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A real-valued function of a real variable relates a real value to any number within its domain.

This type of numerical function makes it possible, in particular, to formulate a relationship
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Real functions &aaas! Jig Numerical function &osad) &3\ 1.2

between two physical quantities. It is characterized by its graphical representation in the coor-
dinate plane, and can also be defined by a specific formula, differential equation, or analytical

form.

Numerical function d3adadl A1l 1.2

( 1.1.2 : Definition - uﬁ,a’.'?

15 &3l W1 f o8 Jgis . F 60 gatall g8 F 68 gatal) g0 6N [ g ol gate F g B ol
Mbngﬁg\&\,wEwwdb;&of\
Let E and F be two sets and f be a relation from the set E to the set F'. We say that f is a

function, if every element of E is associated with at most one element of F', and we write:

f+ B — F
r — flr)=y

—
kz's an application FCITUoY J.Lﬁ\))

‘ 2.1.2 : Definition - t.ﬁ‘uﬁ\

Dol 1) bibg 13) Gusas &s f of Jghs

We say that f is a numerical function if and only if:

f: ECR — FCR
z o fl@)=y

—
\is an application RCIRUoY dl.\”\u)

.FER‘,E)S&;}NU.\.QEJMEo.nx).m.lcJﬁg\élb!bﬁéjhj'&:\a.\c'ﬂhf‘)iume

In other words, f is a numerical function if and only if for every element z in F, its image in

F' is at most one real number.
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g 1.1.2 : Example - J A
The function is the inverse of x: ST L YL BU
fi]—00,0[U]0,+00] — R
1
X _— —.
7
. J

Domain of definition i yalll ds geme 1.1.2

oigs LB y g ot O (pSan 1 Alae ¥ Ae game o] ian Aodde A1D Cay pal Ae gosme o]
Zg.\e\.qé\.gé).a.'ogibs.ef‘f.\@j.m‘b\ﬂ
To determine the domain of a numerical function, we need to find the set of numbers for which

the function is defined. So we can define the domain of a numerical function as follows:

3.1.2 : Definition - wad yad

s Y e 0% gae (B Dom(f) jo o W jop I o f —on s 68 gate Sysas &l f ol
T Fss5ee s 1558 f(2) 255 W 7 Gyinisd)
Let f be a numerical function. The domain of f, denoted by Dom(f), is the set of all real

numbers x such that f(x) is a well-defined real number and we write:

Dom(f) = {z e R | f(z) € R}

G938 6%k (0% I mill get 69 gate (B o3 A —ay Segate 5T S0
FIPC VBV L -2 Gﬂ\g B\l \g‘! \ﬂ‘\}g! ne o\mb-
In other words, the domain of a numerical function is the set of all values for which the

function is defined and has a real number output.

f:Dom(f)c R — R

Jless s s
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g 2.1.2 : Example - J 20
b WS 66 2all £ &N G
Let the function f be defined as follows
f R — R
r +— f(z)= (x21—1)'

o} Wiles Y WD 03) 0 Colw of ole ¥ Lhads 510 ploo of iy . BN ploey s & pRiall
ik Samadsd) 31ae Y ias o 60,20 £ JWL . £ &ML —1 522 ¥ g 1 542 6,90 —auss
' P 3G g —1,1
The variable x is in the denominator of the function. We know that a real number cannot
have a denominator equal to zero. Therefore, we cannot compute the image of the numbers 1

and —1 under the function f. Hence, f is defined for all real numbers except —1 and 1, and

we write:
(f: Defined &dop20 )<= 12°—1+#0
-1 = 0= (z-D@E+1)=0
<~ rz=1Nxr=-1
S Df:]R—{l,—l}
<= Dj=]-00,—1[{U]-1,1[U]1, +o0]
Yy
| 1
1 1 z2—1
-1 1 T
\_ J
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- -

Function curve &l it 2.1.2

4.1.2 : Definition - «ad yad

b WS 602 R? o Iy ud jol 60 gasal) o8 f: U — R &I i
The graph of the function f: U — R is the subset Ty of R? defined as follows:

Dy = {(a, f(x)) |z € U}.

i 3.1.2 : Example - J 20
SN (86w Y g 1/2 &IV (8he buwo
To the right the graph of the function 1/x and to the left of the graph of the function
1+x2+s. 3(z—1)
5 T35 in 5 .
Y
(@, f(2)) 1
x
. J

Parity and periodicity & y9dd! g Fleldt 2.2

w3 plaviwls Y AT Aa 8 AT A 9 ) ATIAN COLED 13) Le o] Audiss elaiw o jantl 10s LB
A 9y Al A pd Colss 13) Le I AN e LBLS pdn oo Lgay yaT gi gy poldl il
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In this section, we will learn how to determine whether a function is even, odd, or neither,

using its graph or its definition. The symmetry of the function’s curve indicates whether it is
odd or even.

Even function 4 ¢ 3| a1 1.2.2

5.2.2 : Definition - «aJ yad

We say that f is an even function if:

PO 15 Gus-gj s f o Jobs

Vee Dy: f(z)=f(—x).

4.2.2 : Example - JI.?.D

9 (nEN)%xHaw”@\dRMW\&&,ﬁd\ Jig )

Functions defined on the set R as x — ax™ where n is even, are even functions.

\. J

13) ¢ SLEIL g AN Blay G2 7 aast f(—7) = f(2) OF Gl 10gd ¢ dua o) [ A1) COlss 13|
M (=0, f(=20)) = (=20, f(70)) Madd) moaind « M(xo, f(20)) Madd B —7 = 7 Joidn Lied

If the function f is even, this means that f(—z) = f(z) for all z in the domain of the function.

Therefore, if we replace  with —x in the point M (xq, f(z0)), the point M'(—zq, f(—x¢)) =
(—zo, f(x0)) is obtained.
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Parity and periodicity & ;919 J3\aid) .2.2 Real functions &aaas! Jig )

Ly daZd ¢ OLSIan] Jald h Sadil @ I sme Jier 4318 cedl T ) goned Aesilly
D9ed Addly M(o, f(20)) dadid 3 blcett o M(—zo, f(20)) dadd OF ¢ O Lises «

N TJCURSVARE VKT TRV JUSELPRVVNS VPR VR DT I LT PP Jct]
Regarding the axis of symmetry, it represents the z-axis, so only the z-coordinates are ex-
changed. Therefore, we can see that the point M'(—xg, f(z¢)) is the reflection of the point
M (zo, f(zo)) with respect to the axis of symmetry. Thus, the points M and M’ are symmetric

with respect to the axis of symmetry.

Odd function d3a yal| A 2.2.2

6.2.2 : Definition - «ad yad

We say that f is an odd function if: 1 13) Gaspo &Yy f o) Jgo

¥z e Dy : f(x)=—f(-a).|

2 5.2.2 : Example - JL’ZD
C3pp (n€N) cas 2 2" Lo Wf R 68 gasall o &0 ;2001 g
Functions defined on the set R as follows x +— x™ where (n € N) is an odd functions
fIf7
)
25
e
i@
L J
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Real functions &aamesd) Jig ) Parity and periodicity & j9 g J3\ail! .2.2

W e B T et f(—x) = —f(2) O g SIMd doayd f A cols 1)
s e Jgast @lwd M(zg, f(0)) Maddl 2 —7 o T Joddn Lied 1) (L
M (=0, [(—0)) = (=0, —f(20))

If the function f is odd, this means that f(—x) = — f(x) for all x in the domain of the function.

Therefore, if we replace z with —z in the point M (xq, f(xo)), the point M'(—z, f(—z0)) =
(—x0, — f(x0)) is obtained.

s O G0 OF LiSay (ILIL g OLSIaa Y1 giwe e (0,0) Azl b dieeld 2ewitly g
M pidaid) (985 (AL 9 Tueedd Zwddls M (o, f(20)) Wadid) wiSadl oo M'(—0, f(—20))

Taeeld By (pililete M
Regarding the origin, it is the point (0,0) on the coordinate plane. Therefore, we can see that
the point M'(—xg, f(—x¢)) is the reflection of the point M (xq, f (o)) with respect to the origin.

