the domain I of the real numbers. Let x0 ∈ R be

a point in the domain I. We say that the function f is continuous at the point x0 if the

following holds:

∀ϵ > 0, ∃δ > 0, ∀x ∈ I, |x− x0| < δ =⇒ |f(x)− f(x0)| < ϵ.

We write: :	tk�¤

lim
x→x0

f (x) = f (x0) .

x

y

x0

f(x0)
ϵ

ϵ

δ
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12.4.2 : Example - �A��

 ± x0 = 0 TWqn�� dn� rmts� f(x) = ex T��d��

The function f(x) = ex is continuous at the point x0 = 0 because

lim
x→x0

f (x) = lim
x→0

ex = e0 = 1 = f(x0).

Continuity on domain �A�� Yl� C�rmtF³� 2.4.2

21.4.2 : Definition - �§r`�

.R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

Let f : I → R be a function defined on the domain I of R.
T�wm�m� z�r� .I �A�m�� ªAq� �ym� Yl� rmts� �A��Ð� I �A�m�� Yl� rmts� f T��d��  � �wq�

. C (I) z�r�A� I �A�� Yl� rmtsm�� ��¤d��

We say that the function f is continuous on the domain I if it is continuous on all points of

the domain I. We denote the set of continuous functions on the domain of I as C (I) .

Mean Value Theorem TWFwtm�� �yq�� T§r\�

1.4.2 : Theorem - T§r\�

y ¨qyq�  d� �� ��� �� ¢n�¤ . [a, b] Tmyqtsm�� T`Wq�� Yl� rmtsm�� f : [a, b] → R T��d�� �kt�

.f(c) = y �y� c ∈ [a, b] ¨qyq�  d� d�w§ ¢��� f(b) ¤ f(a) �y� CwO��

Let f : [a, b] → R be a function that is continuous on the closed interval [a, b]. For any real

number y that lies between f(a) and f(b), there exists a real number c ∈ [a, b] such that

f(c) = y.

�k� �� �Ð� ,«r�� Ty�A� �� .�d§r� C¤rS�A� Hy� c ¨qyq���  d`��  �� , (rs§±� �kK�� ¨�)

.(�ymy�� Yl� �kK��) T�y�} T§r\n�� d`� �l� ,rmts� T��d��
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(In the left figure), the real number c is not necessarily unique. On the other hand, if the

function is not continuous, then the theorem does not hold (as shown in the figure on the

right).

x

y

a

f(a)

b

f(b)

y

c1 c2 c3
x

y

a
f(a)

b

f(b)

y

Continuous extension C�rmtF³A�  �dt�³� 3.4.2

,Aht§C�rmtF� Yl�_Af��� �� TF®s� Ah�A�� ¤� Ah�AW� d§dmt� An� �ms§ T��d� C�rmtF³A�  �dt�¯�

Ahf§r`� T�wm�� AhtRr� ¨t��  wyq�� Yl� 	l�t��¤ �F¤� �AyF ¨� Ah�wlF �yl�� �� Annkm§ Am�

.Tyl}±�

A continuous extension of a function allows us to extend its domain or range smoothly while

preserving its continuity, enabling us to analyze its behavior in a broader context and overcome

limitations imposed by its original definition.

22.4.2 : Definition - �§r`�

.T�� f : I{x0} → R ¤ I �� TWqn�� x0 �kt� ¤ I �A�m�� �ky�

Let the domain I, x0 be the point from I and f : I{x0} → R be a function.

dn� Tyhtn� T§Ah� �bq� f �A� �Ð� x0 TWqn�� dn� C�rmtF³A� d§dmtl� Tl�A� f T��d��  � �wq� (1

:	tk�¤ .x0

We say that the function f is continually extendable at the point x0 if f accepts a finite

limit at x0, and we write:

ℓ = lim
x0

f.
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x ∈ I �� ��� �� f̃ : I → R z�r�A� Ah� z�r� ¨t�� T��d�� Ahny� �r`� (2

We then define the function that we denote f̃ : I → R for each x ∈ I

f̃(x) =

f(x) if x ̸= x0

ℓ if x = x0.

.x0 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Yms�¤ x0 TWqn�� dn� rmts� f̃ T��d�� ¢n�¤

Then the function f̃ is continuous at point x0, and the extension of the function f is

called continuing at point x0.

x

y

x0

ℓ

13.4.2 : Example - �A��

¨l§ Am� R∗ T�wm�m�� Yl� T�r`m�� T��d�� �kt�

Let the function defined on the set R∗ be as follows

f(x) = x sin

(
1

x

)
.

? 0 dn� C�rmtF³A� d§dmt�� �bq� f �¡

Does f accept extension by continuing at 0?

d§dmtl� Tl�A� Ah�� ©� .0 dn� 0 þ� �¤¥� f  � �tnts� ,|f(x)| ≤ |x|  �� x ∈ R∗ �� ��� �� An§d�

:¨l§ Am� R Yl� T�r`m�� f̃ T��d�� w¡ A¡d§dm�¤ 0 dn� C�rmtF³A�

We have for each x ∈ R∗ that |f(x)| ≤ |x|, we get that f goes to 0 at 0. That is, it is

extendable continuously at 0 and its extension is the function f̃ defined on R as follows:

f̃(x) =

x sin
(
1
x

)
, if x ̸= 0

0, if x = 0.
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−2 −1.5 −1 −0.5 0.5 1 1.5 2

−0.5

0.5

1

x

x sin(1/x)

Operations on continuous functions rmtsm�� ��¤d�� Yl� �Aylm`�� 4.4.2

.�A§Ahn�� Yl� Tl�Amm�� A§ASql� T§Cw� �¶At� ¨¡ T§C�rmtF¯� Yl� Ty�¤±� �Aylm`��

The primary operations on continuity are immediate consequences of analogous issues at the

endpoints.

2.4.2 : Proposition - TþyS�

:¢n�¤ .x0 ∈ I TWqn�� �kt� f, g : I → R �yt��d�� �kt�

Let the two functions f, g : I → R be given. Let x0 ∈ I be a point, hence:

λ · f is continuous at x0 (∀λ ∈ R). .(∀λ ∈ R) x0 dn� rmts� λ · f •

f + g is continuous at x0. .x0 dn� rmts� f + g •

f · g is continuous at x0. .x0 dn� rmts� f · g •

.x0 dn� rmts�
1
f
¢n�¤ ,f(x0) ̸= 0  A� �Ð� •

If f(x0) ̸= 0, then 1
f
is continuous at x0.
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3.4.2 : Proposition - TþyS�

�Ð� ¤ x0 ∈ I TWqn�� dn� rmts� f �A� �Ð� .f(I) ⊂ J �y� �yt�� g : J → R ¤ f : I → R �kt�

.x0 TWqn�� dn� rmts� g ◦ f 	y�r� T��d��  �� f(x0) TWqn�� dn� rmts� g �A�

Let f : I → R and g : J → R be two functions, where f(I) ⊂ J . If f is continuous at the

point x0 ∈ I and g is continuous at the point f(x0), then the composite function g ◦ f is

continuous at the point x0.

