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FOREWORD

his course is intended for 2"¢ year students of Material Sciences (MS). It has nine (09)
Tmain chapters, which expose the methods for calculating infinite sums such as numer-
ical sequences, sequences of functions, series of functions, integer series, and diff equations,...etc.
The aim of this course is to generalize the notion of finite sum of terms by studying how the
latter behaves when we consider an infinite succession of terms. The key will be to consider these
infinite sums, also called series, as the limit of sequences. In other words, when we remember
the course on sequences, it will be easier to assimilate the course on the series This is why the

first two chapters concerning reminders should not be neglected.

One of the key points of this course will be the study of Fourier series whose applications are quite
numerous in other areas of mathematics (notably differential equations and partial differential
equations). To reach the chapter concerning Fourier series, however, it will be necessary to
take a short path which will take us there in a less abrupt way. As we wrote above, we will
recall the structure of R, then the notion of sequences in R or C. We will then consider the
series in their generality, then the sequences and series of functions, to then move on to integer
series, to functions developable in integer series and finally Fourier series. We can then solve
some differential equations using this theory. The objective of the other chapters of the course
will be to solve differential equations using Laplace transforms. This mathematical tool cannot
be applied rigorously without a little preliminary work on integrals depending on a parameter.
Once these concepts are assimilated, you will have solid tools to solve several types of differential

equations and partial differential equations but also problems a little more theoretical.

I hope that this handout will help students in the preparation for the exams and make it easier

for them to read other works.

OUAAR Fatima



Chapter 1

SINGLE, DOUBLE AND TRIPLE
INTEGRALS

In this chapter I designates a non-trivial interval of R and K the set of real numbers or

complexes.

1.1 Simple integrals

1.1.1 Reminders

Definition 1.1.1 (Primitive) Let f and F be functions of I in K, F is a primitive of f on I

when F is differentiable on I and Yz € I, F(z) = f(x).

Proposition 1.1.1 If f admits a primitive on I then it admits an infinity of them all equal to

a constant.

Proposition 1.1.2 Let f and g € F(I,K), F be a primitive of f on I and G be a primitive of

gonl.

1) Vo, B € K, (aF + BG) is a primitive of (af + Bg) on I.
2) Re(F) (resp. Zm(F')) is a primitive on I of Re(f) (resp. Zm(f)). [
Example 1.1.1 (Search for a primitive of f by transforming expressions) 1) f:t —

1
tt—1

we decompose into simple elements
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2) f 1t — tan®t we reveal a usual primitive
3) f:t — sin*t we linearize

4) f:t — tcos(wx)e®® use f(x) = Re(e*Tiw?)

Example 1.1.2 f :t — cos?tsin®t we make du™ appear. This method can replace lineariza-

tion for products of the type cosP x sin? x with p or q impairs.

Definition 1.1.2 (Integral) Let a,b € R,a < b and f : [a,b] — R be a continuous function.
b

The integral from a to b of f is the real denoted [ f(t)dt which is equal to the algebraic area of
a

the domain delimited by the curve representative of f, the axis (Ox) and the lines © = a and

x = b, expressed in area unit

b a
- Extension to any two reals a and b: If b < a, we set [ f(t)dt = — [ f(t)dt.
a b

- Extension to functions with complex values: Let f C F(I,C) is continuous, for all real numbers

b b b
a and b of I, we set [ f(t)dt = [Re(f)(t)dt + i [ Im(f)(t)dt.[10]

Sy gy

Figure 1.1: Integral Definition.

b b b
Remark 1.1.1 The integration variable is silent i.e. [ f(t)dt = [ f(z)dz = [ f(u)du = ...

Proposition 1.1.3 (Properties of the integral) Let f and g be continuous on I with values

i K and a,b and c three real numbers of 1.

a

b a
[f)dt =0 et [ f(t)dt = —bff(t)dt.

Chasles relation: fbf(t)dt: ff(t)dt+fbf(t)dt
b b

b
Linearity: Vo, B € R, [[af(t) + Bg(t)]dt = a [ f(t)dt + 3 [ g(t)dt

b
Positivity: St a <b et f >0 sur [a,b] alors [ f(t)dt >0

b b
Growth of the integral: if a <b and f < g on [a,b] then [ f(t)dt < [ g(t)dt

3
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b

[ f(t)dt

a

b
Triangle inequality: If a < b then < [|f@)|dt

1.1.2 Link between integrals and primitives of a function

Theorem 1.1.1 (Fundamental theorem of analysis) Let f be a continuous function on I

x

with values in K, F : x — [ f(t)dt is the unique primitive of f on I which cancels out at a.
a

Consequences:

e Any continuous function on I admits an infinity of primitives on I. Let a be fixed in I,

the set of primitives of f on I is {  — [ f(t)dt + k , k describes K}.

e Let G be any primitive of f on I and a € I, we have: Vz € I,G(z) = G(a) + [ f(t)dt.
e The notation: [ f = [ f(t)dt denotes any primitive of f on I. For example: [, zdz =
T T

12

> + k, where k € R. Attention, here the integration variable is no longer silent.

b
corollary 1.1.1 Let f be a continuous function on I Na,b € I, [ f(t)dt = [F()] = F(b)—F(a)

a

where F' is any primitive of f on I.[I1|]

1.1.3 Integration by parts formula

Definition 1.1.3 Let f : I — K, we say that f is of class C* on I when f is differentiable
on I with f continues on I. The set of functions of class C' on I with values in K is denoted

CYI,K).

b
Theorem 1.1.2 If u and v are two functions of class C' on I then Va,b € I, [u(t)d(t)dt =
b
[u(t)o(®)]; — [ a(t)v(t)dt

1 e
Example 1.1.3 (Classic examples for the calculation of integral) [ze*dz and [ t2Intdt
0 1

x

Example 1.1.4 (Classic examples for calculating primitive) [Intdt et [ xarctanzdz. We
1

can directly use the IPP formula when u and v are of class C* on I: I: Vx € I, [u(t)d(t)dt =

u(t)v(t) — [a(t)v(t)dt (Be careful to validate the hypotheses of the theorem).



SINGLE, DOUBLE AND TRIPLE INTEGRALS

1.1.4 Variable change formula

Theorem 1.1.3 Let f continue on I and ¢ : [a,b] — I, of class C* on [a,b]. We have

b M) v
/ f@)d@)de — | ft)e
a Sy w(a)

1.1.5 Applications
Application to the calculation of integrals

15! case: We want to use the change of variable in the sense (1): We set ¢(z) =t
Method: e We replace ¢(x) by t

e We replace ¢(x)dx by dt.

e We modify the limits of the integral.

e Example: b} % by setting e* =t
274 case: We want to use the change of variable in the direction (2): We set t = o(z)
Method: e We determine a and b and we verify that ¢ is of class C! on [a, b].

e We replace ¢(x) by t.

e We replace dt by 4(z)dz.

e We modify the limits of the integral.

1
e Example: [ V1 — ¢2dt by setting ¢t = sinx. Be careful to validate the hypotheses of
0

the theorem. 11|

Application to the calculation of primitives

15t case: We want to use the change of variable in the direction (1)
Méthode : ® On pose le changement de variable choisi: avec de classe C! sur un intervalle de R,
a valeurs dans I
e We then have: dt = $(z)dz.
e We obtain: [ f(p(z))¢(z)dz = [ f(t)dt = F(t) = F(¢(x)) where F is an antiderivative
of fon I.
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Example 1.1.5 [ on |0; [ by setting tan(x/2) = t.

1—-sinz
274 case: We want to use the change of variable in the sense (2): We must use a bijective change
of variable in order to be able to return to the initial variable.

Method: e We set: ¢t = o(x) with ¢ bijective of J on I, where J interval of and of class C! on
J.

e On a alors: dt = $(z)dx
e We obtain: [ f(t)dt = [ f(p(z))p(z)dz = G(z) = G(p~1(t)) where G is an

antiderivative of (foy)xy on J.

Example 1.1.6 [ V2 =3 on I = ]—\/?;, \/Z’;[, setting t — 3sinz = p(x).

1
To know how to do without help: Primitive of f :  — ——————— on an interval I where
axr® +bxr +c

ar’® +bx+c#0

15" case: ax? + bx + c has two real roots 21 and x2: We decompose f into simple elements: Va €

A B
I, + with real A and B. We obtain Vz € I, [ f(z)dz = Aln|z — 21|+ Bln |z — a4].
rT—T X — X2
dz
Example 1.1.7 [ Rl | —1,1[.
nd 2 A :
2"¢ case: az® + bz + ¢ has a double real root xg: Vo € I, f(z) = (72 with real A. We
r — o
—A
obtain Vx € I, r)dr = —
f Hads = =

Example 1.1.8 fdim on |0, +00]

pre 4+ 2 42 + 4z + 1 ’

374 case: ax? + bx + ¢ has no real roots: A = b2 — dac < 0. We write ax? + bz + ¢ in canonical

b\? A b\* o,

b
with A real, A > 0. We set = + 2% = t, change of variable therefore affines C! and bijective of
a

form

ar’ +br+c=a

R on R. We obtain Vx € I,

1 fodt 1 t 1 z+ 2
/f(x)dw—a/w—aAarctan <A>—aAarctan< " )
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1.2 Double integrals

Multiple integrals constitute the generalization of so-called simple integrals: that is to say the
integrals of a function of a single real variable. Here we focus on generalization to functions
with a greater number of variables (two or three). Recall that a real function f, defined on
an interval [a,b], is said to be Riemann integrable if it can be framed between two staircase
functions; hence any continuous function is integrable. The integral of f over [a,b], denoted
fb f(t)dt, is interpreted as the area between the graph of f, the axis (Xo0X) and the lines of
unations x = a,a = b. By subdividing [a, b] into n subintervals [x;_1,x;] of the same length

Aa::b_a

, we define the integral of f over [a, b] by:[3]

b n
/f(m)d$ = lim Z f(a;) (z; — zio1), a; € [Ti—1,x]
a 1=1

n—-—+00 4

where f (a;) (x; — x;—1) represents area of the base rectangle [z;_1, z;] and height f (a;):

[

5]
n

N

i

=}
1

@

Figure 1.2: Principle of double integral.

1.2.1 Principle of the double integral on a rectangle

Let f be the real function of the two variables x and y, continuous on a rectangle D = [a, b] X [c, d]
of R2. Its representation is a surface S in the space provided with the reference (O, 7, 7, ?)
We divide D into sub-rectangles, in each sub-rectangle [x;_1,z;] X [y;—1,y;] we choose a point
M(x,y) and we calculate the image of (z,y) for the function f. The sum of the volumes of the
columns whose base is sub-rectangles and the height f(z,y) is an approximation of the volume
between the plane Z = 0 and the surface S. When the grid becomes sufficiently “fine” so that

the diagonal of each sub-rectangle tends towards 0, this volume will be the limit of the Riemann
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sums and we note it:[12]

//f(x,y)dxdy:nirgoo(b_‘?lgd_c) ) f<a+i(b;a),c+j(d;0)).
D

1<ign;1<j<n

Z» Fy
Z
\/:\\ z=f(x.y)
O\
N
c d
P e =
A B A N
VRO
b /,’ =
ya Vd
s I
X ’ 4 b

Figure 1.3: Double integral.

Example 1.2.1 Using the definition, calculate [ (x4 2y) dzdy.
[0,1]x[0,1]

Remark 1.2.1 A priori, the double integral is made to calculate volumes, just as the simple

integral was made to calculate an area.

In a double integral, the terminals at x and y must always be arranged in ascending order.

Theorem 1.2.1 Let D be a bounded domain of R%. Then any continuous function f : D — R

is integrable in the Riemann sense.[5]

1.2.2 Properties of double integrals

1. The double integral over a domain D is linear:

[[ @+ @y dsay=a [[ £ vy asdy+u [ [ g0 dsy
D D D
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0, or
a curve, or o, then:
or

2. If D and D are two domains such that D N D =
isolated points,

//fmydmdy—//fa:yda:dy—i—/ f(z,y) dzdy.

DUD

3. If f(z,y) > 0 at any point in D, with f not identically zero, then [[ f (z,y) dzdy is strictly
D

positive.
4. ItV (z,y) € D, f (z,y) < g(x,y), then [[ f(z,y)dzdy < [[ g(z,y)dzdy
D D

If f(z,y) dwdy‘ < gf\f(w,y)ldxdy-

D

5.