Thus, the points M and M’ are symmetric with respect to the origin.

Periodic function & yg¢dd) Al 3.2.2
o) I (6 gall By HSie JS A L) Slay g3 5ed ) A gall J1gudl il il
B pal 9 8y 9 mudlae HLAT) ngatl (o boled 40 ) 9! a 9gan

Graphically, periodic functions refer to a pattern that is repeated regularly in the Cartesian

plane. To fully understand the concept of periodicity, it is important to master the concepts

of cycle and period.

7.2.2 : Definition - «aJ yad

o1 bg3l) qoms g GBI jox ) Ko Bes 0o s j 200 2o E5Vgh ) Sl N e omy
.6)1'\.6.“ \am\_\ )9,\.\\ ey ._,\)\ﬂ) \s’ égg&-pﬁ\ &bo\al) bl ge oS!
The part of the graph that corresponds to the smallest repeating pattern of a periodic

function is called one cycle. The gap between two consecutive points that mark the end

of the same cycle is called the period.

8.2.2 : Definition - «2J yad

:_".‘}}/{:>0)~>.-9\5§6q)95&\5f09\d9§3
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We say that f is a periodic function if there exists k > 0 where :

Vee Dy: f(x+k)=f(z).

A
K6 -----2

8
S ooooa
=

. J

g 6.2.2 : Example - J 2

B 93 &u 98 &y tangent SN \g 2 B ;95 &u 95 Vg cosine g sine Jig )
The sine and cosine functions are periodic functions with a period of 27, while the tangent

function is a periodic function with a period of .

+1

NN ;

Positive and negative functions dulud! 9 du gadl JIgddl  4.2.2

Dy o Wme A (ST 9 Dy Lgan yad de gomme (Ao 43 jae dosae WM f ST
Let f be a numerical function defined on a set Dy, and let A be a subset of Dy.

9.2.2 : Definition - «ad yad

o 11 A o (ol ) Sasgo f &I ogl
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Real functions &aaas! Jig Parity and periodicity & j9 g J3\ail! .2.2

The function f is said to be positive (or strictly positive) on A if:

VeeA: f(x) >0 (f(x)>0).

o 131 A s (bl ) awlle £ a1 a) ogf o

The function f is said to be negative (or strictly negative) on A if:

VreA: f(x) <0 (f(x)<0).
. J

1.2.2 : Remark - Z\Jé?){n

AN il Sl g Jiolgdll e §99 0gl Bliie 016 Susgo £ &I 3 13) o
Sadludd
If the function f is positive, its graph lies above the x-axis, and conversely, if the

function f is negative, its graph lies below the x-axis.

AJoledl) jein 20 1) 2018 Y DL oo Loled Sulln g lolel Gus-ge f GBIV eSS 13) e
If the function f is strictly positive or strictly negative, its graph never intersects the

Gj-axis. _J

Operations on functions JI gl ie Clileadl 5.2.2
aog R A gamadl o U et ud Ao i@ e Gl g U =2 R 9 f: U = R (50
FATLD) I gud) o el adatld

Let f: U — Rand g: U — R be two defined functions on the same part U of the set R. From

this, we can define the following functions:

Gl W el f+g: U RN 92 g 9 [ i3l ¢ gama (1
The sum of the functions f and g is the function f + g : U — R defined as follows:

Ve e U, (f +g)(x) = f(z) + g(z).

Gl Wl fg: U >R 98 g o f oididl slas (2
The product of the functions f and g is the function f - g : U — R defined as follows:

Ve e U (f-g)(x) = f(z) - g(x).
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ol A [ U 5 RANAN g2 f a0 g A € R odews slutt (3

The product by scalar A € R and the function f is the function A- f : U — R defined as

follows:

Comparison of two functions juidld &ylde  6.2.2

L“gjl.u:'33(_,.6Mif(ﬂd}ﬁ.’ié.’uﬂj.ACDfﬂDg;}aJiuméJulco,‘C«éJMQ:ﬁhgijﬁJ
s 9 g

Let f and g be two defined functions on the same domain A C Dy N D,. We say that f is less

than or equal to ¢, denoted as:

f<g: it ols i) Ve e A, f(z) <g(z).

CES3 9 g S gk 9T (o ST [ OT J 923 9
We say that f is greater than or equal to g, denoted as:

f>g: if ol 1) Ve e A, f(x) > g(x).
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( 2.2.2 : Remark - 'Z\Jé?){n

g AN e 99 gl £ A s 01 g Lolw o) ge pdl £ AN s\ 13
If the function f is greater than or equal to g, then the graph of the function f lies above the
graph of the function g.

Y,

g(x) = In(z)

Function monotony defs &ldy 7.2.2

DfMYWIu@ij%ﬁhW@&%HM‘Ame
Let f be a function defined on its domain Dy, and let I be a subset of Dy.

‘ 10.2.2 : Definition - hﬁl)ﬁ\

: 0\; \53 hi.'og \5! I \g\Q« é).._)\l'i.o f ga\ J9§u
We say that f is increasing on I if and only if:

V(z,y) e I*:x>y = f(z) > f(y).
G J

2 7.2.2 : Example - J 20 )

10, +00f Jsadl e 10\ jio &1y 7 > In () iy 16} &I

The function logarithm x — In (x) is an increasing function on the domain |0, +ool.
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! f(z) = In(z)

\. y,

11.2.2 : Definition - uhj.)ﬁ\

Dol 15) hbog 13) T Jo Lol Soljpe f ol Jebs
We say that f is strictly increasing on I if and only if:

Y(iz,y) e I* x>y = f(z) > f(y).
. J

12.2.2 : Definition - uh.u.ﬁ\

Dol 15) hbog 1) T o duodliie f o) Jgis
We say that f is strictly decreasing on I if and only if:

V(z,y) e I’:x>y = f(z) < f(y).
q J

13.2.2 : Definition - t.ﬁ.u.ﬁN

Dol 1) baog 13) 7 (S loled Suablidn f o) Jebs
We say that f is strictly decreasing on I if and only if:

V(iz,y) e I* x>y = f(z) < f(y).
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g 8.2.2 : Example - JL’]’.D
10, +oo[ Bl (o Wl Suosliie &y z — % —qloo &1 o)
The inverse function x — % is a strictly decreasing function on the domain |0, 400].
(Y
flx) =1/z
x
. J

Finite function 33 gdmed! &diddl  8.2.2
Ao game (o A2 jae W) O oSS Of o W gf B3 guse A Calss 1)) an‘s,é;b\..d‘ S
AT 43»&W‘@i+qpsa:d\sﬁc

Before investigating whether a function is bounded or not, it must be defined on a non-empty

set, and then we can start searching for the bounds of the function.

14.2.2 : Definition - w«ad yad

Dy Ry %5 &S gasn S9318 &l f oI

Let f be a numerical function defined on the set Dy

Dgso M ks 318 s 13) bidg 13 Jo W ua b3gase £ ol Jeis (1
We say that f is bounded above if and only if there exists a real number M such that:

Ve e Df:  f(z) < M.

Dot m b 518 avg 1) oy 1) Jaw I oo bsgasee £ ol JeB (2

We say that f is bounded below if and only if there exists a real number m such that:

Vee Dy: m< f(x).
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Doasa M g m oliybs gisse s-q 1) Raog 13} srga%e f ol Jeis (3
We say that f is bounded if and only if there exist two real numbers m and M such

that:

VzeDi: m< f(x) <M.

\. J

8 9.2.2 : Example - J 20

39150 gy cosine g sine Jlg )

The sine and cosine functions are bounded functions.