Derivative and derivation laws �AqtJ³� �y��w� ¤ �tKm�� 5.2

�tKm�� �l`t§ .�AyRA§r�� ¨� ¨lRAft�� 
As��� ¨� TyFAF� �y¡Af� ¨¡ �AqtJ¯� �y��w�¤ �tKm��

�y��wq��¤ d��wq�� �� T�wm�� �AqtJ¯� �y��w� �kK� Amny� ,Tny`� T��d� ©Cwf�� ry�t�� �d`m�

.TqtKm�� ��¤d�� Q�w� �w� �A�wl`� An� �dq�¤  d�� �rW� �AqtKm�� 
As� Anyl� �iÌhsu� ¨t��

Differentiation and the rules of differentiation are fundamental concepts in calculus in mathe-

matics. Differentiation is concerned with the instantaneous rate of change of a given function,

while the rules of differentiation form a set of rules and principles that facilitate the calcula-

tion of derivatives in specific ways and provide us with information about the properties of

derivative functions.

Derivative at a point TWq� ¨� �tKm�� 1.5.2

.x0 ∈ I �kt�¤ .T�� f : I → R ¤ R �� �wtf� �A�� I �ky�

Let I be an open interval in R and f : I → R be a function. Let x0 ∈ I.

23.5.2 : Definition - �§r`�

d§�zt�� Tbs� �A� �Ð� x0 TWqn�� dn� �AqtJ²� Tl�A� f T��d��  � �wq�

We say that the function f is differentiable at the point x0 if the rate of increase

f(x)− f(x0)

x− x0
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dn� f T��dl� �tKm�� Tmy� ¤� �tKm��  d`�� T§Ahn�� ¢t¡ Yms� .x0 Tmyql� �¤¥§ x Am� Tt�A� T§Ah� �bq�

	tk�¤ .f ′(x0) z�r�A� ¢� z�r� ¤ x0 Tmyq��

accepts a fixed limit as x approaches the value x0. This fixed limit is called the derivative or

the derivative value of the function f at the value x0, denoted by f ′(x0). We can write it as:

f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

.

.

24.5.2 : Definition - �§r`�

.x0 ∈ I TWq� �� Yl� �AqtJ²� Tl�A� �A� �Ð� I �A�m�� Yl� �AqtJ²� Tl�A� f T��d��  � �wq�

.
df
dx

¤� f ′ z�r�A� Ah� z�r� �tKm�� T�� Yms� x 7→ f ′(x) T��d��

We say that the function f is differentiable on the interval I if it is differentiable at every

point x0 ∈ I. The function x 7→ f ′(x) is called the derivative function, denoted by f ′ or df
dx
.

14.5.2 : Example - �A��

:An§d�¤ .x0 ∈ R TWq� �� dn� �AqtJ²� Tl�A� f(x) = x2 T�r`m�� T��d��

The function defined by f(x) = x2 is differentiable at every point x0 ∈ R. We have:

f(x)− f(x0)

x− x0

=
x2 − x2

0

x− x0

=
(x− x0)(x+ x0)

x− x0

= x+ x0 −−−→
x→x0

2x0.

.f ′(x) = 2x : T�At� Annkm§ AS§� ¤� ,2x0 w¡ x0 dn� f T��dl� �tKm��  d`��  � Antb�� ¢�� Yt�

Indeed, we have shown that the derivative of the function f at x0 is 2x0. Alternatively, we

can express it as: f ′(x) = 2x.

Geometric interpretation of the derivative �tKml� ¨Fdnh�� rysft�� 2.5.2

Tmyq�� ¢y�w� ��A`� ¢� (x, f(x)) ¤ (x0, f(x0)) zym� ªAq� rb� rm§ ©@�� �yqtsm�� X���

TWqn�� ¨� xAmm�� T� A`� ¤ .f ′(x0) Tmyq�� w¡ �\�� ¢y�w� ��A`�  � d�� T§Ahn�� ¨� .
f(x)−f(x0)

x−x0

: ¨¡ (x0, f(x0))
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The straight line passing through the distinct points (x0, f(x0)) and (x, f(x)) has a direction

coefficient of f(x)−f(x0)
x−x0

. Ultimately, we find that the directional derivative coefficient is the

value f ′(x0). The equation of the tangent at the point (x0, f(x0)) is:

y = (x− x0)f
′(x0) + f(x0).

M0

x0 x

M

4.5.2 : Proposition - TþyS�

Let f be a function. Then, : �� T�� f �kt�

T�Ahn�� �A� �Ð� Xq�¤ �Ð� x0 dn� �AqtJ²� Tl�A� f •
f is differentiable at x0 if and only if the limit

lim
h→0

f(x0 + h)− f(x0)

h

exists and is finite. .Tyhtn�¤  w�w�

ϵ : I → R T�� ¤ (f ′(x0) ©¤As§ ©@��) ℓ ∈ R d�¤ �Ð� Xq�¤ �Ð� x0 dn� �AqtJ²� Tl�A� f •
�� ϵ(x) −−−→

x→x0

0 �y�

f is differentiable at x0 if and only if there exists ℓ ∈ R (equal to f ′(x0)) and a function

ϵ : I → R such that ϵ(x) −−−→
x→x0

0 with the property that:

f(x) = f(x0) + (x− x0)ℓ+ (x− x0)ϵ(x).

5.5.2 : Proposition - TþyS�

.T�� f : I → R �kt�¤ x0 ∈ I ¤ �wtfm�� I �A�m�� �ky�

Let I be an open interval and x0 ∈ I. Let f : I → R be a function.
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.x0 dn� rmts� f  �� x0 dn� �AqtJ²� Tl�A� f �A� �Ð� •
If f is differentiable at x0, then f is continuous at x0.

.I Yl� rmts� f  �� I Yl� �AqtJ²� Tl�A� f �A� �Ð� •
If f is differentiable on I, then f is continuous on I.

15.5.2 : Example - �A��

:Tt�A��� T��d�� �tK� 	s�� .c Tmyq�� @��� ¨t�� f Tt�A��� T��d�� �kt�¤ .�A� ¨qyq� d� c �ky�

Let c be a fixed real number. Consider the constant function f that takes the value c. We

calculate the derivative of the constant function.