1.2.3 Fubini formulas
= [a,b] x [¢,d] of R. We have:

Theorem 1.2.2 Let f be a continuous function on a rectangle D

//f(x,y>dxdy=/d /bf(:ri,y)d:r dy.
D c a

So we calculate a double integral over a rectangle by calculating two single integrals

e By first integrating with respect to « between a and b (leaving y constant). The result is

a function of y.
e By integrating this expression of y between ¢ and d. Alternatively, we can do the same by

integrating first at y and then at z
[c,d] — R are two continuous functions, then

Special case: If g : [a,b] — R and h :

I gy dxdy—<fg )(fh@)dy).

[a,b] X [c,d]
Example 1.2.2 Calculation of I =  [[  sin(z + y) dzdy. According to Fubini, we have
[0.5]x[0.3]
/ n(x+y)dy| de = / cosy + siny) dy—[51ny—cosy]§:2.
0

bl bl
/ /sm x+y)dz| dy :/
0 |o
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In this example © and y play the same role.

1
Example 1.2.3 Calculation of I = ff ———————dzdy. Let’s calculate
51 5
=\ o= | [l
x = _
2 Lo 2
1 s 111
=51 +2y) —In2+2y)p =S n .
Example 1.2.4 Calculate the integral I = [ sin(z) cos(y)dzdy.

[0.5]x[0.5]
Theorem 1.2.3 Let f be a continuous function on a bounded domain D of R?. The double
integral I = [[ f (z,y) dxdy is calculated in one of the following ways:
D

- If we can represent the domain D in the form D = {(z,y) € R?/f1 (z) <y < fa(z),a < z < b}

then
b | fa(x)
//f(m,y)dxdy=/ / f(z,y)dy| dx.
D a |fi(z)

- If we can represent the domain D in the form D = {(z,y) € R?/g1 (z) <z < g2 (z),c < y < d},

then:
()

[ 1 @wdsty - /d gz/ f (2 ) do | dy.
D

¢ lo(z)

- If both representations are possible, the two results are obviously equal.

47 b Z
=fxy) Py z=1f{xy)
\ N
h & i
? ; BN S ;
: c E\H:} d y C Hﬁu\j Ll J
e Vi Pl
A L e L
b SOANS Py b e
< / [
y=h(x) X= gv) x=gly)

Figure 1.4: Theorem ilustration.

10
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Figure 1.5: The domain D.

Example 1.2.5 Calculate the integral [[ (562 +y2) dxdy with D 1is the triangle with vertices
D

(0,1),(0,—1) and (1,0). For this we will define D analytically by the inequalities:

D:{(m,y)eRz/m—lgygl—x,Ongl}

l1—x

1 1 L
1
//a:+y dxdy:/ / :c—i—y dy dx:/[:cy—i— ] d:c:§.
-1
0 0

-1

Example 1.2.6 Calculate I = [[ (z + 2y) dzdy on the domain D formed by the union of the
D

left part of the unit disk and the triangle of vertices (0,—1),(0,1) and (2,1). We have

1 y+1 1
:/ / (x +2y)dz dy:/(3y+3y2+2y\/1—y2)dy:2.
11 21

Example 1.2.7 Calculate the integral I = [ em2d:cdy where D = {(az,y) cER?/0<y<z< 1}.
D
The domain is the interior of the triangle limited by the x axis, the line x = 1 and the line y = x.

In this case we are obliged to integrate first with respect to y then with respect to x, because the
1Tz

primitive of the function is not expressed using the usual functions. Hence I = [ [f e$2dy} dx =
0 Lo

1 22 e—1
foe dx = 5
478 s[5 18
Example 1.2.8 Calculate I = [ L sin (y?) dy] de = [ | [sin (y?)dz| dy =1 [ 2ysin (y?) dy =
x 0 |0 0
1 —cos64
—

11
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1.2.4 Change of variable

We will have a result similar to that of the simple integral, where the change of variable x = ¢ ()
required us to replace the "dz” by 4 (t). It is the Jacobian which will play the role of the
derivativeﬂ [7]

Theorem 1.2.4 Let (u,v) € A — (z,y) = ¢ (u,v) € D be a bijection of class C* from domain

A to domain D. Let |J,| the absolute value of the determinant of the Jacobian matriz of ¢. So,

//f(x,y)dxdy://fo¢(u7v)|J¢|dudu.
D A

we have:

Figure 1.6: Changement de variable pour les intégrales doubles.

Example 1.2.9 Calculate [[ (x —1)? dzdy on the domain with
D
D={(z,y)eR®/—1<z4+y<1l,-2<z—y<2}.

By changing the variable u = x+y,v = x —y. The domain D in (u,v) is therefore the rectangle

uU+v uU—v . .
{-1<u<1,-2<v<2}. We also have x = 5 Y = 5 The Jacobian of this change of
!We call the Jacobian matrix ¢ : R® — RP of the matrix with p rows and n columns:
9¢p1  Op1 9p1
o1 Oxy T Oxn
dps 9p2 Op2
Oxq oxqy T Oxp
Jo = . C e
0o o T 0
Oxq Oxo T Oxp

The first column contains the partial derivatives of the coordinates of ¢ with respect to the first variable x1,
the second column contains the partial derivatives of the coordinates of ¢ with respect to the second variable x
and so on.

12
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o gz Gr /2 1/2
variables is J = JRRS = whose determinant s 7 And so
% 8—2 1/2 —1/2
21 1
1 136
1:8/ /(u+v—2) du dv—Y
—2 1

Remark 1.2.2 - If |det (J,)| = 1, we obtain [[ f(x,y)dzdy = [[ f[¢ (u,v)] dudv
D A

- This allows us to use symmetries: if for example ¥V (z,y) € D,(—xz,y) € D et f(—z,y) =
f(x,y) then [[ f(z,y)dedy =2 [[ f (x,y) dedy, where D = D N (Rt x R).
D 5

Changing variable to polar coordinates

Let ¢ : R2 — R be such that (r,0) — (rcosf,7sinf). Then ¢ is of class C* on R? and its
rcosf —rsinf
Jacobian is Jy, (7,0) = = r. Then
sinf  rcosf

1_/ £ (@) da:dy-//g(r,@) rdrdo.
D A

(8]

Figure 1.7: Changing variable to polar coordinates.

Example 1.2.10 1) Calculate by passing in polar coordinates I = ff sdxdy where D =

z2+y

{(x,y) 1<+ 2 <4,2>0,y > O} which represents a quarter of the part between the two

circles centered at the origin and with radii 1 and 2 (ring). From where

3 2
r
I:// 2+yd$d //7‘2 = ln2.
D 0 1

13
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2) Calculate the volume of a sphere V.= [[ /R? — 22 — y?dady and since the function is
z2+y2<R?

2R 4 )
even with respect to the two variables, V =8 [ [V R? — r?rdrdf = §7rR2.[12/
00

1.2.5 Applications

1. Calculation of area of a domain D: We have seen that f f f (z,y) dedy measures the
volume under the representation of f and above D. We alsoDhave the possibility of using
the double integral to calculate the area itself of domain D. To do this, simply take
f(z,y) = 1. Thus, the area A of the domain is A = [[ dzdy = [[ rdrds.

D A

2 2
Example 1.2.11 Calculate the area delimited by the ellipse with equation % + yo_ 1.

a b2
Let us note the area ofthis ellipse A, therefore A= [ dxdy. By symmetry and passing
2 2
Z7+ZT<1

abrdrdf =

to generalized polar coordinates: x = ar cosf,y = brsinf, we obtain A = 4

Oy
Ct—

wab.

2. Calculation of the area of a surface: We call D the region of the XOY plane delim-

ited by the projection onto the XOY plane of the surface representative of a function f,

denoted ) . The surface area of >  delimited by its projection D on the plane XOY is
given by A = = | +(5) +ldzdy
Oz dy
D

Example 1.2.12 Let’s calculate the area of the paraboloid > = {(:n, y,2) i z=a2+15%,0< 2 < h}.

Since the surface Y. is equal to the graph of the function f (x,y) = 2% + y? defined above

the domain D = {(z,y) : 2* + y*> < h}. From where:

vh
Aire (Z) - //\/4332 Fdy? 1 ldedy = 27r/ VAr? 4 1rdr = % (4h + 1)%2.
0
D

3. Mass and centers of inertia: If we note p(x,y) s the surface density of a plate A, its

mass is given by the formula M = //p (z,y) dxdy. And its center of inertia G = (zg, ya)
A

14
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is such that:

1
TG = M//ﬂfp(x,y)dxdy
A

1
ye = M//yp(w,y) dxdy
A

Example 1.2.13 Determine the center of mass of a thin triangular metal plate whose

vertices are at (0,0),(1,0) et (0,2), knowing that its density is p(x,y) =1+ 3z +y.

M=//p(ﬂs,y)dﬂ:dy=/1
A 0

2—2x

8
(1+33:+y)d:1:dy:§

2—2x
1
xG:M//a:p(x,y)dxdy: m(l+3x+y)dmdy:%
A 0
22z
11

y(1+3x+y)dxdyzﬁ

S o~ O~
o ¥ o

1
Y = M//yp(w,y)dwdyz
A

1.3 Triple integrals

The principle is the same as for double integrals, If (z,y,z) — f (z,y,2) € R is a continuous
function of three variables on a domain D of R3, we define [[[ f (z,y,2) dzdydz as sum limit of
D

the form:

Zf (wi, v, wy) (w5 — 2i-1) (Y5 — yj—1) (26 — 2—1)

Z'7j7k

Remark 1.3.1 We have the same algebraic properties of double integrals: linearity, . ..

1.3.1 Fubini formulas

1. On a parallelepiped: Fubini’s theorem applies quite naturally when D = [a, b] X [c, d] X

[e, f], we come down to calculating three simple integrals:

///f(x,y,z)dxdydz:/ab {/Cd [/eff(x,y,z)dz] dy] dx:/ef [/Cd {/abf(x,y,z)dx] dy] dz = ...
D

Example 1.3.1 Calculate [fS (x + 3yz) dedydz.
[0,1]x[1,2]x[1,3]

2. On any bounded domain: To establish the treatment of the search for the integration

15



SINGLE, DOUBLE AND TRIPLE INTEGRALS

bounds. For a certain fixed x, varying between i, and Tmax, we cut out a surface D, in

D. We can then represent in the YOZ plane, then the treatment on D, is done as with

double integrals: I = fxma" [ Ymax Uzma" f(z,y,2) dz} dy} dx. Of course, we can swap the

Ymin

Zmin Zmin

roles of z,y and z.

Figure 1.8: Triple integral.

Example 1.3.2 Calculate I = [[[ (x2 + yz) dxdydz in the domain
D

D={(x,y,2):2>0,y>0,2 >0,z +y+2h <1}

= / / / (2 + y2) dodydz = /0 v [ /0 o [ /0 T ) dy} dx] dz = %

1.3.2 Changing variables

If we have a bijective map ¢ and class C! from domain A to domain D, defined by: (u,v,w) —

¢ (u,v,w) = (z,y,z). The formula for changing variables is: [[[ f (z,y,2)dzdydz = [[[ f o
D A

¢ (u,v,w)|Jy (u,v,w)|dudvdw. By noting |J,| the absolute value of the determinant of the

Jacobian.

1. Calculation in cylindrical coordinates: In dimension 3, the cylindrical coordinates are

given by:
T =rcosf
y =rsinf
z=2z

16
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Figure 1.9: Changing variables for triple integrales.

The determinant of the Jacobian matrix of ¢ (1,0, z) — (x,y, z) is:

rcosf —rsinf 0
|Jol =] sin® rcos® 0 |=rdrdddz
0 0 1

So we have

4 dzy

’ ' - T r+dr
FAR —_—
a

r* " *

Figure 1.10: Principle of calculation of the Jacobian in cylindrical coordinates.

Omax Tmax Zmax
I= ///f(ac,y, z) dxdydz = ///g(r,@,z) rdrdfdz = / [/ [/ g(r,0,2) ’rdz} dr} do.
emin Tmin
D A

Zmin

Example 1.3.3 Calculate I = [[[ (a:2 + 2+ 1) dxdydz or
1%

D:{(a:,y,z):a:2+y2§1, and0§z§2}

17
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Figure 1.11: Cylindrical coordinates.