Max and min values of a function a4 LAl g ¢ sadll audl! 9.2.2

Brahim Brahimi-Jihane Abdelli 76 University of Mohamed Kheidar, Biskra



Real functions &aamesd) Jig ) Parity and periodicity & j9 g J3\ail! .2.2

15.2.2 : Definition - wad yad

Let f be a numerical function defined on the set Dy, and let xo € Dy and I be a subset of
Dy.

ol 1) 2 6hasl) ke £ &I Galhel) & podd) Gueadl) ol f(ag) 522 of Jeis (1
We say that the number f(xo) is the absolute mazimum value of the function f at the

point xq if:

Ve e Dy f(x) < f(zo).

ol 15) T sl (b zp 6ha) e f &I S Lpod Gward ol f(w0) 512 o) g (2
9 Zo € 1
We say that the number f(xo) is a relative mazimum value of the function f at the

point xq in the domain I if xg € I and:

Veel f(z)< f(xo).

ol 13) 2o Sl e f A Galhalt b Gt ool £(7) 522 o Jgis (3
We say that the number f(xo) is the absolute minimum value of the function f at the

point xq if:

Ve e Dy f(x) > f(zo).

o € T oM V) T YWsall b g Sl x5 f SV G Wos Guaxd 0 f () 520 o) Jgs (4
9

We say that the number f(xo) is a relative minimum value of the function f at the

point xq in the domain I if xg € I and:

Veel f(z) > f(xo).

10.2.2 : Example - JLis
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12,2] Jsall Jo ) (b opdsaseal) ol b b p5-Tg Lolo 1 i f &V
The function f has an upper limit and a lower limit at the two specified points in the graph

on the domain [2,2].

Limits Qlud bgtd| 3.2

G il 58 doged! mualacd! (po g Sladls )11 o8 drwla¥) malastl aai (o Sbilgidl ycial
Al yd A Guw A3 (o HlaY O 2 Sa Wy (el g BlaiaMl g ) e pogae lgde dola

A8y el JSidn OLled! (uyid Juadll 10s b ST OLlgdl ¢ gus ge
Limits are one of the fundamental concepts in mathematics and an important concept in anal-
ysis, upon which the concepts of continuity, differentiation, and integration rely. Undoubtedly,

the reader has already studied the topic of limits, but in this chapter, we study limits in more
detail.

Definitions e jlad  1.3.2
End at point dladl dis 4o Lgd!

16.3.2 : Definition - «ad yad
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9 it Jo JS gt il 1) zp bl jles 051 R ge 1V b8 ) 68 qoseal) o s

We say that a subset V' of R is a neighborhood of the point xq if it contains an open set that

\mcludes the point xg. )

T Jloead! (o Adads 29 € R S50 9 R (oo T Jlovad) ol 48 ,a0 &1s f: ] — R ;S8
Let f: 1 — R be a function defined on the domain I of R. Let xyp € R be a point in the

domain .

‘ 17.3.2 : Definition - t.ﬁl).ﬁp

B 1051 (2 G 56 6620 p& og ) mp SN g b 6oyl AU of Yo

AR chol) pie £ € R &\
We say that the function f, defined in a neighborhood of the point xy (possibly undefined at
the point o), has a limit ¢ € R at the point xq if:

Ve>0 36>0 Vezel |r—x<d = |f(z)—{<e

: il g 70 M Uk ) £ ) Jo%s £(z) Gl o Jeiig

and we say that the function f(x) approaches ¢ as x approaches xy, and we write:

lim f(z)=4¢ or 99\ lim f = ¢.

Tr—xQ
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g 11.3.2 : Example - J 20

Hoad o = 1 6RE 58 S\ s\l —elball £ (2) = 32 — 2 o)
Let f(z) = 3x — 2, the task is to find the limit at the point zo = 1. We have:

lim f (z) = lim(3x —2) =1

rz—1 rz—1

15 82 el
Using the definition, we find

Ve>0, 30>0, VeeR, |rz—x<d = |f(z)—{ <e

lz—1<d = [Bx—2—-1|<e

= [3z—-3| <e¢

= [3(z—1)| <e
= 3lz—1)|<e¢
€

-1 e

— lz-1l<3

It means that taking the value § = § is sufficient to show that for any x satisfying
|z — 1| < 9§, we have |f(x) — 1| <e.

lim f (z) = 1.

r—1

\. J

Ja, xo[U]zo, b JSGdt (o de gamall Ao A8 yae Al f (S0
Let f be a function defined on the set of points of the form |a, zo[U]xo, b].

18.3.2 : Definition - «2J yad

ol 13} 7y el KBS +oo Sl b f I o Jeis (1
We say that the function f tends to +oo at the point xq if

VA>0, 36>0, Vexel: |z—xz9<dé = f(x)>A

. g
we write: bl
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lim f(z) = +o0.

T—rxo

ol¥ 13} 2y 6hasl) Be —oo Gu\® Jads f &M o Jeis (2
We say that the function f has a limit of —oo at the point xq if:

VA>0, 360>0, Vexel: |z—x<d = f(z)<—-A

we write: dig

lim f(x) = —o0.

T—TQ
. J

I =Ja, +00| JSEI) e de game Ao 48 yall f i ] — R ahiad) S0
Let the function f : I — R be defined on a set of the form I =]a, +o0l.

8 19.3.2 : Definition - uﬁﬁ:’\

o 1) oo 58 £ Sl i £ A of Jghs £ € R oI (1
We say that the function f converges to the limit £ € R as x approaches infinity,
denoted by 400, if:

Ve>0, 3dB>0, Vzel: z>B = |f(z)—{<e

we write: ilig

lim f(z) =4 Or g lggfzﬁ.

T—+00

ol 13) 400 B +oo Gl s f &IV o Jeisg (2
We say that the function f converges to infinity, denoted by +00, as x approaches to

400, if:

VA>0, 3IB>0, Vzxel: z>B = f(z)> A

we write: dlig

lim f(z) = +oc.

T—400

University of Mohamed Kheidar, Biskra 81 Brahim Brahimi-Jihane Abdelli



Limits L5\ .3.2 Real functions &aaas! Jig )

] — 00, a] Ja) oo &S gate SO 602! fEIIA Sullall SuNI 5o J8J) 5,2 (i I gy
=00 jo b B jop I Gullud) SoY J) 7 Jop se £ e R Gl e f &IV o) Jews
’ ol 13
Similarly, we define the limit at negative infinity for a function f defined on a set of the
form ] — 0o, al. We say that the function f converges to the limit { € R as x approaches

negative infinity, denoted by —oo, if:

Ve>0, dB>0, Vrxel: z<B = |f(z)—{<e

we write: ALY

lim f(z)=¢ Or o limf==¢

T—r—00

Operations on limits Gl ked| e Qlitaadl  2.3.2

Lo = £00 G 7p dadd) HSII . g9 f el (ST
Let f and g be two functions. Let xy be a point where xq = 4o00.

1.3.2 : Proposition - dmsad

If we have ol \5!

limf=¢eRg limg=/¢€R
xo o

then: :\-,p
HmA - f) =X Lol AeR IS IS oo @
For every A € R, lim(\ - f) = X\ - L.
lim(f+g) =0+ o
zo
lm(f-g)=40-1 o
S N I
lim — = — cieg L £ 0 g¥ 13) o

o f 4
1 1
If 0 #is0, then lim — = —
f 0 #1150, enlxronf 7
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.lim% =0 o&b (—OO 9‘) lim f = 400 \JO;\ g\; \51

1
If also lim f = +o00 (or —o0), then lim? —
xo xo

Continuity )l peiw¥! 4.2

Continuity at a point dadd e yf pelw¥!  1.4.2

( 20.4.2 : Definition - uﬁ,ﬂ\

S o Jois T Jeadl o 6885 29 € R olilg R oo 1 Yl J& 60420 &y f: T — R IS
DGl §8% 13 7 kel B5e 6 peime f
Let f : I — R be a function defined on the domain I of the real numbers. Let xq € R be

a point in the domain 1. We say that the function f is continuous at the point xq if the

following holds:

Ve>0, 36>0, Vexel, |r—x<d = |f(x)— f(zo)|<e.

We write: :.,.&fg
Tim 7 (z) =  (w0).
. J
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(

12.4.2 : Example - J 20

oY 2o = 0 shal) e b peime f(z) = e &N

The function f(x) = e* is continuous at the point xo = 0 because

lim f(z) =lime” = e =1 = f(x).
r—x0 r—0

Continuity on domain Jlwm @l ) pala¥) 2.4.2

21.4.2 : Definition - wad yad

R oo T Il Jo 60,20 &1y f: T — R I

Let f: I — R be a function defined on the domain I of R.