∀x ∈ R,∀h ∈ R∗,
f(x+ h)− f(x)

h
=

c− c

h
= 0,

then: :¢n�¤

∀x ∈ R, f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= 0.

.�¤d`� Tt�A��� T��d�� �tK�  �� ¨�At�A�¤

Therefore, the derivative of the constant function is zero.

3.5.2 : Remark - T\�®�

Tl�A� ry� ¢nk�¤ 0 ¨� rmts� f(x) = |x| TqlWm�� Tmyq�� T�� , �A�m�� �ybF Yl� :¸VA� Hk`��

.0 dn� �AqtJ³�

The converse is incorrect: for example, the absolute value function f(x) = |x| is continuous
at 0 but not differentiable at 0.

x

y

1

0 1

y = |x|

: �q�§ x0 = 0 dn�  A§z�� �d`�  �� ,�`f�A�¤
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Indeed, the rate of increase at x0 = 0 achieves:

f(x)− f(0)

x− 0
=

|x|
x

=

+1 if x > 0,

−1 if x < 0.

Derivative calculation �tKm�� 
As� 3.5.2

6.5.2 : Proposition - TþyS�

:An§d� x ∈ I �� ��� �� ¢n�¤ .I �A�m�� Yl� �AqtJ²� �ytl�A� �yt�� f, g : I → R �kt�

Let f, g : I → R be two differentiable functions on the interval I. Hence, for every x ∈ I,

we have:

(f + g)′(x) = f ′(x) + g′(x) •

(λf)′(x) = λf ′(x) •
where λ is a constant real number. �A� ¨qyq�  d� λ �y�

(f · g)′(x) = f ′(x)g(x) + f(x)g′(x) •(
1
f

)′
(x) = − f ′(x)

f(x)2
•

(if f(x) ̸= 0) (f(x) ̸= 0  A� �Ð�)(
f

g

)′

(x) =
f ′(x)g(x)− f(x)g′(x)

g(x)2
•

(if g(x) ̸= 0) (g(x) ̸= 0  A� �Ð�)

4.5.2 : Remark - T\�®�

It is easier to remember the following equation: :Ty�At�� �¤Asm�� ^f� �hF±� ��

(f + g)′ = f ′ + g′ (λf)′ = λf ′ (f · g)′ = f ′g + fg′

(
1

f

)′

= − f ′

f 2
,

(
f

g

)′

=
f ′g − fg′

g2
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(
f−1
)′
=

1

f ′ ◦ f−1
.

7.5.2 : Proposition - TþyS�

T�� g ◦ f 	y�rt��  �� f(x) dn� �AqtJ²� Tl�A� T�� g ¤ x dn� �AqtJ²� Tl�A� T�� f �A� �Ð�

:�kK�� �� AhqtK�¤ x dn� �AqtJ²� Tl�A�

If f is a function that is differentiable at x and g is a function that is differentiable at f(x),

then the composition g ◦ f is a function that is differentiable at x, and its derivative is given

by: (
g ◦ f

)′
(x) = g′

(
f(x)

)
· f ′(x).

16.5.2 : Example - �A��

Let’s calculate the derivative of the function T��d�� �tK� 	s�n�

ln(1 + x2).

.f ′(x) = 2x �� f(x) = 1 + x2 ¤ g′(x) = 1
x
�� g(x) = ln(x) An§d�

We have g(x) = ln(x) with g′(x) = 1
x
and f(x) = 1 + x2 with f ′(x) = 2x.

Then, the derivative of the composition 	y�rt�� �tK� ¢n� ¤

ln(1 + x2) = g ◦ f(x)

is w¡(
g ◦ f

)′
(x) = g′

(
f(x)

)
· f ′(x) = g′

(
1 + x2

)
· 2x =

2x

1 + x2
.

Differentiation of some common functions T�w��m�� ��¤d�� {`� �tK�

.f ′(x) = 0  �� ,�A� �� CAb� c �y� ,f(x) = c �A� �Ð� :Tt�A��� T��d�� •
Constant function: If f(x) = c, where c is a constant, then f ′(x) = 0.
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.f ′(x) = nxn−1
 �� ,�A� �� CAb� n �y� ,f(x) = xn

�A� �Ð� :wq�� T��d�� •
Power function: If f(x) = xn, where n is a constant, then f ′(x) = nxn−1.

.f ′(x) = ex  �� ,f(x) = ex �A� �Ð� :TyF±� T��d�� •
Exponential function: If f(x) = ex, then f ′(x) = ex.

.f ′(x) = 1
x ln(b)

 �� ,��CA�wl�� xAF� w¡ b �y� ,f(x) = logb(x) �A� �Ð� :Tym�CA�wl�� T��d�� •
Logarithmic function: If f(x) = logb(x), where b is the base of the logarithm, then

f ′(x) = 1
x ln(b)

.

Trigonometric functions: :Ty�l�m�� ��¤d�� •

.f ′(x) = cos(x)  �� ,f(x) = sin(x) �A� �Ð� :	y��� T�� 

Sine function: If f(x) = sin(x), then f ′(x) = cos(x).

.f ′(x) = − sin(x)  �� ,f(x) = cos(x) �A� �Ð� :Ty�Amt�� 	y��� T�� 

Cosine function: If f(x) = cos(x), then f ′(x) = − sin(x).

.f ′(x) = sec2(x)  �� ,f(x) = tan(x) �A� �Ð� :�\�� T�� 

Tangent function: If f(x) = tan(x), then f ′(x) = sec2(x).

where: :�y�

sec(x) =
1

cos(x)

Hyperbolic functions: :T§d¶�z�� ��¤d�� •

.f ′(x) = cosh(x)  �� ,f(x) = sinh(x) �A� �Ð� :T§d¶�z�� 	y��� T�� 

Hyperbolic sine function: If f(x) = sinh(x), then f ′(x) = cosh(x).

.f ′(x) = sinh(x)  �� ,f(x) = cosh(x) �A� �Ð� :T§d¶�z�� Ty�Amt�� 	y��� T�� 

Hyperbolic cosine function: If f(x) = cosh(x), then f ′(x) = sinh(x).