2 2 pl 2m 2 1 9 1
I:// /r(r2+1)drd9dz:/ da/ dz[(rQ—i-l)] = 4r.
0 JO 0 0 0 4 0

2. Calculation in spherical coordinates: In dimension 3, the spherical coordinates are

given by:

T =rsinfcosy
y =rsinfsin e

z=rcosb

The determinant of the Jacobian matrix of ¢ (r,0,¢) — (z,y, 2) is

sinfcosyp rcosfcosp —rsinfsing
|Jol = | sinfsing rcosfsing rsinfcosyp = 72 sin Odrdfdp.

cos b —7sinf 0

So we have

I:/D//f(x,y,z) dxdydz:/A//g(r,ﬂ,z)r2sin0drd9d<p.

Example 1.3.4 Calculate I = [[[ zdzdydz, or
D
D= {(x,y,z) 2?4+ 9% + 22 < R%, andzZO}.
The domain is the upper hemisphere (centered at the origin and of radius R), passing to

18
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0 % N df
W\

Figure 1.12: Principle of calculation of the Jacobian in spherical coordinates.

spherical coordinates:

21 % R T
I:/ dcp/ cosesinade/ r2dr = —R3
0 0 0 3

1.3.3 Applications

1. Volume: The volume of a body is given by V' = [[[ dzdydz such that D is the domain
D

delimited by this body.

Example 1.3.5 Calculate the volume of a sphere, V = [[]  dxdydz, according to
2 4y% 422 <R?
the property of symmetry: V =8 [[[ dxdydz where
D

D:{(x,y,z)€R3:x2+y2+z2§R2, andeO,yZO,zZO}

_47‘(’

from where V =8 fog dy fog sin 6d6 fOR r2dr 3 R3.

2. Mass, center and moments of inertia: Let y be the density of a solid which occupies

region V', then its mass is given by

M = [[[ .2 dudya.
v

The center of mass G = (z¢g, yg, 2¢) has coordinates.

19
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Community Verification Icon

1

TG = M/// xp (z,y, z) dedydz.

v
1 (@1, 2) dadyd

yG—M Yyp\xr,y, z)arayaz.
v

2 —1///2 (z,y, z) dedydz

G_M wizx,y, Yyaz.
v

The moments of inertia with respect to the three axes are:

I, = /// (v* + 22) p(2,y, 2) dedydz.
14
I, = /J/ (22 + 22) p (2, y, z) dvdydz.

IZ:/// (v* + 2%) pu (2, y, 2) dedydz.
14

Example 1.3.6 Determine the center of mass of a solid of constant density, bounded by

the parabolic cylinder x = y* and the planes v = 2,2 =0 and v = 1.

1 1Tz 4
The mass is = [ | [ [f ,udz} da:] dy = ?'u, due to symmetry of the domain and pu with
12 Lo

respect to the OXZ plane, we has

1

e =57 / / / ypdzdydz =
\%

zG—M zpdxrdydz =
14

<=
—

/xdz dx | dy = §
0

—_
II@
I
L

=I=
’L\r—l

/zdz dx dyzg.
0

20



Chapter 2

IMPROPER INTEGRALES

In first year, we studied the integral of defined and continuous functions on a compact
interval (closed bounded) [a,b] with —oco < a < b < +oo, there existed a so-called

primitive function F' of f such that:[4]
b
F(z) = f(z)Vz € [a,b] and / f(t)dt = F(b) — F(a).

Which represents the area delimited by the graph of the function f on [a,b]. In this chapter, we
will learn how to calculate the integrals of unbounded domains, either because the integration
interval is infinite (going up to +o0o or —oo), or because the function to be integrated tends
towards infinite at the limits of the interval. These integrals are called improper integrals or

generalized integrals.

We end our introduction by explaining the plan of this chapter. When we do not know how to
calculate an antiderivative, we resort to two types of method: either the function has a constant
sign in the vicinity of the uncertain point, or it changes sign an infinite number of times in this
vicinity (we then say that it “oscillates”). We will also distinguish the case where the uncertain
point is 00 or a finite value. There are therefore four distinct cases, depending on the type of
the uncertain point, and the sign, constant or not, of the function to be integrated. These four

types are schematized in the following figures:
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Figure 2.1: Different types of integrals.

2.1 Definitions and properties

2.1.1 Uncertain points

We first start by identifying the uncertain points, either +00 or —oo on the one hand, and

on the other hand the point(s) in the vicinity of which the function is not bounded.

We then divide each integration interval into as many intervals as are necessary so that

each of them contains only one uncertain point, placed at one of the two limits.

the integral over the complete interval is the sum of the integrals over the intervals of the

division.

The only goal is to isolate the difficulties: the choices of cutting points are arbitrary.

2.1.2 Convergence/divergence

+oo
Definition 2.1.1 Let f be a continuous function on [a,+oo[. We say that the integral [ f(t)dt
a

x
converges if the imitates, when © — +o0, of the primitive [ f(t)dt exists and is finished, i.e.
a

T——+00

7oof(t)dt: lim i Ft)dt.

Otherwise, we say that the integral diverges.

b
Let f be a continuous function on ]a,b]. We say that the integral [ f(t)dt converges if the right
a
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b
limit, when © — a, of the primitive [ f(t)dt exists and is finished, i.e.
xr

b

b
/ ft)dt = lim [ f(t)dt.

Otherwise, we say that the integral diverges.

+oo T
. —t _ . —t _ . _ —t x — -
Example 2.1.1 The integral ({ e 'dt = xiniooofe dt = xinioo [ e ]0 1. So the integral
converges.
+oo T
The integral [ sin(t)dt = lim [sin(t)dt = lim [—cos(t)]y = P because lim cos(z) = 3.
0 r—>+00 0 r— 400 r—>+00

So the integral diverges.

1 1
The integral [In(t)dt = lim [In(t)dt = lim [tIn(t) —t]. = —1. So the integral converges.
0

z—+0, r—>+0

1 11
The integral [ Zdt = lin%rof Edt = lim [ln(t)]glc = +o00. So the integral diverges.
0 TV

r—>—+0

Remark 2.1.1 - The generalized integral is considered as the limit of a definite integral.

Remark 2.1.2 - Convergence is therefore equivalent to finite limit. Divergence means either

there is mo limit or the limit is infinite.

2.1.3 Relationship of Chasles

Proposition 2.1.1 (Relation de Chasles) Let f : [a,+oo[— R be a continuous function.

+o0o +oo
For all ¢ € [a,+o0| the improper integrals [ f(t)dt and [ f(t)dt are of the same nature, and

a
in the case of convergence we have:

+oo ¢ +00
[ swar= [ swar+ [ s

Proof. Using the Chasles relation for the usual Riemann integrals, with a < c¢ <z :

]f(t)dtZ/cf(t)dt+jf(t)dt.

Then passing to the limit x+ — 4o00. Now, if we are in the case of a continuous function
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f :]a,b] — R, ¢ €]a, b], then we have a similar result, and in the case of convergence:

/bf(t)dtz/cf(t)dt—i—/bf(t)dt.

Then passing to the limit z — o+ m

Remark 2.1.3 - “Being of the same nature” means that the two integrals are convergent at the

same time or divergent at the same time.

- The Chasles relation therefore implies that convergence does not depend on the behavior of the

function on bounded intervals, but only on its behavior in the neighborhood of +oc. [5]

2.1.4 Linearity

Proposition 2.1.2 (Linearity of the improper integral) Let f and g be two continuous func-
+o0 +o0

tions on [a,+oo[, and A, p two real numbers. If the integrals [ f(t)dt and [ g(t)dt. converge,

a

a
“+oo

then [ [Af(t)+ pg(t)] dt converges and we have:

a

+00 +

—+oco oo
[ s+ ugendae=x [ s n [ gwa

a a

The linearity relation is valid for the functions of an interval |a,b], not bounded in a.

Remark 2.1.4 The converse in the linearity relation is false, we can find two functions f,g

such that

+00 +oo +oo
[ (f() + g(¢t)) dt converges, without [ f(t)dt nor [ g(t)dt converges.

a

2.1.5 Positivity

Proposition 2.1.3 (Positivity of the improper integral) Let f,g : [a,+oo[— R be con-
tinuous functions, having a convergent integral.

—+00

+oo
if f <g then / ft)ydt < / g(t)dt.

a
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In particular, we also have:

+o0o
if f >0 then / f(t)dt > 0.

The positivity relation is valid for the functions of an interval ]a,b], not bounded in a.

Remark 2.1.5 If we do not wish to distinguish the two types of improper integrals on an interval
[a, +00[ (or ] —00,b]) on the one hand and |a,b] (or [a,b]) on the other hand, then it is practical

to add the two ends to the number line:
R =RU{-00,+00}.

Thus the interval [a, b] with a € R and b € R designates the infinite interval [a, +oo] (if b = +00)

or the finite interval [a,b] (if b < +00). Likewise for the interval |a,b] with a = 400 or a € R.[1]

2.1.6 Cauchy criterion

Theorem 2.1.1 (Cauchy criterion) Let f : [a,+00[— R be a continuous function. The

+o00
improper integral [ f(t)dt converges iff
a

+oo
Ve > 0,dM > a u,v>M = /f(t)dt < e
a

Proof. It is enough to apply the Cauchy criterion for the limits to the function F(z) =
+o0 z

[ f(t)dt. Let F : [a,+0c0o[— R. Then lim F(z) = lim [ f(¢)d¢ exists and is finite
a

r—>+00 r—>+00 a

iff:

Ve > 0,dM > a u,v > M = |F(u) — F(v) =| /f(t)dt <e.
u

2.1.7 Case of two uncertain points

When both ends of the definition interval are uncertain points. It is just a matter of reducing

ourselves to two integrals each having a single uncertain point.

Definition 2.1.2 Let a,b € R = RU{—00,+oo} with a <b. Let f :]Ja,b[— R be a continuous

function. We say that the integral
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C

f(t)dt converges if there exists ¢ €]a,b] such that the two improper integrals [ f(¢)dt and

a

O R =

f(t)dt converge. The value of this doubly improper integral is then

if@ﬁzjf@ﬁ+jf®w

Remark 2.1.6 - Chasles’ relations imply that the nature and value of this doubly improper

integral do not depend on the choice of ¢, with a < ¢ < b.

c b b
- If one of the two integrals [ f(t)dt diverges, or [ f(t)dt diverge, alors [ f(t)dt diverge.

Example 2.1.2

“+o00 2 +oo
t t t
[y S
(1+12) (1+12) (1+12)
—0o0 —o0 2
We choose ¢ = 2 at random. We start with the first integral

2 ¢ 2t

J—Y at = tm 1

“oo (141¢%) vy (1447)

__1
10
2 t +oo 1
Then [ —————dt converges. Likewise for J 5dt which converges to —. Thus the
“oo (1+1¢2) 5 (1+12) 10
+o00
integral ——— dt converges and is worth 0.
J, (1+12)?

2.2 Improper integrals on an unbounded interval

2.2.1 Positive functions

We will assume that the function is positive or zero on the integration interval [a, +oo[. The
convergence criteria for positive functions are also valid for negative functions, you just need to

replace f by (—f). Recall that, by definition,

+/Oof(t)dt— lim / F(t)dt.

r—>+00
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x
As f is positive, then the primitive is increasing, or else lini [ f(t)dt is bounded, and therefore
T——>T100
a

+00 z

the integral [ f(¢)dt converges, or lini [ f(t)dt tends towards +oo therefore diverges. If
a T—T00 a

we cannot (or do not want to) calculate an primitive of f, we study the convergence using

comparaison criteria which allow us to deduce its nature without explicitly calculating them.[8]

2.2.2 Comparison criterion

Theorem 2.2.1 Let f and g be two positive and continuous functions on [a,+oo[. As:

JA>a,Vt> A ft) < g(t).

“+o0o “+oo
1. If [ g(t)dt converges = [ f(t)dt converges.

+00 +00
2. If [ f(t)dt diverges = [ g(t)dt diverge.