68 gatad jop 1 Jeal) BB ies (J& 6poime w3WE) T Yol Jo 6o [ AN of Jois
CE() o b T Yo o 6 paimal) lg o)

We say that the function f is continuous on the domain I if it is continuous on all points of

the domain 1. We denote the set of continuous functions on the domain of I as € (I) .

Mean Value Theorem dlaw glod| @udd| 4y yad
r

1.4.2 : Theorem - ’Q)BD

y s 338 8 I8 ga Gieg . [0, 0] Gueybiame) 6208 S & pmimal) [ ¢ [a. 0] = R &I\ o)
f(e) =y 293 c € [a,0] (v 538 19 @l f(b) g fla) vn jpose

Let f : a,b] = R be a function that is continuous on the closed interval [a,b]. For any real

number y that lies between f(a) and f(b), there exists a real number ¢ € [a,b] such that

)=y

J

OSI @ 18] (ST Ay (pe M pB B g patly ued € ATl anall OB ¢ (w1 JSAd! GB)
(omtetd) (Ao JSatT) Ao 20 1030 dad 1B (3 pealiwe ATIAT)
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(In the left figure), the real number ¢ is not necessarily unique. On the other hand, if the
function is not continuous, then the theorem does not hold (as shown in the figure on the

right).

Continuous extension )| piw¥ by 3ol 3.4.2

gt ) paiaal e dolamd) pe Tw Doy LeTlons i LgBliad dantatis L oy 21T 1y Ls slotia ¥
Loy a3 A0 gans Lgiuds 52 (1 3 9l ole il g w51 Blisw (52 LS shas Jordond (o LSy oo

oW
A continuous extension of a function allows us to extend its domain or range smoothly while
preserving its continuity, enabling us to analyze its behavior in a broader context and overcome

limitations imposed by its original definition.

22.4.2 : Definition - «ad yad

.&\gf:I{IO}ARgf‘}eM\Ioumgfdw\o@
Let the domain I, xo be the point from I and f : Itxe} — R be a function.
e G Gul b [ 3l 1) 7o Ghad) Ko ) i YL sl Sbe £ AN o Jeis (1
Jg Lo
We say that the function f is continually extendable at the point xy if f accepts a finite

limit at xo, and we write:

¢ = lim f.
xo
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r el Y I8V o0 fiT =R jogb B jop S &I Bigs o, (2
We then define the function that we denote f: I — R for each x € I

- f(x) if z# o
? Zf r = Xy.
2o 60a) 5 i Yh £ S o aed ande 2y GBS S & pedime [ GBIV Gieg

Then the function f is continuous at point xo, and the extension of the function f is

called continuing at point xg.

o
/ BN

2 13.4.2 : Example - JL’]’.D

b 1of R* 6 gaseal) Jo 66420 63101 oI

Let the function defined on the set R* be as follows
f(z) ' —1
= xsin .
T TS .

Does f accept extension by continuing at 07

naeil) 6L W1 &1 .0 e 0 Yo f ol waiws [ f(2)] < |2] 0lo 2 € R* 34 IsT oo o
th W R o 6620l f &I ¢ W sedg 0 158 ) peim Y

We have for each x € R* that |f(x)| < |z|, we get that f goes to 0 at 0. That is, it is

extendable continuously at 0 and its extension is the function f defined on R as follows:

- ) {xsin(%), if ©#0

0 58 ) i Yh o) b5 £ JD

0, if ©x=0.
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xsin(1/x)

9 15 —1 —0.

—0.5+

Operations on continuous functions § ywed! JIgd| ohe Qlileal! 4.4.2
Shlgdl e alileot) Llaall du,s0 30 o &yl eiw¥l lo do¥) GOldeat

The primary operations on continuity are immediate consequences of analogous issues at the

endpoints.

.

2.4.2 : Proposition - dmgad

Jodeg o € T 6ball o8 f,g: T — R i) ) o1&
Let the two functions f,g: I — R be given. Let xg € I be a point, hence:

A - f is continuous at o (VA € R). (VA ER) 2y 58 bpadme A f @
f + g is continuous at xg. Lo BS bydue f+g o
f g is continuous at xg. Ty B bymbue [ g @

Ty NS bpedue + Giwg ¢ f (79) £ 0 0\ 5] e

If f(xo) # 0, then % is continuous at .
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.

3.4.2 : Proposition - dugad

\539x0616h§.ﬂ\;i9—6,a§.mnf.;.3\§\52.f(1)CJ;Q}@Q\gg:J—)Rgf:I—)RJE\
2o O.hﬁﬂ\)ag—oyau\mgOf_‘*;P B u}S’ f(zo) Qh&ﬂ‘wo,mmng—«)\g
Let f: I — R and g : J — R be two functions, where f(I) C J. If f is continuous at the

point xy € I and g is continuous at the point f(xq), then the composite function go f is

continuous at the point .

Derivative and derivation laws JLAGY| judl b 9 Gidied! 5.2

Gidied! Glais Olusb 31 5 GLolail Olustl L2 duwlul pualis oo GLELAYI 0l 58 5 @idall
Ol 92Tl g wel 93T (4o Ao goame BLATLYY (10 98 JSAS Leln (A AT (5 gall J.«.a./.." J..uuu
.M|J|3Miu4‘3:~qub}lmhﬁﬁ“jaawd)h;uMMﬂummm‘rd!

Differentiation and the rules of differentiation are fundamental concepts in calculus in mathe-
matics. Differentiation is concerned with the instantaneous rate of change of a given function,
while the rules of differentiation form a set of rules and principles that facilitate the calcula-

tion of derivatives in specific ways and provide us with information about the properties of

derivative functions.

Derivative at a point dad) 2 §ided! 1.5.2

.QZOGIQS:Jj.th:]%RQRQ.GCMJl:.-..a[QS.“«J
Let I be an open interval in R and f : I — R be a function. Let z( € I.

23.5.2 : Definition - wid yad

VN Gams 518 1) 2 Gl e Slakby Gl £ &) o) Jebs
We say that the function f is differentiable at the point xq if the rate of increase

f(z) — f(xo)

T — Tg
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58 f &I Sidial) Sund g1 @iial) 542 GHIR GUD e ) Sadl) Yo 2 o LY Gu\RS ads
—39 .f"(20) jo Jb o jo 5 g 7o Sl
accepts a fized limit as x approaches the value xqo. This fixed limit is called the derivative or

the derivative value of the function f at the value xo, denoted by f'(xy). We can write it as:

24.5.2 : Definition - «ad yad

o € T 6hws J4 Jo olaidyl 6l std 13) T bl Jo saby abte f &) o) Jeis
LoT f jo b B jop Sibwd) s (e @ f(7) &)
We say that the function f is differentiable on the interval I if it is differentiable at every

point xy € I. The function x — f'(x) is called the derivative function, denoted by f" or %.

14.5.2 : Example - JL’]’.D

oy 7o € R &b 4 s ol able f(z) = 22 & y2al) &I 4
The function defined by f(x) = z* is differentiable at every point o € R. We have:
flx) = flzo) _2°—af (z—xo)(z + o)

= = =T+ 190 —— 2.
T — 2o T — 2o T — X T—T0

(@) = 22 1 6058 5T Loy of 20 §B 7o x5 £ A kel 522 o xS oo s

Indeed, we have shown that the derivative of the function f at xq is 2xy. Alternatively, we

can express it as: f'(x) = 2x.

. J

Geometric interpretation of the derivative $ideld ouwdigl! juwddd| 2.5.2

dondll a> 93 Julas &3 (2, f(2)) 5 (20, f(70)) Biwes Jolad je oy (1 @udiucad) dasdl
Aaaul Ga uleed! Walas o .f'(T)) Aesdll g JIAT) dcx 53 Jolas O dod dolgldl o LE=/0)

T—x0

D o (o, f(20))
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The straight line passing through the distinct points (xg, f(zo)) and (z, f(x)) has a direction

coefficient of %ﬁmo) Ultimately, we find that the directional derivative coefficient is the

value f'(zg). The equation of the tangent at the point (z, f(z)) is:

y = (x — o) f'(x0) + f(20).