.f ′(x) = sech(x)2(x)  �� ,f(x) = tanh(x) �A� �Ð� :T§d¶�z�� �\�� T�� 

Hyperbolic tangent function: If f(x) = tanh(x), then f ′(x) = sech2(x).

where: :�y�

sech(x) =
1

cosh(x)
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Successive derivatives Ty��wtm�� �AqtKm�� 4.5.2

AS§� f ′ : I → R TqtKm�� T��d�� �A� �Ð� .AhqtK� f ′
�ky�¤ �AqtJ²� Tl�A� T�� f : I → R �kt�

: T�A� TfO� .f T��dl� ¨�A��� �tKm�� f ′′ = (f ′)′  �� �AqtJ²� Tl�A� T�� 

Let f : I → R be a differentiable function, and let f ′ be its derivative. If the derivative function

f ′ : I → R is also differentiable, then f ′′ = (f ′)′ is the second derivative of the function f .

In general:

f (0) = f, f (1) = f ′, f (2) = f ′′ and.... f (n+1) =
(
f (n)

)′
.r� n �AqtJ²� Tl�A� f �wq� , w�w� n T�Cd�� �� f (n)

�tKm��  A� �Ð�

If the nth derivative, f (n), exists, we say that f is differentiable n times.

2.5.2 : Theorem - T§r\�

]Leibniz’s rule ztynby� T�®� [

(f✕g)(n) = f (n)✕g + C1
nf

(n−1)✕g(1) + · · ·+ Ck
n f (n−k)✕g(k) + · · ·+ f✕g(n)

In other words: : «r�� CAb`�¤

(
f✕g

)(n)
=

n∑
k=0

Ck
n f (n−k)✕g(k).

: An§d� n = 0 ��� �� :zynby� T�y} T�} ���rt�A� �¡rbn�

To prove the correctness of the Leibniz formula by induction: For n = 0, we have:

(f✕g)(0)(x) = (f · g)(x) =
0∑

k=0

Ck
0 f

(k)(x)g(0−k)(x) = f (x) g (x)

: � |rf� .n = 0 ��� �� T�y�} Ty}A���  Ð�

So, the property is true for n = 0. We assume that:

(f✕g)(n)(x) =
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x)
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:  � �ybn�¤

and let’s demonstrate that:

(f✕g)(n+1)(x) =
n+1∑
k=0

Ck
n+1f

(k)(x)g(n+1−k)(x)

we have : An§d�

(f✕g)(n+1)(x) = ((f✕g)(n))
′
(x).

Therefore :  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x)

)′

so : ¨�At�A�¤

(f✕g)(n+1)(x) =
n∑

k=0

Ck
n

(
f (k+1)(x)g(n−k)(x) + f (k)(x)g(n+1−k)(x)

)
Therefore :  Ð�

(f✕g)(n+1)(x) =
n∑

k=0

Ck
nf

(k+1)(x)g(n−k)(x) +
n∑

k=0

Ck
nf

(k)(x)g(n+1−k)(x).

p = k + 1 : �¤±� �wm�m�� ¨� ry�tm�� ryy�t� �wq�

We substitute the variable in the first sum: p = k + 1

n∑
k=0

Ck
nf

(k+1)(x)g(n−k)(x) =
n+1∑
p=1

Cp−1
n f (p)(x)g(n+1−p)(x)

so : ¨�At�A�¤

(f✕g)(n+1)(x) =
n+1∑
k=1

Ck−1
n f (k)(x)g(n+1−k)(x) +

n∑
k=0

Ck
nf

(k)(x)g(n+1−k)(x)

Therefore :  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=1

(Ck−1
n + Ck

n)✕
(
f (k)(x) g(n+1−k)(x)

))
+Cn

nf
(n+1)(x)g(0)(x) + C0

nf
(0)(x)g(n+1)(x)
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Note that: :  � ^�¯

Ck−1
n + Ck

n = Ck
n+1 and Cn

n = C0
n = 1

Therefore: :  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=1

Ck
n+1f

(k)(x)g(n+1−k)(x)

)
+ f (n+1)(x)g(0)(x) + f (0)(x)g(n+1)(x)

: �wm�m�� ¨� �§ry�±� �§d��� �A� � Annkm§ ¢�� ^�¯

C0
n+1f

(0)(x)g(n+1−0)(x) = f (0)(x) g(n+1)(x)

and ¤

Cn+1
n+1f

(n+1)g(n+1−(n+1))(x) = f (n+1)(x)g(0)(x).

Therefore: :  Ð�

(f✕g)(n+1)(x) =
n+1∑
k=0

Ck
n+1f

(k)(x)g(n+1−k)(x)

: An§d� ��rt�A�  A¡rb�� 	s�  Ð�

Therefore, according to the proof by induction, we have:

(∀n ∈ N, n ≤ p)(∀x ∈ I) : (f✕g)(n)(x) =
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x).

Trigonometric functions Ty�l�m�� ��¤d�� 6.2

�®kKm�� ��� TFdnh��¤ ,ºA§zyf��¤ ,¨RA§r�� �yl�t��¤ ,TFdnh�� ¨� T§C¤rR Ty�l�m�� ��¤d��

.T§C¤d�� r¡�w\��¤ ,�A�l�m��¤ ,A§�¤z�A� Tql`tm��

Trigonometric functions are essential in geometry, calculus, physics, and engineering for solving

problems related to angles, triangles, and periodic phenomena.
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Cosine and arccosine 	�t�� xw� ¤ 	�� T��d�� 1.6.2

:�y� cos z�r�A� Ah� z�r� ¨t�� 	�� T��d�� �kt�

Let the cosine function, denoted as cos, where:

cos : R → [−1, 1]

x 7→ cosx,

T��d��  wk� ,�A�m�� £@¡ ¨� .[0, π] �A�m�� Yl� A¡@�� ¨fk§ T��d�� £@¡ �� ��Aq� Yl� �wO�l�

:CAOt�³�  �� ¨�At�A�¤ ,A�Am� TO�Ant�¤ rmts� 	��

To obtain the bijection of this function, it is sufficient to restrict it to the domain [0, π]. In this

domain, the function cosine is continuous and strictly decreasing. Therefore, the restriction:

cos : [0, π] → [−1, 1]

	tk�¤ 	�t�� xw� Y�d� Tyl�Aqt�� Tysk`�� ¢t�� ¤ .��Aq� w¡

is a bijection, and its inverse function, known as ”arccosine”, is written as:

arccos : [−1, 1] → [0, π]

x

y

cosx

0 π 2ππ
2

−π −π
2

+1

−1

x

y

arccosx

0 1−1

π

π
2
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: ¨sk`�� ��Aqt�� �§r`� �®� �� ,An§d� ��@�

So, through the definition of the inverse bijection:

cos
(
arccos(x)

)
= x ∀x ∈ [−1, 1]

arccos
(
cos(x)