Proof. The convergence of the integrals does not depend on the left bound of the interval, and
x €T

we can simply study [ f(¢)dt and [ g(¢)dt. Now using the positivity of the integral, we obtain
A A

that, for all x > A,

f F(t)dt < / g(t)dt
A A

x x
If [ g(t)dt converges, then [ f(t)dt is an increasing and bounded function and therefore con-
A A

X X
verges. Conversely, if [ f(t)dt tends towards +oo, then [ g(¢)dt tends towards +oco too. ®
A A

“+oo
Example 2.2.1 The integral [ e~ dt is convergent because: ¥t € [1,+oo, —t2 < t, as €' is an
1

“+o0o
increasing function then et < et. And since [ e tdt = linri [—e*t]f, therefore the integral
1 r—T00

+00
[ e7tdt converges.
1

2.2.3 Equivalence criterion

Theorem 2.2.2 (Equivalence criterion) Let f and g be two strictly positive and continuous

functions on [a,+o00[. Suppose they are equivalent in the neighborhood of +oo, that is:

)
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“+00
Then the integral [ f(t)dt converges if is only if f g(t)dt converges.

a
Proof. To say that two functions are equivalent in the neighborhood of 400, is to say that their

ratio tends towards 1, or again
t
Ve >0 dA > a Vt> A ‘f()—l‘<e,
g(t)
or again:
Ve >0 dJA>a Vt>A (I—e)g(t) < f(t) < (1+¢€)g(t).
Let us set € < 1, and apply the comparison theorem on the interval [A, +oo[. If the integ-
+00 +oo
ral [ f(t)dt converges, then the integral [ (1 —€)g(t)dt converges, therefore the integral
A A
+00 +00 +oo
[ g(t)dt also converges by linearity. Conversely, if [ f(t)dt diverges, then [ (1+€)g(t)dt
A A A
+oo
diverges, therefore [ g¢(t)dt also diverges. m
A
+oo 1
Example 2.2.2 The integral f 1 dt converges because: lim L — L ~ =
- 1 Ct—too & 1+t2 2
oo 1 11° T ]
and as [ —2 = zlrrioo{ dt xlnioo [—] 1 = 1, then the integral 1f 2 dt converges by
too 1
dt converges.

1
the equivalence criterion the integral ——
1 9 1f 14 ¢2

Proposition 2.2.1 Let f and g be two strictly positive and continuous functions on [a,+00[

o _,

such that:
lim —=%
t—+o0 g(t)

—+00

Ifl# 0 and | # 400, f(t) ~ lg(t). Then the two integrals [ f(t)dt and f g(t)dt are of the

same nature.
g(t). Then if the integral f g(t)dt converges — f f(t)dt converges

IF1=0, £(t) < g(t).
Ifl = +o0, f(t) > g(t). Then if the integral f g(t)dt diverges — f f(t)dt diverges
In(t)
oo In(¢
Example 2.2.3 The integral if E}«Ikloo 13;2 =0. So 1%22 < ti%,
t?
oo -2\" oo In(t
and as [ Sdt= lim [(—= | =2 converges = [ n(®) dt converges.
b T—+00 ﬁ 1 1 1+t

1t
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2.2.4 Riemann integrals

Definition 2.2.1 A Riemann integral is an integral which is written in the form:
“+o0o
1 g . .
o t, ou a € R.

1

In this case, the primitive is explicit:

) —a+ 1t
ta
1
. z o
xirrioo [In(2)]] ifa=1

So we deduce the nature of Riemann integrals

+oo
1
if « > 1 then / t—adt converges.
1

“+oo
1
if a <1 then / t—adt diverges.
1

Proposition 2.2.2 Let f be a positive and continuous function on [a,+00].

1 +o0 converges if a > 1
-If f(t) ~ — where (1#0 andl # +o0) then [ f(t)dt
oo t a diverges if a <1

+o0
- If tjgrloo t*f(t)dt =0 then [ f(t)dt converges if a > 1.

+00
- Ift hril t*f(t)dt = +oo then [ f(t)dt diverges if o < 1.

00 |sin ¢ . sint| . , »
Example 2.2.4 Let [ 2 dt. The function 2 s continuous and positive on [1,4o00[
1
. 100 [ut 3
) 3/2|sint| _ |sin ¢| _3 ¢
tiriloot T 0, so 1f 2 dt converges because « 5 2]

2.2.5 Bertrand integral

Definition 2.2.2 A Bertrand Integral is an integral of the form:

+00
1
/ ﬁdt, where o € R, B € R.
te (Int)

e

29



IMPROPER INTEGRALES

- If a > 1, the integral converges.

- If a < 1, the integral diverges.

B > 1, the integral converges
-Ifa=1 and

B > 1, the integral diverges.

Theorem 2.2.3

—+o00

1
———dt converges <= (o> 1) or (¢ =1 and B > 1).
| ey @b o >
(&
+00 1
/ ————dt diverges < (a<1)or(a=1and g >1).
to |Int|
to1 1 11 : L
Example 2.2.5 Let [ n sm(z)dt. The function n sm(z) is continuous and positive on [1,+00|
1
1'(1) ! d +fooldt'R‘ 2 > 1 theref b wal th
—sin(=) ~ —, and as [ —dt is Riemann o = erefore converges by equivalence the
MY e ) P Jes by
+oo 1

1
integral [ Esin(z)dt converges.
1

—+00

1 1 1 1
Example 2.2.6 Let [ V/{?>+ 3tln [cos(t)] sin? <> dt. The function v/t243tIn {cos(t)] sin? ()
1

Int Int
is continuous and positive on [2,+0o0|.

3
VE2+3t=t/1+—- ~ ¢t
t +oo
1

1
1 z _
. {COS( t )] +oo  2t2

o1 1\?
sin® | — ~ [ —
Int +oo \ Int

So
1 1 1
t2 + 3t1 Isin? [ — ) ~ ———
+ n [COS(t)] sin <lnt) oo o (lnt)2
+oo
and as [ —mdt is a Bertrand integral o = 1,8 = 2 therefore converges by equivalence
2 n
+o0 1

1
the integral [ /1?4 3tIn [cos(t)} sin? < ™
1

) dt converges.

2.2.6 Absolute convergence of an improper integral

Definition 2.2.3 Let a real function f, locally integrable on an interval [a,+o0o[. We say that

+00 +oo
the integral [ f(t)dt s absolutely convergent if the integral [ |f(t)|dt is convergent.
a a
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Theorem 2.2.4 An absolutely convergent integral is convergent.

E le 2.2.7 Study of the int z+fo S The functi sin @ s 1
xXample oo u o € mtegra —_——— . e function — 18 loC-
P v J o l+4cost+et 1+ cosz + e®

sinx
1+ cosx +e”

ally integrable on the interval [a,+o00[. When x tends towards +oo, on a: ‘

1 1 oo int
and ~ e *. We have: [ _sme
1+ cosx + e® 1+ cosx + e® o l+cost+ et

convergent, therefore convergent.

dt s therefore absolutely

004/t sin (%)

E le 2.2.8 Stud — L

xample udy of 1f )
1 1 1 +oo\/tsin (55

Vx sin <:1:2> and \/x sin (:1:2> ~ 3 The integral [ hl(l‘F(ZQ))dt 18 absolutely convergent.

) 1
16/

dt. When z tends towards 400, we have: 0 < f(x) <

2.3 Integration by parts

Theorem 2.3.1 (Integration by parts) Letu andv two functions of class C' on the interval
+oo

[a, +o0]. Suppose thatt 1in+1 u(t)v(t) exists and is finite. Then the integrals [ w(t)d(t)dt and
+oo
[ 4(t)v(t)dt are of the same nature. In case of convergence we have:

+oo +oo

/ w(t)6(t)dt = L lim u(t)v(t)—u(a)v(a)} - / () (t)dt.

Proof. This is the usual formula for integration by parts

+oo z
/ w(t)o(t)dt = [u(t)v(t)]; — /u(t)v(t)dt

noting that by hypothesis that lim wwv has a finite limit. =

r—>+00

+0o0
Example 2.3.1 Let the integral be [ Me Mdt ou X > 0. We carry out the integration by parts
0
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1
with u = M\t, 0 = e . We therefore have & = \,v = —Xe_’\t. Also

x x

/ Ae Mdt = [ *M}O + / e Mdt
0 0
1

— _xe—/\x . X (e—)\x 1)
+oo T 1
/ Me Mdt = lim Me Mdt = = (then the integral converges).

r— 400 )\

0 0

2.4 Change of variable

Theorem 2.4.1 (Change of variable) Let f be a function defined on an interval I = [a, +0o0].

Let J = [a, B[ be an interval with a, 3 € R or f = +oo. Let ¢ : J — I be a dz’ﬁeomorphisnﬂof
+00 B

class C1. The integrals [ f(x)dz and [ f(p(t))¢ (t)dt sare of the same nature. In case of

convergence, we have:

+00 B8
/ f(z)dz = / F( (£) (1) d

Example 2.4.1 The following evample is very interesting: the function f(t) = sint® has a

convergent integral, but does not tend to 0 (when t — +00). This is to be contrasted with the

case of series: for a convergent series the general term always tends towards 0. Let the integml

be tfoosin (tz) dt. We carry out the change of variable u = t?, which gives t = \/u, dt = —du
1

2Vu

with ¢ s a diffeomorphism.
p: [1,902] — [1,2]
u — ¢

2

+o00o T
/ sin (#%) dt = /sin( )2\—qu
1 1

+oo z?

1
Now by Abel’s theorem sin (u) —=du converges, therefore [ sin(u) —=du admits a finite
{ B NG
+o0
limit, which proves that fsin (t2) dt also admits a finite limit. Then [ sin (t2) dt converges.
1 1

Example 2.4.2 Let the integral be We carry out the change of variable uw =/t — 1,

I dt

1 VE=1
!'We recall that ¢ : J — I a diffeomorphism of class ¢ : J — I if ¢ is a bijective C* map, whose reciprocal

bijection is also C.
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which gives t = u? + 1, dt = 2udu with ¢ is a diffeomorphism:

p: [Vz-1,1] — [2,2]

U —
2 p 2
) t . 1 ;
Ilinl \/ﬁ_xlinl 2udu—2[u]m—xh_n)112[l—vx—l =2
1 1
2 dt 2 dt

1
[ 2du converges, which proves that [ also admits a finite limit. Then [
0 1

con-
Vi—1 | VE-1

verges.

Example 2.4.3 We will calculate the value of the following two improper integrals:

w/2 w/2
I= 0/1n(sin(t))dt, J = 0/1n [cos(t)] dt.

1
- Show that the integral I converges: AsIn(sin(t)) ~ In(t) < —=, let us carry out an integration

o+ Vit

w/2 w/2
by parts of [ In(t)dt the integral converges. By equivalence [ In(sin(t))dt converges.
0 0

- Check that I = J: We carry out the change of variable t = % —u. We have dt = —du and a

diffeomorphism between t € [m, g} and u € [g -, 0} . So

/2

/ In(sin(t))dt =

xT

gl;\o

ln(sin(g —z)) (—du) = / In [cos(u)] du
0

[SIE]

/2 /2 5

I= /ln [sin(t)] dt = lin(1)+/ln [sin(t)] dt = lin(1)+ In [cos(u)] du
0 T 0

Cela prouve I = J. Donc J converge.

- Calculer I 4+ J: This proves I = J. So J converges.

/2 /2 /2
I+J = /ln [sin(t)] dt + /ln [cos(t)] dt = /ln [sin(t)] + In [cos(t)] dt
?‘(‘/2 ’ 7r0/2
= /ln [sin(t). cos(t)] dt = —gln2+ /ln [sin(2t)] dt
0 0
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w/2
And since I = J, we have 2I = =5 1n2+ 1. We still have to evaluate L = [ In[sin(2t)] d¢:
0

Let us change the variable u = 2t, the integral L becomes:

™

1 .
L= 3 /ln [sin(u)] du

0
s

1 1 .
= §I+ 5 /ln [sin(u)] du
w/2

we carry out the change of variable v =1 — u, we will have
0
1 1 )
L= 5[ + 3 / In [sin(7 — )] (—dv)

/2

w/2
1 1 )
= 5[4— 5 /ln [sin(v)] dv

0
1. 1
=T+ -1
2! T3

=1

So, as 21 = gln2+L and L = I, we find:
/2

[=J= / In [sin(t)] dt = —glnl
0
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Chapter 3

DIFFERENTIAL EQUATIONS

Differential equation is an equation: whose unknown is a function (generally denoted
y(z) or simply y) and in which appear some of the derivatives of the function (first

derivative 7, or derivatives of higher orders ¥, y,...). [A]

3.1 General information on 1st order differential equations

Let’s move on to the complete definition of a differential equation and especially a solution of a

differential equation.