T
=7
/ i) 3‘3
4.5.2 : Proposition - degad
Let f be a function. Then, ole &y f \;ﬁ:\

So\B) 518 13) haog 1) zp e Hlaiby b6 [ e
f is differentiable at xq if and only if the limit
i £ (@0 + h})l — f(®o)

h—0

exists and is finite. Gufieg 39590

e: T - R &N q (f’(:l?o) Solw g{{}J\)fGR)&Q 13) boog 13} 7y e @\i&fu}éj &bl f o

f is differentiable at xo if and only if there exists £ € R (equal to f'(x¢)) and a function
€ : I — R such that e(x) —— 0 with the property that:

Tr—TQ

f(x) = f(20) + (x — w0)l + (x — T0)e().

.

5.5.2 : Proposition - dmgad

S f T =R g 2y € 1 g poibal) T Jead) o1
Let I be an open interval and xq € I. Let f: 1 — R be a function.
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If f is differentiable at xg, then f is continuous at .

T o bpsime f ol I Jo oy GL1s £ sld 13 o

If f is differentiable on I, then f is continuous on I.

g 15.5.2 : Example - J 2

681 G ke s . Guoadh) 355 Y £ ) SI1 oTilg ol Liniss e ¢ ol
Let ¢ be a fized real number. Consider the constant function f that takes the value c. We
calculate the derivative of the constant function.

fleth)—flz) c—c

V. R,Vh € R* = =
T € N, S 5 R h 07

then: HeA VY

flx+h) = fx)

/! . o
V:vER,f(.z’)—’lg% h = 0.
P91 SL &I\ ) gihe ylo é\d\)g
LTherefore, the derivative of the constant function is zero. D

[ 3.5.2 : Remark - %){D

abls pé oilly 0 b seime f(z) = |7] Gdlball Gesdd) &1y ¢ JBall dam SO (e DS Gl

: 0 5 Hlais Y
The converse is incorrect: for example, the absolute value function f(z) = |z| is continuous
at 0 but not differentiable at 0.

y = |z|

P 80o 7 = 0 68 b Jae oo (el
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Indeed, the rate of increase at xy = 0 achieves:

f@) = f(0) _Ja| _J+1 i =>0,
-1 if x<0.

Derivative calculation §ided! Qlws> 3.5.2

.

6.5.2 : Proposition - degad

Mo 7 € T 38 38 oo qing 1 Jadl IS 863 oxiylé oaidls f,g: T — R oI

Let f,g: I — R be two differentiable functions on the interval I. Hence, for every x € I,

we have:

(f+9)(z)=f'(z)+d(z) .
(Af) (z) = Af'(z) .

where X is a constant real number. a3 co.u»- 318 A\ Zas
(f - 9)(z) = f'(z)g9(z) + f(z)g'(2) .
(1) @ =-f -

(if f(z) #0) (f(z) #0 ¥ 13))
([)’ (2) = f'(@)g(x) — J;(iv)g’(fli) .

g 9(x)
(if g(x) #0) (9(z) #0 0¥ 13))
g 4.5.2 : Remark - %)@

It is easier to remember the following equation.: HeSURA TP RGT S B Y oo

(f+9) =f+4 (Af) =Af (f-9)=fg+ fd
AR
f ¥ g g2
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-1\’ __ 1
(f ) _f/offl'

Y

7.5.2 : Proposition - dmsad

éd\;gof__,.:}{,i!\ old f(z) K58 HlBbY &b &y g 9 2 ke Halby able &y f —wo\d 1)
L o Doy o 50 $lakby) b1
If f is a function that is differentiable at x and g is a function that is differentiable at f(x),

then the composition g o f is a function that is differentiable at x, and its derivative is given

by:

2 16.5.2 : Example - J 20 )
Let’s calculate the derivative of the function A Sulie —andad
In(1 4 z%).

f1(@) =20 g8 f(z) = 1+22 ¢ () = L g g(z) = In(z) Lo
We have g(x) = In(z) with ¢'(z) = 1+ and f(z) =1+ 2? with f'(z) = 2x.
Then, the deriwative of the composition .,43»!\ Wil Gik 9

In(1+2%) = g o f(a)

18 99

wor &

Differentiation of some common functions 42 gJled! JI gl yaas Gidie

() =0 Old ccald e 3 yle ¢ Ca (f(7) = ¢ Calsa 13) Tl W) e

Constant function: If f(z) = ¢, where ¢ is a constant, then f'(x) = 0.
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JN(@) = na" T ol ol e byl N Gus f (2) = 2" Colss 13) 15 gat! At

n—1

Power function: If f(z) = 2™, where n is a constant, then f'(z) = nx

S(2) =" ola of (1) = ¥ colss 13 (A WAl e
Exponential function: If f(z) = €®, then f'(z) = €”.

J(z) = ﬁ(b) OLd (@3 L o ula 9o b coe (f (2) = log, () colss 13) Taed Hla g1 AT1t) o
Logarithmic function: If f(x) = log,(z), where b is the base of the logarithm, then
f'(@) =

Trigonometric functions: Al Jlgudl e

J'(x) = cos(z) ola f (z) = sin(z) colss 13) fouad) W1a
Sine function: If f(z) = sin(z), then f'(z) = cos(z).
J(z) = —sin(x) pla f (x) = cos(z) colea 13) fdceleldl ol Ala
Cosine function: If f(z) = cos(z), then f'(z) = —sin(x).
S'(2) = sec?(z) old of (x) = tan(z) colss 13) 1 Hatl a3l
Tangent function: If f(z) = tan(x), then f'(x) = sec?(x).

where: AP

sec(r) = cos(x)

Hyperbolic functions: TS 3 19t e

J'(x) = cosh(z) ula f () = sinh(z) calss 13) (A1 31 cod) Wha
Hyperbolic sine function: If f(x) = sinh(x), then f’(z) = cosh(z).
J'(z) = sinh(x) pla f (x) = cosh(z) calss 13) Taaud) 31 Acalad! Cuwxd! Atla
Hyperbolic cosine function: If f(z) = cosh(z), then f'(x) = sinh(x).
S'(z) = sech(z)?(z) uld f () = tanh(z) colss 13) (20430 331 Jat) a3l
Hyperbolic tangent function: If f(z) = tanh(z), then f'(z) = sech®(z).

where: LTS

1
cosh(z)

sech(z) =
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Successive derivatives dul gied| GLalied! 4.5.2

basi /0] — R daideed! A1) Colss 13) Lgaidw [/ Sl g Glaiad alld as f 1 ] - R s
Dasle Zawy f AN SU Ehaedt [ = () Ola @laiadly aLls At

Let f : I — R be a differentiable function, and let f’ be its derivative. If the derivative function

f': I — R is also differentiable, then f” = (f’)’ is the second derivative of the function f.

In general:

f(O) = f, f(l) = f, f(Q) = f and.... f(n+1) = (f(n))/

B y0 1 BLELSM ALLE [ J 933 3 g g0 1 Ayl e f() Gided) Gl 1)

If the nth derivative, ™, exists, we say that f is differentiable n times.

2 2.5.2 : Theorem - zg.jep
Lez’bm’z’s rule paiant GoNe
(FX9)™ = F™Xg + Cof " IXgW 4 - 4 O XD 4 4 g™
In other words: : GP-‘ 6, L9
(1%9)™ =D Cl frPxg®.
k=0
. J

Pt 1= 0 ol (e uied Riso B g 5L 8

To prove the correctness of the Leibniz formula by induction: For n = 0, we have:

(X9) V(@) = (f - 9)(x) = Y Ci [P (@)g P (w) = f () g (2)

Ol g2 n =0 Jai (o domomio duoltl ()
So, the property is true for n = 0. We assume that:
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)| Oed o
and let’s demonstrate that:
n+1
(fXg n+1 Z +1f nH_k)(I)
we have VNN
(fXg) ™ D(x) = ((fXg)™) ().