)
= x ∀x ∈ [0, π]

:«r�� ��CAb`�

In other words:

cos(x) = y ⇐⇒ x = arccos y, :�i x ∈ [0, π]

:w¡ Tysk`�� T��d�� �tK�  ��

The derivative of the inverse function is:

arccos′(x) =
−1√
1− x2

, ∀x ∈]− 1, 1[

Sine and arcsine 	��� xw� ¤ 	� T��d�� 2.6.2

�r`m�� [−π
2
,+π

2
] �A�m�� Yl� 	� T��d�� CAOt��

The function sine is restricted to the domain [−π
2
,+π

2
] defined as

sin : [−π
2
,+π

2
] → [−1, 1]

:�y� arcsinez�r�A� ¢� z�r�¤	���xw�Y�d§ ¨sk`�� Ahl�Aq� .Tyl�Aq� T�� w¡

It is a bijective function. Its inverse function is called the arc of sin, and we denote it by

”arcsine”, where:

arcsin : [−1, 1] → [−π
2
,+π

2
]

x

y sinx

0 π 2ππ
2

−π −π
2

+1

−1
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Trigonometric functions Ty�l�m�� ��¤d�� .6.2Real functions Tyqyq��� ��¤d��

x

y

arcsinx

0 1−1

π
2

−π
2

We have: :An§d�¤

sin
(
arcsin(x)

)
= x ∀x ∈ [−1, 1]

arcsin
(
sin(x)

)
= x ∀x ∈ [−π

2
,+π

2
]

sin(x) = y ⇐⇒ x = arcsin y, :�i x ∈ [−π

2
,+

π

2
]

the derivative of the inverse function is: :w¡ Tysk`�� T��d�� �tK�  ��

arcsin′(x) =
1√

1− x2
∀x ∈]− 1, 1[

Tangent and arctangent �S�� xw� ¤ �R T��d�� 3.6.2

]− π
2
,+π

2
[ �A�m�� Yl� �R T��d�� CAOt��

The function tangent restricted to the domain ]− π
2
,+π

2
[

tan :]− π
2
,+π

2
[→ R

: �y� arctangentz�r�A� ¢� z�r�¤ �S�� xwq� ¨sk`�� Ahl�Aq� ¨ms� .Tyl�Aq� T�� w¡

It is a bijective function. We call its inverse function the arc of tangent and we denote it by

”arctangent” where:

arctan : R →]− π
2
,+π

2
[
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x

y tanx

π
2

−π
2

3π
2

π−π

arctanx

0

π
2

−π
2

tan
(
arctan(x)

)
= x ∀x ∈ R

arctan
(
tan(x)

)
= x ∀x ∈]− π

2
,+π

2
[

tan(x) = y ⇐⇒ x = arctan y, if: x ∈]− π

2
,+

π

2
[

the derivative of the inverse function is: :w¡ Tysk`�� T��d�� �tK�  ��

arctan′(x) =
1

1 + x2
, ∀x ∈ R.

Hyperbolic functions T§d¶�z�� ��¤d�� 7.2

.T§r¶�d�� ¤� Ty�l�m�� ��¤dl� Tl�Amm�� ��¤d�� ¨¡ �AyRA§r�� ¨� d¶�z�� ��¤d�� ¤� T§d¶�z�� ��¤d��

©rs§ws�� ¨RA§r�� �b� �� ��¤d�� £@¡ �§dq� �� d¶�z�� �Wq�� T�� �� TqtK� ��¤ Ah�±

.Aq�¯ �ybtyF Am� Ty�l�m�� ��¤d�A� �d� ThybJ Q�w� Ah� ¤ �rb�¯ �rn¡  A¡w�
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Hyperbolic functions T§d¶�z�� ��¤d�� .7.2Real functions Tyqyq��� ��¤d��

Hyperbolic functions in mathematics are functions similar to trigonometric or cyclic functions.

They are derived from the hyperbolic function, these functions were introduced by the Swiss

mathematician Johann Henrik Lambert, and they have properties very similar to trigonometric

functions, as will be seen later.

Hyperbolic cosine and its inverse Ah�wlq�¤ ©d¶�z�� �Amt�� 	y� T�� 1.7.2

:T�r`m�� T��d�� ¨¡ ©d¶�z�� �Amt�� 	y� T��d�� ,x ∈ R ��� ��

For x ∈ R, the hyperbolic cosine function is defined as:

coshx =
ex + e−x

2
.

:	tk� �y� [0,+∞[ �A�m�� Yl� A¡CAOt��

Restricting it to the domain [0,+∞[ where we write:

cosh : [0,+∞[→ [1,+∞[

�y� Argch z�r�A� ¨sk`�� Ahl�Aqt� z�r� .Tyl�Aq� T�� Ahn� �`�§

it makes it a bijective function. We denote its inverse as Argch where:

Argch : [1,+∞[→ [0,+∞[.

x

y
coshx

Argchx
1

10
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Real functions Tyqyq��� ��¤d�� Hyperbolic functions T§d¶�z�� ��¤d�� .7.2

Hyperbolic sine and its inverse Ah�wlq�¤ ©d¶�z�� 	y��� T�� 2.7.2

: z�r�A� Ah� z�r� ¨t�� ©d¶�z�� 	y��� T�� x ∈ R �� ��� ��

For every x ∈ R the hyperbolic sine function denoted by:

sinh : R → R : sinhx =
ex − e−x

2
,

:¨l§A� �q�� A�Am� d§�zt� �AqtJ²� Tl�A� ,rmts� T�� ¨¡

It is a continuous, completely differentiable, increasing function that achieves the following:

lim
x→−∞

sinhx = −∞

and ¤

lim
x→+∞

sinhx = +∞,

:w¡ ¨sk`�� Ahl�Aq�¤ .Tyl�Aq� T�� Ah�� ¨n`§ �@¡

This means that it is a bijective function. Its inverse function is:

Argsh : R → R.

x

y

sinhx

Argshx

1

10

8.7.2 : Proposition - TþyS�

cosh2 x− sinh2 x = 1 •

sinh′ x = coshx and cosh′ x = sinhx •
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Hyperbolic functions T§d¶�z�� ��¤d�� .7.2Real functions Tyqyq��� ��¤d��

.rmts� ¤ A�Am� d§�zt� T�� Argsh : R → R •
Argsh : R → R is a strictly increasing and continuous function.

Argsh is a differentiable function where: :�y� �AqtJ²� Tl�A� T�� Argsh •

Argsh′x =
1√

x2 + 1
.