3.1.1 Definition and Examples

Definition 3.1.1 Given a function of three variables F', we call a 15 order differential equation
any relation of the form:

F(z,y,9) =0, (3.1)

between the variable x, the function y(z) and its derivative §(x). The function o, differentiable,

1s called the solution or integral of the differential equation on a set I of R if
Vo e I, F(z,¢(z), 4(x)) = 0.

Example 3.1.1 y +y = x admits on R the solution p(x) =z — 1. g — 1 = 0 admits on R*

the solution p(x)(x) = In|z|.
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DIFFERENTIAL EQUATIONS

Integrating a differential equation means determining all the solutions, specifying, if necessary,

the definition set of each.

3.1.2 Cauchy’s theorem

If f is continuous and has a continuous derivative with respect to y on an open set © de R?,
whatever the point (xg,yo) of €2, there exists a unique solution () of the equation ¢ = f(x,y)
defined in the neighborhood of zy and such that y(zg) = yo. For given z the solution depends
on yo. The set of solutions of a 1% order differential equation depends on an arbitrary constant A,
yx = ©(x, A). This set of solutions will be called General Integral. By giving particular values

for A\ we obtain particular solutions. The condition y(x¢) = ¥y is called initial condition.

Example 3.1.2 Integrate the differential equation y—1 = 0, such that y(1) = 1. y—y =0 <~
d 1
Y — dz hence y =X, ory(l) =1 <= 1= Xe which gives A = —. So the solution to the
Yy e

general equation is given y = e* 1.

3.2 Integration of 1st order differential equations

3.2.1 Equation with separable variables

A differential equation with separable variables is a 1%* order equation that can be written in

the form

yzf(‘”)) o g(y)dy = f(x)d,

g(z

the functions f and g are assumed to be continuous, from where [ g(y)dy = [ f(z)dz + X\ we
obtain G(y) = F(x) + A

Example 3.2.1

v+y=a, a€R

d d
—y:a—y:> Y

=—d
dx a—1y v

Inly—al=x+A we obtain  y=a+Ce ™
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3.2.2 Homogeneous equation

We call a homogeneous differential equation of the 15! order an equation of the form F(x,y,9) =

0, in which the change of = into Az and y into Ay leaves ¢ invariant.

Geometric interpretation: Let (M, MT) be a contact element. The equation being homogeneous,

the tangent in M (Ax, Ay) is parallel to (MT), that is to say that the set of integral curves is

globally invariant in all homothety of center o, ¥ therefore depends on Y We assume that
x

g=r).

T

.\\ P
e
by \/
P
]
N SO />’/
7 i

Figure 3.1: Geometric interpretation of homogeneous equation.

d
Integration method: We set Y —tor y = tx, we obtain dy = tdx + xdt, from where d—y =
x o
dt d dt
t+ T = f(t). By separating the variables, we obtain % = OET for f(t) —t # 0. Then
dt
Inz = [ W = @(t). We find a parametric representation of the integral curves in the form:
Y= Ate?()
y? — 22 y y? — a2
Example 3.2.2 Let the differential equation be § = , We set = =1t, then y =
2xy T 2xy
dt dt  —t*+1 —2tdt d —d(t* +1
therefore y = vt — t—i-x% = t22—;1 hence x— = 2:_ and a1 % 07"75(2+—E) =
dx
—. So
T
A
Tr =
t2+1
A
YT et
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3.2.3 Linear equations

We call a linear differential equation of the 1% order an equation in the form

a(x)y +b(z) = f(z) (3-2)

in which the functions a, b and f are assumed to be continuous on the same subset I C R. a and
b are the coeflicients of the equation. We call an equation without an associated second member
the equation

a(x)y+b(x) =0 (3.3)

Theorem 3.2.1 (Fundamental theorem) The general solution of the linear differential equa-
tion of the 15 order is obtained by adding to a particular solution of the complete equation

the general solution of the equation without an associated second member.

Integration of the equation : The equation a(z)y + b(z)y = 0 has separable variables, we

. dy —b(z) b(x) _ )
can write ) () dx from where Iny i a(:):)dx’ ie. y(x) = Ayi(x) with yp(z)

b(x)
e_f a(ac)da:.
Example 3.2.3 Let the linear differential equation be (14 x2)y — xy = 1. It is easy to verify
that y = x is a particular solution of the given equation. Solving the equation without a second

member, (1 + %)y — 2y = 0. We have

dy  wdx 1 /d(1+ z2)
dr  1+a22 2 ’

- 1+ 22

hence y = v/ 1+ 2. The general solution is x + A1 + z2.

3.2.4 Method of variation of the constant

In the case where we do not know the particular solution of the linear differential equation we
use the method of variation of the constant. Let y = Ayj(z) be the general solution of the
equation without a second member, we propose to seek if there exist solutions of the equation of
the form y = A(x)yi(x), AM(x) now represents a function differentiable from the variable z, and

we have [5]
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j = AN@)y () + ()31 ()

’

a(x)g +b(x)y = a(@)[A)yi () + Mz)di ()] + b@)A @)y (2) = f(z)
A@)a(z)g(x) + AMx)la(@)d(z) + b(z)yi (x)] = f(z)
f(z)

a(x)y(z)
dz. Cest-a-dire y = o(x)y1(z) + Cy1(x).

Or a(z)y1(z) + b(x)yi(x) = 0 puis donc )\(m) =

f(@)
| @@

d’ou A\(z) = p(x) + C avec p(x) =

Example 3.2.4 Integrate the equation: ycosz + ysinx = x. The equation without a second
member: ycosz+ysinx = 0 admits as a general solution y = Acosx. We put y(z) = \(x) cos z,
then § = A(z) cosz — A(z) sinz = & therefore [A(z) cos & — A(z) sin #] cos & + A(x) cos zsinz = ,

therefore A(z) =

from where X(z) = [

dx after integration by parts we obtain

cos2 x cos?2 x

Az) =ztanz — [tanzdr = ztanx + In|cosz| + C. Eventually

y = Ccosz + zsinx + coszIn | cos z|.

3.2.5 Equation reducing to a linear equation

1. Bernoulli equation: Bernoulli equation is a 1%¢ order differential equation of the form

a(x)y +b(x)y = f(x)y”

- If @ = 1 the equation is linear.

- If a # 1, by dividing both sides of the equation by y®, we obtain a(z)gy = + b(x)y'~* =

a(x)

f(z). Weset z = y“ then Z = (1—a)y~*y, hence the linear equation 1

s+b(z)z = (o).

-«
Example 3.2.5 FEither
y — x4 = 2zy? (3.4)
. 9 1 U r ., y .
By dividing by y= we obtain, — — x=5 = 2z, we set z = — soit £ = —=;, the equation
Yy Yy Yy
becomes:
z4xi=2x (3.5)

we notice that z = x is a particular solution of , the equation without a second member
dz dx

A A
gives — = —— , we obtain z = —. Then z = x 4+ — is the general solution of , and
x

z x T
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1
consequently the general solution of 18 ey
:I;‘ _
X

2. Riccati equation: We call Riccati equation a differential equation of the 1%¢ order of the

form

j = a(@)y® +b(z)y + c(z)

We can only integrate this equation when we know a particular solution. Suppose y; is a

particular solution, then

i1 = a(@)yi + b(x)y1 + c(x)

§— 9 = a(x) [y* —yi] +b(@)(y — y1)-
By setting y — y1 = z we obtain

Z2=a(z)z(2y1 + 2) + b(x)2

£ = a(2)22 + [2a(x) + 11 + b(@)]2,
we have led to a Bernoulli equation.

Example 3.2.6 Integrate §j = y?> — 2xy + 22 + 1. We notice that y = = is a particular
solution, we put y = x + z, then 1+ £ = (v + 2)? — 2z(z + 2) + 2% + 1, we obtain % = 2°.

: 1 1
We integrate this equation, We write % =1 ie () = —1 hence — = —x + A, finally
z z z

L1
=+ —.
y A—x

3.3 Second order differential equations

3.3.1 Definition and Examples

Definition 3.3.1 We call a 2"? order differential equation any relation of the form: F(x,y,§,1) =
0 between the variable x, the function y(x) and its first and second derivatives. The func-

tion @, twice differentiable, is then called solution or integral over I subset of R if Vo €

I,F(:L‘, 90(1')75(5(1:)730(73)) =0

Example 3.3.1 The equation j+w?y = 0, admits for solution on R, p1(x) = cosx and pz(x) =

sinzx
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Example 3.3.2 The equation §= 0, admits for solution on R, any polynomial of the 1¢" degree

o(x) = ax + b with (a,b) arbitrary.

We will admit without demonstration that, under certain hypotheses, a differential equation
of the 2" order admits an infinity of solutions depending on two arbitrary constants \; and
X2 1y = p(x, A1, A2), all of these solutions constitutes the general integral and represents the

equation of a family of curves of two parameters C}, », called integral curves. [7]

3.3.2 Equation reducing to 1st order

”

1. Equation not containing y: Consider a differential equation of 2"¢ order F (z,y, 7, ¥) =

0. By setting z = ¢ the equation becomes F(z, z, ) = 0.

Example 3.3.3 Let the equation {+y> = 0, by setting z = 3 we obtain # + 2% = 0,

z 1 d 1
then —— = dxr = - = x —x0 (vo constant), therefore z = y_ , hence
z z dx T — To
dx .
dy = = y —yo = In|x — x|, the solution depends on two constants xg, yo.
T — T

2. Equation not containing x: Consider a differential equation of 2"? order F (x,y, %, §) =

0. If we consider that ¢ as a function of y, by setting ¢ = z(y) we obtain

i _dz_dzdy _d:

Yo dr T do T dy'dr dy'z

d
y therefore plays the role of variable, and the equation becomes F(y, z, zd—z) =0, itis a

d
1¢" order equation for z. Let z = ¢(y, A\1) be the integral of this equation, then z = d—y =
d d
y __ dz, then by integrating = = f(y, A1)+ A2 with f(y, A1) = f ﬁ
© Y, A1

Example 3.3.4 Consider the equation y*i{+13 = 0. By setting ¥ = z(y) or = 2%, the

A)or —
SO(y 1) cp(y, )\1)

equation becomes y?z% + z = 0, discarding the banal solution z = 0 (corresponding to

1
y=k), we have y?4+1=0 = £ =~ + A1, we have brought to the first order equation
Yy

d 1
&2 + A1, then
de gy

dy ydy 1 ] 1

;+M:AW+1:M(_Aw+1

dx = )dy.

1 1
From where © = —y — —5 In|A\y + 1| + Xa.
A1 A%
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3.3.3 Second order linear differential equation

Definition 3.3.2 We call a linear differential equation of the 2"¢ order an equation of the form

a(z)f+ b(z)g + c(z)y = f(z). (3.6)

a,b,c, f are functions on I C R. (a,b,c are called coefficients of the equation). We associate

with this equation the so-called equation without a second member

a(x)f+ b(x)y+ c(x)y =0 (3.7)

Theorem 3.3.1 (Fundamental theorem) is obtained by adding to a particular integral of
the complete equation the integral of the equation without a second member. If y is the general

solution of (@) and yo s a particular solution of (@, and Y is the general solution of ,

theny =yo +Y.

Integration of the equation without a second member

1. Case where we know two particular solutions: If y;,ys are two solutions of (3.6),

then y; + y2 and Ay; with (A € R are solutions of (3.7]). y1 and yo are said to be linearly
independent if there do not exist two non-zero constants A1, Ag such that: Vo € I, A\jy;1(x)+

A2y2(x) = 0 this results in A1 (z) + A\ag2(x) = 0. this results in

Ay1(z) + Aeya(z) =0
Myr(x) + Aoga(z) =0

admits only (A1, A2) = (0,0) as a solution. So the determinant

w(z) = vi(z)  ya(z)

Y1(z)  ga(w)

called Wronskian of yi1,y2 is not zero; On the contrary if w(z) = 0 then y; and yo are

linearly dependent.