Therefore L O3
SO PAb
(fXg)" D (@) = " Cr (fE D (2)g" P () + [P (2)g" TP ()

k=0
Therefore L oA

(fxg n+1) ch k+1 (n— k) + ch k) n+1 k)( )
P=k+1:09¥ ¢ gemall B juiiadl yodin pgdd
We substitute the variable in the first sum: p =k + 1

n+1

qul;f(kﬂ)( (n— k) Zcp 1f n+1 —p) ()
k=0
SO Pl

n+1

(fXg n+1 Z Ck 1f n+1fk) (SL’) + i C;sz(k)(x>g(n+lfk) (I)
k=0

Therefore XY

(fXg)" V) (z) = (i(cﬁ‘1+07’j)>< (f®(x) 9("“"“)(17)))

k=1

+C2 f ) ()90 () + COF O () g (2)
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Note that: DOl Jas

CHl ok =Ck

n+1

and O = CY =1

Therefore: Y]

(fXg)" 1 (Z eSO (e ”“"“’(@) + (@) (@) + fO2)g" P ()

D g gemadl B G I oadl Jls ) LiSey 41 das Y
Cg+1f(°)(x)g(”+1‘°) (z) = f(O) (z) g("+1)(x)
and 9
ng_rll (n+1)g(n+17(n+1))(x) — f(”“)(:c)g(o)(x).

Therefore: XY

n+1

(fXQ n+1 Z +1f nﬂ_k)(x)

C Lot Dl Ol oIl caws O3

Therefore, according to the proof by induction, we have:

(VneN, n<p)(Veel) : (fXg)" chﬂ’f ) ().

-

Trigonometric functions awitied! JIgdl 6.2

OSadl Jomd Awtighl g cals jrdll g cpuipls ,31 Jlomill g cAeuckigll (o8 2o g pudd Aciliall J1 gl
Ay gttt ol glal g (Oliliad g (Ll g L Adlatiall
Trigonometric functions are essential in geometry, calculus, physics, and engineering for solving

problems related to angles, triangles, and periodic phenomena.

Unwversity of Mohamed Kheidar, Biskra 97 Brahim Brahimi-Jihane Abdelli



Real functions &aamesd) Jig ) Trigonometric functions &ailial) Jlgd) 6.2

Cosine and arccosine euid| g ¢d 9 o didd|  1.6.2

tCee COS e Tl Lt ey A1 LoD AT\ SCS
Let the cosine function, denoted as cos, where:

cos R —[-1,1]

T > CosT,

WA O 9SS (Jlnadl ol 2 [0, 7] Jlowad! Lo Ladsi oSy Al oia (yo &S Ao J ol
olalB3¥ Ol GILEL 9 leled dadlidie 9 5 jotiues Lo
To obtain the bijection of this function, it is sufficient to restrict it to the domain [0, 7]. In this

domain, the function cosine is continuous and strictly decreasing. Therefore, the restriction:

cos : [0, 7] = [—1,1]

S0 9 el (w98 oS LA AcSall Adls g (JlaT 4o

is a bijection, and its inverse function, known as ”arccosine”, is written as:

arccos : [—1,1] — [0, 7]
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Real functions &aaas! Jig

D ruSall QLA iy yad I (e Lt a3
So, through the definition of the inverse bijection:

cos (arccos(z)) =z Vz € [—1,1]

arccos (cos(z)) =z Vz € [0, 7]

TR AR BT
In other words:

cos(x) =y <= x = arccosvy, rax e |0,

D 9h AwSall AN Gide Old
The derivative of the inverse function is:

1
. Vr el —1,1
T ] [

arccos' (1) =

Sine and arcsine | w¢d 9 & WM 2.6.2

& yacdl [, 7] Jlovadl e o AL Hlatd)
The function sine is restricted to the domain [—%, +5] defined as

sin: [=5,+5] = [—1,1]

ICe arcsine eyt Al 3o 33 g cond w98 o u (Sl Lelas A LES ATy g

It is a bijective function. Its inverse function is called the arc of sin, and we denote it by
"arcsine”, where:

29
e 0
N ;
- —3 ! 0 '3
,,,,,,,,,,,,,,,, B B
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y

us
2

arcsin &

We have: 4 T

sin (arcsin(z)) =z Va € [-1,1]

arcsin (sin(a:)) =z Vze|-F, +75]

i . T T
sin(z) =y <= x = arcsiny, ar e [_5’ _|_§]
the derivative of the inverse function is: 198 duSall W e (ld
./ 1
arcsin'(z) = ———— Vo]~ 11|

V1—a22

Tangent and arctangent Jéall gwed 9 Jo I 3.6.2

| = I I Jlaedl ole Jud 2t HLiatid)
[

The function tangent restricted to the domain | — 7, +

ol

tan:] — 7, +5[— R
! e arctangent je b Al e 09 ) wgds wsall Lebilad et ALLES Al ga

It is a bijective function. We call its inverse function the arc of tangent and we denote it by

"arctangent” where:

arctan : R —] — 7, +7]
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Yy tan x

arctan x

tan (arctan(z)) =z Vz € R
arctan (tan(z)) =z Vr €] — 5, +%|

. T T
tan(zr) =y <= z =arctany, if: xz€|— > +§[
the derivative of the inverse function is: 198 dcwSall AN Gdwe OB
tan’(z) ! Ve e R
arctan’(r) = —— x .
1+ 22

Hyperbolic functions &4131 Jigddl 7.2

Ao S1ad) gi Adiat) J1 gl Alilaat) J1 gl o2 Oledols 431 o8 5051 331 J1 godt of AuaSi 331 JI gl
S i guad| il 1 JB (o JI9udl 0ls @uddT @3 W51 adadll Wy (e dalde Jiga LeY
LY clow oo AGliad! J1 9l lo dgecd ol 9 Lgd 9 O Y & o Ol 9
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Hyperbolic functions in mathematics are functions similar to trigonometric or cyclic functions.
They are derived from the hyperbolic function, these functions were introduced by the Swiss
mathematician Johann Henrik Lambert, and they have properties very similar to trigonometric

functions, as will be seen later.

Hyperbolic cosine and its inverse g ¢lde 9 $31 31 alaild| ooz ddfa 1.7.2

TAB paedl WA o Sl AL cu WA @ € R S oy

For z € R, the hyperbolic cosine function is defined as:

et +e "
coshy = ———.

TS G [0, +00[ Jloved! (e L jlatd)

Restricting it to the domain [0, +00[ where we write:
cosh : [0, +00[— [1, +00]

Coom Argeh e 00 eSatl Lgblaid e 0 Adulas W Lgie Jaso
it makes it a bijective function. We denote its inverse as Argch where:

Argch : [1,400[— [0, 00|

Y coshz

Argchz
1
0 1 x
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Hyperbolic sine and its inverse Lg gldo 9 i 3| cund! Al 2.7.2

2}n)JL)L@.Y}Aﬁ@!@ﬁ‘}l‘%‘ﬁhl‘éﬂ%d&d@ioﬁ
For every x € R the hyperbolic sine function denoted by:

T —T

sinh: R —R: sinhx:%,

toble (3 Leled 3ol jie BLaiadM ALLE 3 yaliue Alls 4o

It is a continuous, completely differentiable, increasing function that achieves the following:

lim sinhz = —o0
r—r—00

and 9

lim sinhz = 400,
Tr——+00

D98 ouSall Lglilad o Adlas At Ll i 1

This means that it is a bijective function. Its inverse function is:

Argsh: R — R.
Yy
sinhz
Argshx
1 [ ]
0 1 x
8.7.2 : Proposition - dugad
cosh?z — sinh®x =1 °
sinh’ z = cosh z and cosh’z =sinhz e
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bpaime g Woled 64) e &)y Argsh: R — R e
Argsh : R — R is a strictly increasing and continuous function.
Argsh is a differentiable function where: fzas Sy Gbhlo &)y Argsh e
1
2241