Argshx = ln
(
x+

√
x2 + 1

)
. •

Hyperbolic tangent and its inverse Ah�wlq�¤ ©d¶�z�� �\�� T�� 3.7.2

:z�r�A� Ah�z�r� ¨t�� ©d¶�z�� �\�� T�� ,�§r`t�A�

By definition, the hyperbolic tangent function denoted by:

tanhx =
sinhx

coshx

:z�r�A� ¨sk`�� Ahl�Aqt� z�r� ,Tyl�Aq�¤ tanh : R →]− 1, 1[ T�r`� T�� ¨¡

It is a function known as tanh : R →]−1, 1[ and it is a bijective function. We denote its inverse

by:

Argth :]− 1, 1[→ R.

x

y

tanhx

Argthx

1

−1

0
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Trigonometric relations of hyperbolic T§d¶�z�� ��¤dl� Ty�l�m�� �A�®`�� 4.7.2

functions

(1

cosh2 x− sinh2 x = 1

(2

cosh(a+ b) = cosh a · cosh b+ sinh a · sinh b

cosh(2a) = cosh2 a+ sinh2 a = 2 cosh2 a− 1

= 1 + 2 sinh2 a

(3

sinh(a+ b) = sinh a · cosh b+ sinh b · cosh a

sinh(2a) = 2 sinh a · cosh a

(4

tanh(a+ b) =
tanh a+ tanh b

1 + tanh a · tanh b

Derivative of hyperbolic functions T§d¶�z�� ��¤d�� �tK� (5

cosh′ x = sinhx.

sinh′ x = coshx.

tanh′2 x =
1

cosh2 x
.

T§d¶�z�� ��¤d�� 
wlq� ��¤d�� �tK� (6

The derivative of the inverse of hyperbolic functions

Argch′x =
1√

x2 − 1
, (x > 1)

Argsh′x =
1√

x2 + 1
,

Argth′x =
1

1− x2
, (|x| < 1)
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Limited Expansion  ¤d�m�� rKn�� .8.2Real functions Tyqyq��� ��¤d��

(7

Argchx = ln
(
x+

√
x2 − 1

)
, (x ≥ 1)

Argshx = ln
(
x+

√
x2 + 1

)
, (x ∈ R)

Argthx =
1

2
ln

(
1 + x

1− x

)
, (−1 < x < 1)

Limited Expansion  ¤d�m�� rKn�� 8.2

x = 0 TWqn�� �w� f(x) = expx T��d�� �wlF �� rk� ºAW�� �km§ .TyF±� T��d�� �A�� @���

.�yqts� X�� ¨�Ayb�� �Fr�� 	§rqt� Anm� dq� .y = 1 + x ¢t� A`�  wk� ©@�� , AhlZ TWF�w�

We take the example of the exponential function. You can give an idea of the behavior of the

function f(x) = ex around the point x = 0 using its shadow, which has the equation y = 1+x.

We have approximated the graph with a straight line.

T��dl� ¨�Ayb�� �Fr�� ,y = c0 + c1x + c2x
2
T� A`m�� ®�� @��� , �S�� 	§rq� d��  � A� C� �Ð�

zym� Ty}A� Ah� T� A`m�� £@¡ .y = 1 + x + 1
2
x2

T� A`m�� ��� w¡ x = 0 TWqn�� C�w� ¨� f

�Wq�� T� A`� Yl� r�`� .g′′(0) = 0 ¤ g′(0) = 0 , g(0) = 0 �� g(x) = expx −
(
1 + x + 1

2
x2
)
¨¡

.f T��dl� 2 T�Cd�� �� 	§rq� d�� ¨n`§ ¸�Akm��

If we want to find a better approximation, we can take, for example, the equation y = c0+c1x+

c2x
2. The graph of the function f near the point x = 0 is like the equation y = 1 + x+ 1

2
x2.

This equation has a special property: g(x) = exp x −
(
1 + x + 1

2
x2
)
, and then g(0) = 0,

g′(0) = 0, and g′′(0) = 0. We can find the equation of the equivalent parabola, meaning we

find a second-degree approximation for the function f .

... T`��r��¤ T��A��� T�Cd�� �Am`tFA� 	§rqt�A� rmtsns� ,T� r���  wk�  � A� C� �Ð� �bW�A�

Of course, if we wanted to be more precise, we would continue to approximate using the third

and fourth degrees...
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Real functions Tyqyq��� ��¤d�� Limited Expansion  ¤d�m�� rKn�� .8.2

x

y

1

0 1

y = ex

y = 1 + x

y = 1 + x+ x2

2

y = 1 + x+ x2

2
+ x3

6

¨t�� ,T�� ©± Tbsn�A� n T�Cd�� ��  ¤d��� ry�� Yl� ��b� �wF ,�Of�� �� ºz��� �@¡ ¨�

 wk� A� Ab�A�) x Tt�A��� TWqn�� C�w� ¨� Xq� T��A} �¶Atn�� .�S�� �kK� T��d�� �� 
rtq�

.Ahy� r\n�� �� ¨t�� TWqn�� dn� Ty�Attm�� �AqtKm�� �� �@¡  ¤d��� ry�� 
As� �tyF .(0 C�w��

In this part of the chapter, we will look for the nth-degree polynomial approximation for any

function that provides a better fit. The results are valid only in the vicinity of a fixed point xx

(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula Cwl§A� T�y} 1.8.2

,1712 �A� A¡�K�� ©@�� Cwl§A� �¤r� �AyRA§r�� ��A� �F� Yl� ymF ¨t�� ,Cwl§A� T�y} �ms�

¢�®�A`� dmt`� ©@�� , ¤d� ry�� TWF�w� TWq� C�w�� ��r� d� �RAftl� Tl�A� T�� 	§rqt�

.TWqn�� £@¡ ¨� T��d�� �AqtK� Yl� Xq�

The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712,

allows for approximating a differentiable function multiple times around a point using power

series, whose coefficients depend solely on the derivatives of the function at that point.
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3.8.2 : Theorem - T§r\�

An§d� ¢n� ¤ x0, x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x0, x ∈ I, then we have

f(x) = f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)
2

2!
f ′′(x0) + . . .

+
(x− x0)

n

n!
f (n)(x0) + (x− x0)

nε(x− x0),

where �y�

lim
x→x0

ε(x− x0) = 0.

17.8.2 : Example - �A��

:¨l§ Am� T�r`m�� f T��d�� �kt�

Let the function f be defined as follows:

f :]− 1,+∞[ → R
x 7→ ln(1 + x)

T�®��� 	��rm�� �� 0 TWqn�� ¨� Cwl§A� �y} 
As�� �wqnF ,��rm�� �� T§Ah�¯A� �AqtJ²� ��A�

.Y�¤±�

Differentiable infinitely many times, we will compute the Taylor series at the point 0 up to

the first three orders.