Theorem 3.3.2 The dimension of the vector space of the solutions of the equation a(zx){+b(z)y+

c(x)y =0 is equal to 2.
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Consequence: If y; and ys are two linearly independent solutions of the equation without
a second member, the general solution is written Y (z) = Ajy1(x) + A2ya(z), A1, A2 are two

arbitrary constants.

Example 3.3.5 §+wy = 0,y1 = coswzx and sinwzx are two independent solutions because

COS WX sinwzx
w(z) = =w#0

—wsinwr w Ccoswx

Y = A\ coswzx + Ao sin wx.

Example 3.3.6 j—wy = 0, y; = coshwz and sinhwx are two independent solutions

Y = A\ coshwx + A9 sinh wzx.

2. Case where we only know a particular solution: Let y; be a solution of ( , we
set y = y12 therefore § = 1z + y1Z and §=§12 + 2012 + y1%. Let a(x)[§12 + 2912 + v1%] +
b(x)[g1z + y14] + c(x)yz = 0 taking into account a¥; + by1 + cy1 = 0, then we obtain

ayrZ + (2ay1 + byr)Z = 0, is an equation that can be integrated easily.

Example 3.3.7 Let the equation z2(+zj —y = 0,11 =y =22 = § = 2+ 0/ —

§= 2% + xz, then 2%(2% + 24) + (2 + 24) — 2z = 0 where z#+3% =0 or E = —3z, which
Z

A1

gives £ = —,
x

A 1
80 z = —% + Ao, we obtain y = Ay Moz or even y = C1— + Com.
x 2 x T

3.3.4 Integration of the full equation

1. In the case where we know a particular solution yq: Simply apply the fundamental

theorem, y = yo + Y.

Example 3.3.8 Given the equation x{+x1j—y = 23, the solution of the equation without
1

a second member is Y = C1— + Cox, we are looking for a particular solution in the form
x

of a polynomial of 3°™¢ degree yo = ax® therefore o = 3ax?, and {y = 6ax which gives

3

1
a= 3’ therefore the general solution of the given equation is y = % +C1— + Coz.
x

2. If we do not know a particular solution: We apply the method of variation of con-

stants. Let y1,y2 be two independent solutions of (3.7) y = Ay + A2y2 the general
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solution of the equation without a second member. We set y = A1(x)y1 + Az2(x)y2 where
A1, A2 are functions, then y = /i1($)y1 + Xg(a:)yz + A1(2)y1 + A2(z)y2, by imposing the
condition A;(z)y1 + Aa(2)y2 = 0 on obtient §= A ()91 + A2(x)72 + A1 (@)§1 + Xa2(2)¥2, or
by reporting in

a | Ar(@)yr + Aa(z)y2 + M (2)d(z) + )\2(96):42(33)] +b[A1(@)91 + A2(2)ga]+c [M(z)y1 + Aa(w)y2] = f(z),
but we have

ay, +by1 +cyp =0

ayy +bya +cyz =0

we obtain
M@y (@) + Ao (2)ys(2) = 0
¢ , ¢ , 1
A(@)91(z) + Aa(2)ga(x) = @f(x)
Y1 Y2 . .
w(z) = = 0 because y1, Y2 are linearly independent.
1 Y2

Example 3.3.9 Consider the equation j+y = tanz. We have j+y = 0 = y = Ajcosz +
Aosinx. Then § = —Aysinx + Ay cosx if
5\1 cosx + 5\2 sine = 0. And = —5\1 sinz + )12 cosx — A1 cosx + Agsinx. By reporting in the

equation we obtain: §+y = —A1sinz + Ay cosz = tan x, we have the system:

A1cosx + Agsinz =0

—A1sinz + Agcosz =tanz =0

sin x

hence \; = — , et Ao = sinz, Then

= COST —
COS T COS T

A1 =sinzx fln|tan(g + %)| +C

Ao = cosz + C.

r
The general solution is written: y = Cj cosz + Cysinz — cosx In | tan(§ + Z)|
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3.4 Linear equation with constant coefficients

Definition 3.4.1 We call a linear differential equation of the second order with constant coef-

ficients a differential equation of the form

aff+ by + cy = f(x) (3.8)

i which a, b, c are constants.

We associate with (3.8) the equation without a second member

ay +by+cy=0 (3.9)

If yo is a solution of (3.9) and Y the general solution of (3.9)), then y = yo + Y.

3.4.1 Integration

We set y = €™, then ¢ = re’™ et = r2e’®, by reporting in (3.9 we obtain ar2e™+bre"™+ce™ = 0
or € # 0 so we obtain

ar? +br+c=0. (3.10)
Then y = €™ is solution of the differential equation if and only if r is root of (3.10)).

Discussion:

1. If (3.10) admits two different roots 71 # ra, then y; = €% and yo = €"2? are two particular
integrals of (3.10) linearly independent because r1 # 72, the general integral is written

y = Ae"T + hge™2%,
2. If A <0, r;y and re are complex conjugates, the general solution is written y = Aje"% +

A2e™% we choose A\g = A1 then y = A1e"% + A\1e"% = 2Re(A1e"1%).

Example 3.4.1 a) {29 — 3y = 0, we have r> —2r —3 =0 = 11 = —1,79 = 3, then

Y= Aie " 4+ Xge3”.

b) 29+ 5y =0,s0r>—2r+5 =0 = 7 = 1—2i,rp = 1+ 2, hence y =

e” (1 cos 2 + pg sin 2x).
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3.

If (3.10) admits a double root r; = ro = 2577 = €’ is a particular solution. We look
a

for the general solution in the form y = €™z, where z is an unknown function of x, we

have ¢ = €*(rz+£) and §= €"®(r?z + 2r£+%), by transferring into the equation we obtain:
€a[(r?z +2rz + %) 4+ b(rz + £) + cz| = 0, therefore €™ [ar? + br + cz + (2ar + b)Z + a4 =

0, then Z= 0, hence z = A\jx + A2, he general solution is given by y = e"*(A1z + A2).

Example 3.4.2 {447 +4y = 0, on a > +4r +4 =0 = 11 = ro = —2, then

y=e2(\z + o).

3.4.2 Integration of the full equation

The solution of the equation without a second member being assumed to be known, we can:

- Either use the constant variation method.

- Either look for a particular solution of degree n of (3.8).

1.

f(z) = P,(z) where P, is a polynomial of degree n. It is natural to look for a par-

ticular solution in the form of a polynomial:
1) of degree n if ¢ # 0.
2) of degree n+ 1 if ¢ =0 and b # 0.

3) of degree n+2 if c =0 and b = 0.

Example 3.4.3 -2y — 3y = 322 + 1, we look for the particular solution in the form
4 —17

y = ax?® + Bx + 7, then ¥ = 20z + B and §= 2a, we find a = —1,3 = g,fy =5 the
4 —17
general solution is y = \e™® + \pe3® — 22 + gx -5

. f(x) =™ P,(z), with (m € C), we look for a particular integral in the form y = e™*z(z),

then g = e™*(mz+%), and §= "% (m?224+2mZ+%), or after simplification by e™*, a7+ (2am-+
b2 + (am? + bm + ¢)z = P,(z). We find ourselves brought back to the previous case, we

will therefore take for z(x) a polynomial:

- of degree n if am? + bm + ¢ # 0 that is to say if m is not the root of the characteristic

equation.
- of degree n + 1 if, am? + bm + ¢ = 0 and 2am + b # 0 (m simple root).

- of degree n + 2 if, am?® + bm + ¢ = 0 and 2am + b = 0 (m double root).
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Example 3.4.4 §—y = 2ze®, here m = 1, we have m = 1 is a simple root of the character-
istic equation r> —1. We are looking for a particular solution in the form y = e®z(x) where
z(x) is a polynomial of degree 2, n here equal to 1 since P,(x) = 2x, it is the case (n+1).

2(x) = ax?® + B+, therefore 2 = 2ax + B and 4= 2a, by entering into the equation, and

1 1 2
after calculation we find o = 5,6 =5 the particular solution is y = em(% — g) The
X
general solution is therefore y = A\je® + lge™" + %(x2 —x). [
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Chapter 4

NUMERICAL SERIES

[ I \he notion of sequence is closely linked to that of "series", that is to say linked to the
problem of the summation of an infinity of terms. It was the Greeks in the 5 century

BC who began to glimpse the notion of infinity. It was only in the 16"

century that infinity
took on its full meaning. The notion of series comes from the fact that for an infinite list of
real numbers, that is to say for a sequence (U, )nen, wWe pose the problem of considering "the

sum" of all the elements of this sequence of numbers: Uy + U7 + ..... + U, + ....How can we give

meaning to a sum of an infinite number of terms.

4.1 General information on numerical series

Definition 4.1.1 To any sequence (Uy)nen of real or complex numbers, it is possible to associate
a sequence (Sp)nen defined by: Vn € N, S, = 3"} Uy. Conversely, to any sequence (Sy)nen, it

is possible to associate a sequence (Up)nen defined by: Uy = Sl and Yn € N,Up11 = Spy1 — S
We call series the sequence (Sy)nen and we note: Y U, or by > Uy or by Y U,.

Definition 4.1.2 Let (Up)nen be a sequence of real or compler numbers. The sum S, =

> ko Uk is called the partial sum of rank n of the series Y U,
- The sequence (Sy)nen is called the sequence of partial sums of the series > Uy,.

- The sequence (Uy)nen is called a sequence associated with the series > Uy,. U, is said to be a

general term of the series > Up,.
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4.1.1 Convergence of a series

Definition 4.1.3 - If the sequence of partial sums (Sp)nen of a series Y U, is convergent with

finite limit S, we will say that the series is convergent and we will note Y U, = S.

- If the sequence (Sp)nen tends towards +oo or towards —oo, we will say that the series is

divergent of the first kind and we will note ), . U, = F00.

- If the sequence (Sp)nen does not converge towards a finite limit, nor towards £oo, owe will

say that the series is divergent of the second kind.

Remark 4.1.1 Any finite series is convergent since the sequence of partial sums is constant

from a certain rank. S, = Uy + Uy + ...... +U, Vn > p.

Remark 4.1.2 (a) We say that ), Uy, and ) Un, where n € N, are of the same nature.

n>ng

(b) In the case where the series is convergent, the symbol S =} U, designates both the

series and also the result of this series.
(c) The series ) Uy converges to S if: Ve > 0,dNg € N/,n > Ng = |S — S| < e.

We use the definition of the convergence of a sequence because the partial sum (Sy,)nen is none

other than a sequence, and we can write Ve > 0,3Ng € N/,n > No = |3/ | <e.

Remark 4.1.3 The sequence of partial sums (Sy) can be divergent by not having a limit when
n — oo or by not having a finite limit for example (S,) = exp (in) and S, = lnn.
The nature of a series (convergence or divergence) does not depend on the first terms of the

series, which means that the series ) _,u, and ) u, converge (or diverge) at the same

n>N

time.

Proposition 4.1.1 For the series ), . Uy to be convergent, it is necessary that the associated
sequence (Up)nen be convergent with zero limit. However, this condition is not sufficient, there

exist divergent series whose associated sequence (Up)nen s convergent to 0.

Example 4.1.1 We consider the series ), - e%, we know that lim en =1 % 0, therefore

n—---+00

the given series is divergent.

Definition 4.1.4 a) We call the sum of two numerical series Y, . Up et >, . Vi, the general

term series Vn € N,W,, = Uy, + V}, from where Y .xWn = >, cnUn + 2 nen Vo
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b) We call multiplication of a numerical series ) . Un by a non-zero scalar A, (A € R* or

A € C*) the general term series Yn € N, Wy, = AU, hence Y, .y Wi = > ey (AUR).

¢) We call the product of two series (Up)nen and (Vy,)nen the general term series; Vn € N, W,, =

Y oheo UVi—i hence 3, cn Wi = > ey O heo UVi—k) -

Proposition 4.1.2 (Vector space of convergent series) Let (Uy)nen et (Vi)nen be two real
sequences. If the series Y .Uy and ) Vi are convergent with respective results U and V,

then:
- The series Y, o (Un + Vi) is convergent with sum U + V.

- The series Y, o (AU + pVy) with (A, u € R or C) is convergent with sum AU + pV.

Consequence: We note that the complex series ) _n(an + ib,) converges if and only if the two

real series ) -y an and Y b, converge. Then Y (an +ibp) =Y cntn + 1D ,cn bn-

Proposition 4.1.3 - The sum of two series, one of which is convergent and the other divergent

of the first kind, is divergent of the first kind.