Argshr = In (m +Vr? + 1). °

Argsh'z =

Hyperbolic tangent and its inverse Lg gide 9 S5 Jlatl Afs  3.7.2

D3 L Lgd e 5 TN (St 31 AT AT (i paitly
By definition, the hyperbolic tangent function denoted by:

el aSalt Lelaland ey (Allilad g tanh t R —] — 1, 1] 48 pae 431y 2
It is a function known as tanh : R —] —1, 1] and it is a bijective function. We denote its inverse
by:

Argth ] —1,1[— R.

y
Argthx
,,,,,,,,, o1 Ji tanh
VZ0ER T
,,,,,,,,, R
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Trigonometric relations of hyperbolic 4l 31 J1 guld dliled| OLAYA  4.7.2

functions
(1
cosh®z —sinh®z = 1
(2
cosh(a +b) = cosha-coshb+ sinha-sinhb
cosh(2a) = cosh’a +sinh*a =2 cosh®a — 1
= 1+2sinh’a
(3
sinh(a +b) = sinha - coshb+ sinhb - cosha
sinh(2a) = 2 sinha-cosha
(4
tanh a + tanh b
tanh b) =
anh(a +b) 1 +tanha - tanhbd
Derivative of hyperbolic functions A 30 I g Bidies (B

cosh’ x = sinh z.

sinh’ x = cosh .
1

tanh? 2 = .
cosh” x

Q080 33 I gt L glae I gd Fide (6
The derivative of the inverse of hyperbolic functions

1
AI‘gCh/ZE = ﬁ’ (I’ > ].)
Argsh'z = ,
2 +1
1
Argth’x = m, (’l" < 1)
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(7

Argchz =In (z + Va2 —1), (z>1)
Argshr =In (z + Va2 +1), (z€R)

1
+$)7 (—l<z<1)

1
Argthz = —1
rgthe 2n(1_x

Limited Expansion 3 gdxed| piddl 8.2

=0 sl Je> f(7) = expr W I glu o 5,58 sllac) HSa dew™ AN Jle 250
s dadny ALed) @ I o yaT Leed Wit = 1+ 7 ddalae 0985 (g0 ¢ Lglls dlaul gy

We take the example of the exponential function. You can give an idea of the behavior of the

function f(x) = e® around the point x = 0 using its shadow, which has the equation y = 1+ z.

We have approximated the graph with a straight line.

Wl ALt @ 3y = o+ r + cpr? Walasdl Mie 25D ¢ Juadi Lo ,8T asd Of La i 13
B jios drols Lgt Walast ol .y = 14+ 2 + 52° Walas Jio g0 7 = 0 Wadl Hlga 2 f
paat! Walas e s g"(0) =0 5 ¢'(0) = 0« g(0) =0 @3 g(z) = expz — (1 + 2+ 32%) oo

JANA 2 G ) (e o AT (s GBS
If we want to find a better approximation, we can take, for example, the equation y = co+c1x+

cox?. The graph of the function f near the point = 0 is like the equation y = 1 + x + %xQ.

This equation has a special property: g(z) = expx — (1 +x+ %xQ) , and then ¢(0) = 0,
¢'(0) = 0, and ¢”"(0) = 0. We can find the equation of the equivalent parabola, meaning we

find a second-degree approximation for the function f.

o Al 3 g WAL A Hu Jleatiwby co paidl potiwiwd A8y asal 950 OF Lyl 1) E.Ya.ﬂ.\

Of course, if we wanted to be more precise, we would continue to approximate using the third
and fourth degrees...
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y=l+ao+s 42" 0 1 e

AN G Al 0 A ) e 3 gl i le Comd OB g (Juadtl e st 10s B
0953 Lo LALE) 2 A0l Aadill ) ga 8 dadd Aol pSLl Juadi JSdo DIl (e o y3Es
Led LAl @3 LA Aadill e AdUied! OLaided) (pe 102 3 gisd) s Ul @i (0 ) g

In this part of the chapter, we will look for the nth-degree polynomial approximation for any
function that provides a better fit. The results are valid only in the vicinity of a fixed point xx

(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula sl diwe 1.8.2

AT12 ale laal M1 5l & g p Olubdl I plle mul le Cocow Gl ) sl Adoo o
4a3dalae dolad G 0 gus i dawl gy Al Hl g Ol pe Bue Juolaild ALLS W co ya%

AasU oia L3 W) Slaide e dadd
The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712,
allows for approximating a differentiable function multiple times around a point using power

series, whose coefficients depend solely on the derivatives of the function at that point.
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2 3.8.2 : Theorem - 'Q).hp

boxd oue g 2,2 € T olilg (n € N) CL(R) &dall oo &l f: 1 — R oIl
Let f: I — R be a function of the class C"*(R) (n € N) and let xo,x € I, then we have

fa) = flag)+ I!xO)f/@Owa”(%) +...
where —
lim &(z — 2p) = 0.
. ' y,

17.8.2 : Example - JI.:CD

tb W Gb pall £ &IV OIS
Let the function f be defined as follows:

f:]-1,4c] - R
z — In(l+z)

SN SV gl o 0 Slaid) <° 1505 200 luso petim o pal) go S\ Y% osy blo
' RIS
Differentiable infinitely many times, we will compute the Taylor series at the point O up to
the first three orders.
F(0) =1 385 F/(x) = 2 s g5 £(0) = 0 2ty
We have f(0) = 0. Then, when we calculate f'(x) = 1=, we find that f'(0) = 1.
J70) = —1 189 ["(2) = — iy s B
Afterwards, we calculate f"(z) = —ﬁ and find that f"(0) = —1.
SO(0) =2 199 [O(2) = G5 —uss \ps-g

Finally, we calculate f®)(z) = ﬁ and find that f®(0) = 2.
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We can demonstrate by induction that:

)=

Where the value can be calculated: gl s Jl/m Zas

Thus for n > 0 we have: \U)J’n,>0\1>-9‘uﬂ\s‘w\)9

FO0) (D1, (e,
n! n! n

¢® 0 6haid) o £ &Il ;ebld sgasd) pif cSwle Ginay
In general, the Taylor polynomial of the function f at the point 0 is

n 1 k—lxk $2 .CC3 -1 n—lxn
Pn($)22%:x—5+§—---+L.

k=1

n

bW sgas =V pid 295 Jg) b Leso

Here are the first three Taylor series expansions:

P(z) = =z,

2

x
Py(z) = x—?,

x? 3
Py(z) = x—?—i—g

\am)ﬁ\ R 13;19 )3.;9\ P39 Py q Py ;9)&:.“ v\ﬂwu\ \99,\\\)1\ ._,)3.5.: calaw ) \F)\::JJ\ \am)ﬁ\ §9
0 o o oo \iBDg f I Sl
In the graph below, the plots of the Taylor series Py, P, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.
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Real functions &aaas! Jig )

y=z-%+%; Y=32
Y i
{,-;":’/ y=1In(1+z)
0,/ "~
1 T
'.'{ \\\ 22
: Ly=as oy
\. J
Mac-Laurent formula lyed - dle ddwa 2.8.2
-

o Jobl 6200 1k Wa) oie g 7 € T g (n € N) C1(R) &l oo &1y f: 1 — R oI

Let f : I — R be a function of the class C*"*(R) (n € N) and let x € I Then have, by
applying Taylor’s formula at the point xo = 0, we find the Mack-Laurent formula:

4.8.2 : Theorem - :\,U.hp

folyg) - e B0 185 1y = 0 ki)

T 372 n - "
£(@) = F(O) + TFO) + T 1 O) + . o f(0) + Tre(a).
. J
s )
18.8.2 : Example - Jku
22 gt oS 22n
1 =l-—+—=—=+4...+(-1)" 2n+1
) cos @ ST R Sl o R S
) 1'3 .275 " $2n+1 S
-1 -1)... (a— 1
$u+xV:1+am+%%rlﬁ+a”+am )ng n+'%”+ﬂd@
1
31) a=-1= oz l—z+z>+...+ (=1)"z" + z"(n)
1 1 1 3 1%x3%5...2n—1)
2 =—— —1—-= 222 (—=1) n n
32) a=—2 = pt g ot ) e e
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m %o g gE" n
4)e :1+ﬂ+§+'”+ﬁ+x £(x)
.772 £L'3 n
5)1n(1+x):x—?+§+.. + ( 1)"_1n+m"5(m)