.f ′(0) = 1 d�� f ′(x) = 1
1+x

	s�� �� .f(0) = 0 :An§d�

We have f(0) = 0. Then, when we calculate f ′(x) = 1
1+x

, we find that f ′(0) = 1.

.f ′′(0) = −1 d�� f ′′(x) = − 1
(1+x)2

	s�� A¡d`�

Afterwards, we calculate f ′′(x) = − 1
(1+x)2

and find that f ′′(0) = −1.

.f (3)(0) = 2 d��¤ f (3)(x) = 2
(1+x)3

	s�� �ry��¤

Finally, we calculate f (3)(x) = 2
(1+x)3

and find that f (3)(0) = 2.

: � ���rt�A� b��  � �yWts�
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Real functions Tyqyq��� ��¤d�� Limited Expansion  ¤d�m�� rKn�� .8.2

We can demonstrate by induction that:

f (n)(x) =
(−1)n−1(n− 1)!

(1 + x)n

Where the value can be calculated: : Tmyq�� 
As� �km§ �y�

f (n)(0) = (−1)n−1(n− 1)!.

Thus for n > 0 we have: : An§d� n > 0 ��� �� ¨�At�A�¤

f (n)(0)

n!
xn =

(−1)n−1(n− 1)!

n!
xn =

(−1)n−1

n
xn.

w¡ 0 TWqn�� ¨� f T��dl� Cwl§At�  ¤d��� ry�� ,T�A� TfO�

In general, the Taylor polynomial of the function f at the point 0 is

Pn(x) =
n∑

k=1

(−1)k−1xk

k
= x− x2

2
+

x3

3
− · · ·+ (−1)n−1xn

n
.

:Cwl§At�  ¤d� ��ry�� �®� �¤� ¨l§ Amy�

Here are the first three Taylor series expansions:

P1(x) = x,

P2(x) = x− x2

2
,

P3(x) = x− x2

2
+

x3

3
.

�Fr�� �� r���� r��� P3 ¤ P2 ¤ P1  ¤d��� ��ry�k� Ty�Ayb�� �wFr�� 
rtq� ,¢lfF� ¨�Ayb�� �Fr�� ¨�

.0 C�w� ¨� Xq� �@¡¤ f þ� ¨�Ayb��

In the graph below, the plots of the Taylor series P1, P2, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.
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Limited Expansion  ¤d�m�� rKn�� .8.2 Real functions Tyqyq��� ��¤d��

x

y

0

1

y = ln(1 + x)

y = x

y = x− x2

2

y = x− x2

2
+ x3

3

Mac-Laurent formula  �Cw� - �A� T�y} 2.8.2

4.8.2 : Theorem - T§r\�

¨� Cwl§A� T�y} �ybWt� An§d� ¢n� ¤ x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

: �Cw� - �A� T�y} d�� x0 = 0 TWqn��

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x ∈ I Then have, by

applying Taylor’s formula at the point x0 = 0, we find the Mack-Laurent formula:

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + . . .+

xn

n!
f (n)(0) +

xn

n!
ε(x).

18.8.2 : Example - �A��

1) cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ . . .+ (−1)n

x2n

(2n)!
+ x2n+1ε(x)

2) sinx = x− x3

3!
+

x5

5!
+ . . .+ (−1)n

x2n+1

(2n+ 1)!
+ x2n+2ε(x)

3)(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− n+ 1)

n!
xn + xnε(x)

3.1) α = −1 =⇒ 1

1 + x
= 1− x+ x2 + . . .+ (−1)nxn + xnε(n)

3.2) α = −1

2
=⇒ 1√

1 + x
= 1− 1

2
x+

3

8
x2 + . . .+ (−1)n

1 ∗ 3 ∗ 5 . . . (2n− 1)

2 ∗ 4 ∗ 6 . . . 2n
xn + xnε(x)
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4)ex = 1 +
x

1!
+

x2

2!
+ . . .+

xn

n!
+ xnε(x)

5) ln(1 + x) = x− x2

2
+

x3

3
+ . . .+ (−1)n−1x

n

n
+ xnε(x)

Limited expansion of some T�w��m�� ��¤d�� {`b�  ¤d�m�� rKn�� 3.8.2

common functions

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+ o(x4) ⋆

1

1− x
= 1 + x+ x2 + ...+ xn + o(xn) ⋆

ch(x) = 1 +
x2

2!
+

x4

4!
+ ...+

x2n

2n!
+ o(x2n+1) ⋆

sh(x) = 1 +
x3

3!
+

x5

5!
+ ...+

x2n+1

(2n+ 1)!
+ o(x2n+1) ⋆

Operations on limited expansions  ¤d�m�� rKn�� Yl� �Aylm� 4.8.2

¨� A� T��d�  ¤d�m�� rKn�� ry��  � �km§ ¢��  �Cw� - �A� T�y}¤ Cwl§AV T�y} �� Aq�AF An§�C

 ¤d�m�� rKn�� Yl� �Aylm`�� �rK� �wF �@h�¤ 0 TWqn�� ¨�  ¤d�� rK� Y�� R a ∈ TWqn��

.0 TWqn�� ¨� Xq�

We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited

expansion of a function at the point a ∈ R to a limited expansion at the point 0. Therefore,

we will explain the operations on the limited expansion only at the point 0.

n T�Cd�� ��  ¤d�m�� rKn�� 0 C�w� ¨�  ®bq� 0 dn� �yt�r`� �yt�� g ¤ f �kt�¤ n ∈ N �kt�

:�y�

Let n ∈ N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

f(x) = p0 + p1x+ · · ·+ pnx
n + xnϵ1(x)

= Pn (x) + xnϵ1(x)
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and ¤

g(x) = q0 + q1x+ · · ·+ qnx
n + xnϵ2(x)

= Qn (x) + xnϵ2(x)

9.8.2 : Proposition - TþyS�

:g ¤ f �yt��dl�  ¤d��� ©rK� �wm�� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ f + g •
f + g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f + g)(x) = f(x) + g(x) = Pn (x) +Qn (x) + xnϵ(x).

¯� ºAq�³� �� g ¤ f �yt��dl�  ¤d��� ©rK� º�d� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ fg •
:n ©¤As� ¤� �� ��� T�Cd�� ��Ð  ¤d��� Yl�

fg accepts a limited expansion of degree n at 0 and represents the product of the

limited expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:

(f · g)(x) = f(x) · g(x) = Tn(x) + xnϵ(x)

.n T�Cd�� dn� ��wtm�� (Pn (x) ·Qn (x))  ¤d��� ry�� Tn(x) �y�

Where Tn(x) is the polynomial (Pn (x) ·Qn (x)) stopping at degree n.