- The sum of two series, one of which is convergent and the other is divergent of the second

kind, is divergent of the second kind.
- The series ), oy AUy with (A € R or C) is of the same nature as the series ), .y Uy.

- The product of two convergent series is not necessarily a convergent series. [§]

4.1.2 Séries de Cauchy

Proposition 4.1.4 A series ) Uy is convergent if and only if
P
Ve>0,ANg €N, /p>n>No=|> Ui/ <e
k=n

or:
n-+p

Ve>0,¥p>0,3ANg €N, /n > Nog= | Y Ul <e

k=n
4.2 Positive term series

The interest in studying series with positive terms (i.e. with terms in R™) is that the sequence

(Sn)nen of partial sums defined by its general term: Vn € N, Y} Uy is real and increasing.
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Indeed; Spi1— Sn = S0 U = S0 Up = Uy = U, > 0.

Proposition 4.2.1 A series with positive terms U, is either convergent or divergent of

neN
the first kind (of limit +00). Furthermore, for this series to be convergent, it is necessary and
sufficient that the sequence (Sp)nen of partial sums defined by its general term: ¥Yn € N, S, =

ZZ:O Uy, is bounded.

4.2.1 Comparison criterion

Proposition 4.2.2 Let ) U, and ) Vi be two series with positive terms, satisfying,
vn e N, U, < V,.
a) If 3, cn Vi, is convergent, then ) Uy, is convergent.

b) If 3 e Un, is divergent of the first kind, then ) Vi is divergent of the first kind.

Proof. a) If we have U,, < V,,,Vn € N, we also have: Uy+U;+....4+U, = S, < Vo+Vi+...4V,, =
S, < Z:ﬁ% V, =S If > nen Vn converges, then S exists and Y nen Un is increased and therefore

convergent.

b) obvious. m

Proposition 4.2.3 (Use of equivalences) Let ) U, and ) . Vi be two series with pos-

itive terms. If Uy, o~ Voo then Y-, cnUn and ), . Vi are of the same nature.
o0

1
Example 4.2.1 (Harmonic series) The harmonic series is given by its general term U, = —.
n

The general term tends towards zero, but the series diverges.

1
Example 4.2.2 U, = and V, = — we notice that U, < V,,Vn € N therefore ZnEN Va
n

ncos?n
diverges hence the divergence of Y - Up.

n 2n ) 1
m,‘/n = e We have U,, ~ V,, and we set V,, = o

then V,, ~ V, we see that Y neN V,, diverges, so > nen Va diverges and finally Y, o Un diverges.

Example 4.2.3 Un = arcsin

.2
Example 4.2.4 U, = S n

1
RO Onal, < 2= Vn, we know that ), . Vi converges (Riemann

serie’s ) so Y, .y Un converges.

oshi

¢ = 1
Example 4.2.5 Un = ~,and V, = —. We see that U, ~ Vi, but ) . Va diverges,
n n

therefore ), . Un diverges.
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4.2.2 Cauchy criterion

Proposition 4.2.4 Let ZneN U, be a series with positive terms. We consider lim /U, =1

n—-s--+oo

where | € Ry U {+o0}.

a) If 0 <1 <1, then the series ), .y Uy is convergent.
b) If 1 > 1 then the series ), . Uy is convergent.

¢) If L = 1 we cannot conclude

We note that if nlr{lkoo VU, BN 1, then we can conclude that ), U, diverges.

TL2 n
Example 4.2.6 Let the seriesbe ), .nUn =2, cn (ZT—Z) . We have /U, = (212) =
n
1 + % E— ﬁ = ea‘_b = l
1+2 eb

Discussion: If b > a, then |l < 1, the series converges.

If b < a, then l > 1, the series diverges.

If a =b, then U, =1 -+ 0 the series diverges. [5]

4.2.3 D’Alembert criterion

Lemma 4.2.1 Let ), U, and Y, . Vi be two real series with positive terms. If we have

Unt1 < Vi1

VYn € N
ST 74

, such that; da € R, then Vn € N, U,, < aV,,.

Theorem 4.2.1 Let ZneN U, and EneN Vi be two real series with positive term such that:

lirri — =1 # 0. Then the two series converge or diverge at the same time (of the same
n—-r+0oo n

nature).

Theorem 4.2.2 Let ) Uy be a series with positive terms. We consider the series Y, . Va
Un+1

defined such that, Yn € N,V,, = "t oreover we consider  lim V.= lim =1 ou
Un n—--+oo n—--+oo n

l € Ry U{+o0}.
a) If Ol1, then the series ), . Uy is convergent.

b) If I > 1 then the series Y, Uy is divergent.

neN

¢) If 1 =1 we cannot conclude.

U .
ntl >1 1, then we can conclude that Y, U, diverges.

We assume that lim

n—s-+oo n
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3 3 U.
Example 4.2.7 Let the series Zn21n—. We set Vn > 1,U, = n then lim ntl

n! n!’ n—+oo U,

1)3 n!
M.n— =0 < 1. The series converges.
n—-+00 (TL + 1)' n3

Proposition 4.2.5 Let (Uy)nen be a sequence of positive real numbers. Suppose that lin}r VU, =
n— oo

I, lim Uni1 =1 thenl=1.
n—--400 n

4.2.4 Series, Integrals and Riemann criterion

Proposition 4.2.6 Let f be a decreasing function, defined from RY into R* such that: U, =

f(n). Then the series ), Uy and f0+°° f(z)dz are of the same nature.

Definition 4.2.1 We call a Riemann series a series of the form where a € RY..

n>1 E

Proposition 4.2.7 a) If 0 < a < 1, the Riemann series diverges.

b) If a > 1, the Riemann series converges.

4.3 Series with any terms

In this paragraph we will study the case of series ) U, where U, s complex or real of any

sign.

4.3.1 Definition et proposition

Definition 4.3.1 We will say that the general term series U, € C is absolutely convergent if

the series with positive terms of general term |U,| converges.
Proposition 4.3.1 Any absolutely convergent series is convergent.
Remark 4.3.1 There exist convergent series which are not absolutely convergent.

1 —1 1

Example 4.3.1 Let ) Uy such that Uz, 1 = o and Us,, = o withn > 1. Then |Uy,| ~ —

n n n

therefore ), . |Un| diverges, the series ), .y Uy is not absolutely convergent. However, So;, = 0
1

and Sop,_1 = o therefore the series ZnEN U, cconverges with zero sum. We will say that a

series which converges without being absolutely convergent is semi-convergent.
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4.3.2 Abel’s Sum

Theorem 4.3.1 Let ) Uy, be a series whose general term, real or complex, is written in the

form Uy, = anb,; Suppose that:
1) The sequence (an)neN is in positive terms decreasing and tends to 0 when n — +o0.
2) There exists M € R such that Vo € N| Y ") b| < M.

Then the series ), .y Un is convergent.

4.3.3 Alternating series

Definition 4.3.2 We call an alternating series a numerical series whose general term U, is of

the form U, = (—1)"V,,, where (Vy,)nen denotes a sequence of constant sign.

(=n"

n+1

Example 4.3.2 The series > .-, 1s an alternating series. It is called alternating har-

MoNic Series.

Theorem 4.3.2 If the sequence (Vi,)nen, Vi > 0, is decreasing and converges to zero, then the
series y o, cnUn = D pen(—1)"Vy is convergent and its sum S satisfies the inequality: Sapi1 <

S < Sy,
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Chapter 5

SEQUENCES AND SERIES OF
FUNCTIONS

I} il any functions appear as boundaries of other simpler functions. This is the case, for
example, of the exponential function, which can be defined by one of the following

oo T

two formulas. e* = lim (1+2")" oue® =5 "% e

n—-—+00
This is also the case for more theoretical problems, such as when we construct solutions to

equations (for example differential), we often construct by induction towards an approximate

solution which converge towards an exact solution.

5.1 Function suites

5.1.1 General notions

In the following, K designates one of the fields R or C. Let E be a K-vector space and I be any
set, the set Fg(I) of maps defined on I, with values in F, is equipped with the following two

scalar operations: addition (f,g) — f+ ¢ and multiplication by a scalar (\, f) — Af, defined

by: if .9 €ppy and A € K, (f + g)(x) = f(z) + g(x) and (Af)(x) = M (2)-(Fp(),+, x) is a

K-vector space.

Definition 5.1.1 A sequence in Fg(I) is a map of N in Fg(I) which associates with each

natural number n a function f,. It is noted (fn)n>0 or simply (fn)n-

Remark 5.1.1 o (fy1n,)n 5 also denoted (fn)n>ng-
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e In a sequence (f,)n, the f, are assumed to have the same definition set.

e The sequence (fy, ), can be seen as a numerical sequence (f,(x)), dependent on the parameter

x, traversing a given set.

5.1.2 Simple convergence

The notion of convergence of a sequence of real or complex numbers naturally leads to that of

convergence at each point for the sequences of functions defined as follows.

Definition 5.1.2 A sequence (fn)n of maps fn : I — K is said to simply converge on I if

there exists a map f : I — K such that Vz € I, lini fn(z) = f(x)
n— 100

- f is called simple limit of (f,)n
- If f exists it is unique.

We write:

(Vwé];ninloofn(x):f(xO < (Vo € ;Ve > 0;3N(z,€)/n > N) = |folz) — f(z)| <¥€).

Remark 5.1.2 It should be noted that N depends on x and €.

Example 5.1.1 A numerical sequence is a very particular case of sequences of functions, here

the functions are constants.

1
Example 5.1.2 Let I =]0,1] and K = R, f,(z) = CErE Then lini fulz) = f(z) =

0,Vx € 1.

n x
Example 5.1.3 We consider Yz € R, f,(z) = (1 + E) = m(H3) | Then Vo € R; fn(z) =
n

er.

Theorem 5.1.1 Let (fy)n et (gn)n two sequences in Fg(I) simply convergent to f and g re-

spectively, and A € K, Then
1. The sequence (fn + gn)n simply converges to f + g.
2. The sequence (Afp)n simply converges to \f.

3. The sequence (fngn)n simply converges to fg.
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Theorem 5.1.2 (Cauchy criterion) For a sequence (fy)n of applications f, : I — K to

simply converge, it is necessary and sufficient that:

Ve € I,Ve > 0,3IN(x,e)/m > N(x,€);n > N(z,¢) = |fm(x) — fn(z)| <e.

5.1.3 Uniform convergence

Example 5.1.4 Let I = [0,1] and Vn € N, f,(z) = 2™, it is clear that lim fu(z) = f(x)

n—-s--4oo

such as,
0 if x€][0,1]
flz) =
1 ifx=1
We conclude that:
- Fach function f, is continuous whatever n.

- Each (fn)n simply converges to f.

- f s not continuous.

This is why it is necessary to use a more precise notion which preserves continuity by passing

to the limit, this is uniform convergence. [I]

Definitions

Definition 5.1.3 We call the norm of uniform convergence the norm for (fy)n and f of Fe(I); || fn — fll =
sup | fn(z) — f(x)].

zel

Definition 5.1.4 A sequence of maps f, : I — K is said to be uniformly convergent on I if

there exists a map f: I — K such that,

i _ (sup 7, (2) = 1)) =0,

n—--+o0o zel

or,
Ve > 0;IN;Va;Inn > N = |[fu(z) — f(z)] < €].
or
Jm [ £l =0

+
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Interpretation: We have |f,(z) — f(z)| < e = f(z) —€ < fn(z) < f(zx) + €. We say that
for n > N, the graph of f,, is contained in a band of width 2¢ symmetrical with respect to the

graph of f.

Proposition 5.1.1 Uniform convergence implies simple convergence. Indeed; Vx,¥n : |fn(x) —

f@)| <|fn—fl o 0. The converse is false

Example 5.1.5 Let f,(z) = Zx with © € [0,+00][. We have shown that this sequence
nx
simply converges to
0 if ze[0,1]
flx) =
1 ife=1
1 .
asi | fo = FIl = suplful@) = f(@)] = sup =0 = lim 3= = e |lfn = fll = 0, hence

the convergence is not uniform. [13]

Cauchy criterion for uniform convergence

Theorem 5.1.3 Let (fn)n be a sequence of functions on I. For the sequence (fn)n to be uni-

formly convergent on I towards a function f it is necessary and sufficient that:

Ve > 0;AN;Vn,Vm;Ve C I[n,m > N = |fu(x) — fi(2)] < €.

or

Ve > 0; AN;Vn,Vm;Vae C Iln,m > N = || fu(x) — fm(2)|| < €.