Limited expansion of some &2 giadl JIgddl paaud 3gumedl pildl 3.8.2

common functions

2 ZE3 4

v _ T 4
e —1+x+2!+3!+4!+0(x)*

1_x:1+a:+x2+...+x”+0(x”) *

xz I4 IQTL

.173 l‘5 I2n+l

sh(z) =1+ —+ —+ ...+

2n+1
3175 Gy o) x

Operations on limited expansions 3 gdsed| pid| e Olides  4.8.2

gél.nZ\JL.\JagM‘M‘M&?MAﬁQUﬁ-&LﬁWjJEUQM@Oﬁlﬁeh\.‘eii
D gumad! pldl e Sldloald cj.ﬁud}u 1;\.@:302\14‘.?’41‘:,5;3_\:.&).&363311%@6&4‘

0 sy ‘:,s dadd
We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited
expansion of a function at the point a € R to a limited expansion at the point 0. Therefore,

we will explain the operations on the limited expansion only at the point 0.

n'&.g-JAMQﬁ;jM‘ﬁM‘Oﬂ}.q-‘;éQMOM&QSH&UHQ3f05333n€N05_’U

LTS

Let n € N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

f®) = po+pz+--+pa” + 2" (x)
= P,(x)+ 2" (x)

Brahim Brahimi-Jihane Abdelli 111 University of Mohamed Kheidar, Biskra



Limited Expansion yqasal) pul) .8.2 Real functions &aaas! Jig )

and 9

g(x) = q+qr+- -+ g.a" + 2 e(x)
= Qn(z)+2"e(x)

.

9.8.2 : Proposition - dmgad

19 9 f ox Al g8 (& 4 @ gatin Jiayg 0 58 1 O ) ve dgae p5 aoy f g @
[+ g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f +9)(x) = f(2) + g(z) = Po (2) + Qn () + 2"€().

) e 2o g g/ osllall sgasd) & s o)as Jlaag 0 58 7 6yl 00 390 45 iy fg @
n \59\\\6 99\ OR J.o‘ :G.S.-))..“ -\ 59)}_“ gs";

fg accepts a limited expansion of degree n at O and represents the product of the

limited expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:
(f-9)(x) = f(z) - g(z) = Tn(z) + 2"€(x)

n &5 ) B bl (P (2) - Qn (2)) 398\ pif T, (z) 2as
Where T,,(x) is the polynomial (P, (z) - Q, (z)) stopping at degree n.

2as 1 &) oo 0 B8 sqae pis Jads fog &M ol (g0 =0 &) g(0) =0 =3 15} o
P(Q(x)) —af f0 520 1 b ) 156 _abgiall sq a0 iS¢ jor

If g(0) =0 (i.e. go =0) then the function f o g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n is defined by the

structure P(Q(x)).

If qo # 0 then we have: o oo g #0 ol 3] o

1 1 1

9(@) Q14 Bxtg.. 4 dgn 4 Tl
9 q0

q0

:._‘.A‘ggn—l—léi-l,d\ona)dg—>9miﬁ6ﬁFoﬁf&\mm1&\gF@g\5! °

If F is a primitive function of the function f, then F accepts a limited expansion at a
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Limited Expansion yq e\ piid) .8.2

of degree n + 1 and is written:

F(z)=P(z—a)+ (x —

where: lim n(x) = 0.

r—a

a)"*n(x)

Jimn(z) =0 rzas

r—a

(

We know that:

and F(z) = arctan(z) and we write:

arctan’ r = 5
1+z

because arctan(0) = 0, then:

X

arctanx = z": ﬂ
— 2k +1

Calculate the limited expansion of the function arctan(z).

1
tan'(z) =
arctan’(x) 2
We set: 05
1

2k+1 + $2n+16(

19.8.2 : Example - JI.?.D

arctan(z) G\l sg a8l piid) s

:09\ @lﬂ)

—
s

role arctan(0) = 0 oﬂg

2 2 I

ke

v,

The limited expansion of the function tanx at 0 is of order 5.

20.8.2 : Example - J 20 )

5N ge 0 658 tan &IV 4l ygasea) piid) o

Firstly: :1;‘
3 5
sine =a — % + 11;—20 + ().
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On the other hand \Cp—g\ SRS ye
2
=1 — 0 2 5 =1
CoS T 2+24+$6($) +u
we set 205
2 4
u = —% + % + 2°¢(x).
In the calculation we need u? and u®: Dl 9 u? s <° s

then ©

s0: (Wb
1 2 .3, .3
— =1—u+u*—u’ +ue(u)
coS T 1+u
2 gt 4 ;
= ‘f‘?—ﬂ—f—z‘i‘l’e(l’)
2
5)
= 1+ % + ﬂx‘l + z°¢(x)
Finely ,»-ﬁ!\ <°
tanz = sinz-
COS T
3 5 2 5
= (z- % + 1:670 + 2%(z)) - (1 + % + ﬂx‘l + 2°€¢(z))

3

2
= z+ % + ExS + z€(z).

46058 9o 0 58 72 &Il sqasal) gisd) o
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The limited expansion of the function éi—i at 0 of order 4.
1L < g 1
T ht
2vz - UTOgreE
1 T Z\2 T\3 T\ 4
e (-3 G- )+ () v
2( —l—:c)( 515 5 G + o(z*)
1+x x2+x3 x4+ (z%)
= —4+-———+4+—=——+4o(x
2 4 8 16 32 ’
. J

21.8.2 : Example - JL’CD

3 e o0 0 58 h(z) =sin (In(1+ z)) A sqasedl phsd) lus
Calculate the limited expansion of the function h(x) = sin (In(1+ z)) at 0 of order 3.

‘oiwg g(z) =In(1 +2) ¢ f(u) =sinu gos e
We set f(u) = sinu and g(z) = In(1 + z), from which:

fog(x)=sin (ln(l + :E)) 9 g(0)=0.

&Il 3 &3 ) pesgassal! il S
We write the limited expansion of order 3 for the function

U3

f(u) =sinu=u— o + ule; (u)

for w in the vicinity of 0. 0 e du 985 o
We set 05
2 3
u=g(x)=In(l+z)=z— E+§+x362(:p)
for x in the vicinity of 0. 0 Ve o 98 o
We calculate u?: eSS e
2 o3
u’ = (z— ) + 5 + 2Pes(z))” = 2% — 2° + 23 (2)
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and u® : tud g
u’ =2 + 2Pey ().
then: ‘o
h(z) = fog(z)=f(u)

u
= u—g + ue; (u)

1 1
= <£L‘ — =+ —xB) — —2% + 2¢(x)

1 1
= r— 5202 + éxg + z3¢(2).

Ezxercise series N° 2 @d) i yhetd) dads 9.2

Exercise N°— 1 — @) (d w2

Calculate the following limits if they exist. 539%90 o\ YR SUNIRERA LY s
2 _ 2 _
1 lim 11z + 28 o lim © 11z + 28
x5t 1?2 — 25 e—s5-  _ x2—25
. x> —97+20 . 2?2 —91+20
3.l e 4. lim ———F———
a5t 12— 25 a—5- 12 —25
Solution : (jed!

O plaatt 3 Hla) 31 obca¥Wi Lade . limyy52® — 25 =0 g lim, 5 2® — 11z + 28 = —2 Lot (1
D g limyy5e 22 — 25 = 07 dde g 27 > 25 Lot > 5 Yo

o2 —11x+28
lm ———— = —
r—5+ 2 — 25

Load Wt 0l 8 lim, 5- 22 — 25 = 07 1of das My ST Ayl gudts yewd (2

22 —11x+ 28
lim ——~ = —

L5 x2 — 25 oo
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