�y� n T�Cd�� �� 0 dn�  ¤d�� rK� �bq� f ◦ g T��d��  �� (q0 = 0 ©�) g(0) = 0 �A� �Ð� •
.P (Q(x)) 	y�rt�A� �r`� n T�Cd�� dn� ��wtm��  ¤d��� ry�� ºz�

If g(0) = 0 (i.e. q0 = 0) then the function f ◦ g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n is defined by the

structure P (Q(x)).

If q0 ̸= 0 then we have: :An§d�  �� q0 ̸= 0  A� �Ð� •

1

g(x)
=

1

q0

1

1 + q1
q0
x+ · · ·+ qn

q0
xn + xnϵ2(x)

q0

.

: 	tk§¤ n+ 1 T�Cd�� �� a dn�  ¤d�� rK� �bq� F  �� f T��dl� Tyl}� T�� F �A� �Ð� •
If F is a primitive function of the function f , then F accepts a limited expansion at a
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of degree n+ 1 and is written:

F (x) = Pn+1(x− a) + (x− a)n+1η(x)

where: lim
x→a

η(x) = 0. .lim
x→a

η(x) = 0 :�y�

19.8.2 : Example - �A��

.arctan(x) T��dl�  ¤d�m�� rKn�� 
As�

Calculate the limited expansion of the function arctan(x).

We know that: : � �l`�

arctan′(x) =
1

1 + x2
.

We set: �S�

f(x) =
1

1 + x2

and F (x) = arctan(x) and we write: :	tk� ¤ F (x) = arctan(x) ¤

arctan′ x =
1

1 + x2
=

n∑
k=0

(−1)kx2k + x2nϵ(x).

because arctan(0) = 0, then: : �� arctan(0) = 0  ±¤

arctanx =
n∑

k=0

(−1)k

2k + 1
x2k+1 + x2n+1ϵ(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·

20.8.2 : Example - �A��

.5 Tb�r�� �� 0 dn� tanxT��dl�  ¤d�m�� rKn�� •
The limited expansion of the function tanx at 0 is of order 5.

Firstly: :¯¤�

sinx = x− x3

6
+

x5

120
+ x5ϵ(x).
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On the other hand «r�� Th� ��

cosx = 1− x2

2
+

x4

24
+ x5ϵ(x) = 1 + u

we set �S�

u = −x2

2
+

x4

24
+ x5ϵ(x).

In the calculation we need u2 and u3: : u3 ¤ u2 
As��� ¨� �At��

u2 =

(
−x2

2
+

x4

24
+ x5ϵ(x)

)2

=
x4

4
+ x5ϵ(x)

then ��

u3 = x5ϵ(x).

so: :¨�At�A�¤

1

cosx
=

1

1 + u
= 1− u+ u2 − u3 + u3ϵ(u)

= 1 +
x2

2
− x4

24
+

x4

4
+ x5ϵ(x)

= 1 +
x2

2
+

5

24
x4 + x5ϵ(x).

Finely ry�±� ¨�

tanx = sin x · 1

cosx

=
(
x− x3

6
+

x5

120
+ x5ϵ(x)

)
·
(
1 +

x2

2
+

5

24
x4 + x5ϵ(x)

)
= x+

x3

3
+

2

15
x5 + x5ϵ(x).

.4 Tb�r�� �� 0 dn�
1+x
2+x

T��dl�  ¤d�m�� rKn�� •
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The limited expansion of the function 1+x
2+x

at 0 of order 4.

1 + x

2 + x
= (1 + x)

1

2

1

1 + x
2

=
1

2
(1 + x)

(
1− x

2
+
(x
2

)2
−
(x
2

)3
+
(x
2

)4
+ o(x4)

)
=

1

2
+

x

4
− x2

8
+

x3

16
− x4

32
+ o(x4),

21.8.2 : Example - �A��

.3 Tb�r�� �� 0 dn� h(x) = sin
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� 
As�

Calculate the limited expansion of the function h(x) = sin
(
ln(1 + x)

)
at 0 of order 3.

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = sinu �S� •
We set f(u) = sinu and g(x) = ln(1 + x), from which:

f ◦ g(x) = sin
(
ln(1 + x)

)
¤ g(0) = 0.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •
We write the limited expansion of order 3 for the function

f(u) = sinu = u− u3

3!
+ u3ϵ1(u)

for u in the vicinity of 0. .0 C�w� ¨� u ��� ��

We set �S�

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

for x in the vicinity of 0. .0 C�w� ¨� x ��� ��

We calculate u2: :u2 	s�� •

u2 =
(
x− x2

2
+

x3

3
+ x3ϵ2(x)

)2
= x2 − x3 + x3ϵ3(x)
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and u3 : : u3 ¤

u3 = x3 + x3ϵ4(x).

then: :¢n�¤

h(x) = f ◦ g(x) = f(u)

= u− u3

3!
+ u3ϵ1(u)

=

(
x− 1

2
x2 +

1

3
x3

)
− 1

6
x3 + x3ϵ(x)

= x− 1

2
x2 +

1

6
x3 + x3ϵ(x).

Exercise series N° 2 ��C �§CAmt�� TlslF 9.2

Exercise N°− 1 − ��C �§rm�

Calculate the following limits if they exist. . w�w� �A� �Ð� Ty�At�� �A§Ahn�� 	s��

1. lim
x→5+

x2 − 11x+ 28

x2 − 25
2. lim

x→5−

x2 − 11x+ 28

x2 − 25

3. lim
x→5+

x2 − 9x+ 20

x2 − 25
4. lim

x→5−

x2 − 9x+ 20

x2 − 25

Solution : �þþ���

�� .�Aqm�� CAJ� Y�� £Abt�¯� Anyl� . limx→5x
2 − 25 = 0 ¤ limx→5 x

2 − 11x+ 28 = −2 An§d� (1

: �tnts� .limx→5+ x2 − 25 = 0+ ¢n�¤ x2 > 25 An§d� x > 5 ���

lim
x→5+

x2 − 11x+ 28

x2 − 25
= −∞.

:An§d� T�A��� £@¡ ¨� .limx→5− x2 − 25 = 0− : � ^�®� �k� ,Tq§rW�� Hfn� rys� (2

lim
x→5−

x2 − 11x+ 28

x2 − 25
= +∞.
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