2
Example 5.1.6 Let f,(z) = % sur I =10,1]. We fcwe nlr{lkoo fn=f=0. As the upper
bound of the function y — o2 " [0, 400 is equal to 5 fory =1, we have || fu|| = sup |f| =
Y I
1
3 Then fr, — 0 simply but not uniformly.

How to show that a sequence of functions converges uniformly

To show that a sequence of functions (f,), is uniformly convergent:

1. We show that it is simply convergent, which allows us to define f.
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2. We seek to increase |f,(z) — f(z)| by a sequence (g,), of positive real numbers which

converges to 0 such that (g,), does not depend on z.
To determine (&5,),, we have two methods.

1. Majoer |fn(z) — f(x)| independently of z.

2. Calculate sup | fn(z) = f(z)| using the study of the function |f,(z) = f(z)|.
xzel

Operations and uniform convergence

Theorem 5.1.4 Let (f,)n and (gn)n be two sequences in Fg(I) uniformly convergent to f and

g respectively, and A € K. So
(i) The sequence (fn + gn)n converges uniformly f + g.
(i) The sequence (Afn)n converges uniformly \f.

(iii) If the maps f and g are bounded, the sequence (fngn)n converges uniformly to fg.

Remark 5.1.3 In (iii), the assumption (f and g bounded) cannot be omitted, otherwise the

theorem is false. [2]

5.1.4 Properties of uniform convergence
Continuity

Theorem 5.1.5 Let (fn)n € Fr(I), be a sequence of functions uniformly convergent to f. If

all functions f, are continuous at xg, then f is continuous at xg.

Proof. Either
¢ > 0;3N/¥n > N,Vz € I; | folz) — f(z)] < § (5.1)

Let us fix an integer n > N, f, being continuous in zg, then It exists
§>0/Vz € I; |z — w0l < 6 = |fu(z) — ful@o)| <§ (5.2)
From (5.1)) and (5.2]) we obtain:

Vo e I le—wo| <6 = |fu(2) = fu(20)| < [f(2) = fa(@)|+|fn(2) = fu(zo)[+|fn(z0) = f(20)| <e.
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corollary 5.1.1 If f, — f uniformly and if all functions f, are continuous on I, then f is

continuous on I.

Remark 5.1.4 1) If a sequence of continuous functions converges to a non-continuous function,

the convergence is not uniform.

2) The theorem gives a sufficient condition for f = lim f,, to be continuous, but this condition
18 not necessary. It can happen that the functions f, being continuous, f is continuous, without

the convergence being uniform.

Example 5.1.7 Let (fy)n be such that I =10, 2].

1
nx? if 0 <2< —
1 b
fa(@)= na?+2n if —<ax<>
nT, T m
0 ife < —
n

The functions f, are continuous, and nlnioo fn=f =0 simply. Because:

Ifa =0, f,(0) = 0.

If £ > 0, fu(x) =0 for all n > %

However the convergence is not uniform since: || fn(x) — f(z)] = fn(ﬁ) = n — +oo when

n — 400.

Example 5.1.8 If a sequence of functions (fy)n simply converges to f, then f is not necessarily

continuous. Let I =[0,1], and let f,(x) = x™. It is clear that f,(z) — f(x) such that

0 fzel01
Fa) = fxel01]
1 ifz=1

f is not continuous.
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Example 5.1.9 There ezist sequences (fp)n which converge to f continues. Fither

0 ifx <0
n if()gasgl
R R
nr+2 if - <x <2

2

K0 ifv > -

- For x <0, we have lim f, =0
n—-+0o00

2
- For x > 0, we have n > — = f,(x) = 0 therefore lirﬂl_ fn =20, so the limit is continuous
n n—--+00
on R although the convergence is not uniform there since: || fn|| = sup|fn(z)| =1 does not tend
Tz€R

towards zero. [12]

Integration

Theorem 5.1.6 Let (f,)n be a sequence of integrable functions on I = [a,b] converging uni-

formly to f. So:
a) f is integrable on |[a, b

b)  lim 12 fa(@)de = [P f(z)da,
Proof. a) Let € > 0, there exists n such that:

€ €

Vo, € R,n € [a,b], fn(z) — 2(b—a) < f(@) < folz) + 2(b—a)

(5.3)

because f, — f uniformly. The function f,, being integrable, there exists a subdivision d =

{0, 2, ...,z } of [a, b] such that

k
€
Z(Mnl — M) (T — 2i-1) < B} (5.4)
=1
or
M,, = sup f, et my,, =inf[z;_1,x;]fn.
[Ti—1,%4]

Noting M; = sup fand m;= inf f.

[i—1,] [i—1,24]
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Then (5.3) implies for 1 < i < k that

C <mi< My, +
My, — m ,
"o 2b—a) T T M 2(b—a)
Which gives taking into account
k k .
> (M = mi) (@i — wio1) (M, — m,) (2 — 2i01) + 5 <€
i=1 =1

Thus, f is integrable. m

b) We have for all n;

b b b
\/ fn<x>dx—/ f(w)d:c\s/ = fldz < | fo — £l (b— a) — 0.

Remark 5.1.5 The condition f, — f uniformly is sufficient but not necessary for lin}_ f; frn(x)dz =
n—0oo

fab f(z)dx.

Example 5.1.10 FEither

1
For n > — we have f,(z) = 0 therefore liII+1 fu(x) = f(x) = 0. But this convergence is not
xT n—-s-+o00

uniform because: sup f, = 1Vn, however
(0,1]

1
fol fo(z)dr = o 0= fol f(z)dx that is to say, although fol fo(z)dz = fol f(z)dz, but the

convergence is not uniform.

Derivation

We would like to be able to give a theorem similar to that of continuity or that of integration

but unfortunately, this is not possible.

Theorem 5.1.7 Let (f,)n be a sequence of continuously differentiable functions on [a,b](f, €
Clla,b],R) satisfying the following properties:

a) the sequence (fn)n converges uniformly to g on [a,b].
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b) There exists a point xo € |a,b] such that the sequence (fn(xg)) converges to a limit . Then
(fn)n converges uniformly to f on [a,b] with (f € C'[a,b],R) and we have Vz € [a,b]f(z) = g(z).
In other words: lim fn(z) = < lim fn(x)> .

n—--+400 n—-s-+4o00

Proof. We have f,,(z) = fa(z0)+ [, fa(t)dt. According to (3.1.24,a) we have nln}roo I Fa(t)dt =

ffo g(t)dt uniformly on [a,b]. Thus (fy), converges uniformly to f defined by:

T

f(z) = limoo fn(xo) + /m g(t)dt =1 ~|—/ g(t)dt

n + To To

as f continuously differentiable, then f =g¢. m

5.2 Series of functions

5.2.1 Definitions and properties

Definition 5.2.1 Let (f,,)n be a sequence of functions with real or complex values defined on a

non-empty set I C R, let us associate with this sequence the sequence of functions (Sy,), defined
pry s q q

by" Zz:o fk?'

We call a series of functions on (I) with general term f,, the pair ((f)n, (Sn)n).- The sequence

(Sp)n is called n'" partial sum of the series of functions ((fy)n, (Sn)n) and will be denoted, > fn

or S°1%0 froor fo+ f1t e o+

Definition 5.2.2 The series Z;ﬁ% fr is called the remainder of order n of the series Z;ﬁ% fn-

Definition 5.2.3 We will say that Z;ﬁg fr is convergent in xy € I if the numerical series
S5 fr(wo) is convergent. We will say that 425 fx is convergent on I (or on a part A C 1)
if the series > 120 fir(x) is convergent at any point x € I ( respectively x € A), in this case we

will say that the series Z;ﬁ% fr(x) is simply convergent on I (respectively on A).
We therefore have the following equivalences:

> fn converges at xg <= > fn(xo) converges <= (S, (x0)), converges

> fn converges on I <= Vz € I;)Y f, (v) converges <= (S,), converges on I.

Thus: The simple convergence of a series on I is equivalent to the simple convergence of the

sequence of its partial sums (S, ), on I.
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Definition 5.2.4 Let n be a convergent series on I and (Sy), the sequence of its partial

sums. The function S : I — C defined by S = linBlr Sy, is called the sum of the series and is
n—--mr0o0o

denoted S = 520 U,,.

Remark 5.2.1 The general theorems relating to numerical series remain true, with necessary

modifications, for series of functions.

5.2.2 Uniform convergence
Definition and example

Definition 5.2.5 Let Z+ o fn be a series of functions, we say that this series is uniformly

convergent on I if the sequence (Sy)n of partial sums is uniformly convergent where Sy(x) =

:Lri% w(x). In case of convergence, the limit S such that Sy, (x) = :Lri% n(x) is called the sum

of the series.

Remark 5.2.2 Thus the uniform convergence of > fn on a set E means:

Ve > 0;3dN; /Vn,Vex € E |ln> N —

+o0
Z fa(z)] <€

k=n+1

Then the simple convergence is expressed by:

+oo
Z fu(x)| <€

Va € E;Ve > 0;3dN; /Vn, [n>N —
k=n+1

We will note: >0 ng1 fn(z) =8 =S,

Example 5.2.1 Let fp(z) = 2. Then Vo # 1;S,(z) = > 0 o fu(z) = 1+ 2+ ...+ 2" =

n+1__1 1
a T this series therefore simply converges in I =] — 1,41[ to the function S(z) = N
x — -z
However the convergence is not uniform on I =]—1,+1[. Indeed, lim (S,(x)—S(z)) = +o0, ¥n,
<1
r—1

5o ||Sp(x) — S(z)|| does not tend towards zero. On the other hand, in each interval [—9, 5] with
0 < d <1, the convergence is uniform.

Abel’s criterion for uniform convergence

Theorem 5.2.1 We consider the series of general term functions f,. If f, is written in the

form Nz € I, fp(z) = en()gn(x) with:

64



SUITES ET SERIES DE FONCTIONS

(1) Vz € I,e,(x) is decreasing towards 0.
(2) lim <sup |5n(:r)|> =0.
—+00 \ ger
(3) AM > 0 such that Vo € I;¥n e N: Y7 [ gi(xz) < M.

Then the general term series f, converges uniformly on I.

Example 5.2.2 We show that this series converges uniformly on I, using the Abel criterion.

We pose

inx
e

We show that this series converges uniformly on I, using the Abel criterion. We set

Vx € Is; fo(x) = en(2)gn(x), with ey(z) = e and g, (z) = "7,
We have
(1) en(x) decreasing towards 0 because o €]0, 1].
(2) We have
Vn € N, sup |e (JU)\—L and lim | sup |ey(z)] | =
,meg " (n + 1)a n—>+00 azeg "

(3) Srggi(@) = 1+ 7% 4 ()2 + ... + (€)™ which is a sum of a geometric series with
1 — (eiyn+1
1—eix
e £ 1,Vx € I5. We must find an increase of | o gi(z)| which is independent of the variable

first term go(z) = 1 and reason q = €', we deduce that, Y 1, gi(z) = because

x and n, since !e”(”ﬂ)‘ =1 We have

1+‘em n+1)’ )
Zgz - ezm’ - |1_ez’z|‘
We have
|1 — et :\/(l—cosx)2+sin2x:\/1—2cosx+0082x+sin2:c
=2 - 2cosx = (/4sin? —2\sm —|
0
—2s1n§ because 0 < 5 g —§<7T
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Second case:

T x
The sine function is decreasing on [5, 77}, which allows us to deduce: sin 5 > sin(m— 5) > sinT,
. T 0
or we have sin(m — 5) = sin 7 Thus we obtain: |1 —e™| = 2sin — > 2sin —, since the inequalities
1

are the same in both cases, we deduce that: Y ; gi(x) < — 5 =5 = M. Then according

2sin — sin —

to Abel’s criterion, we deduce that the series of functions converges uniformly on I.

5.2.3 Normal convergence

Definition 5.2.6 Let > /2% fo, fu(z) : I — K (K=R or C) be a series of functions, we

say that this series is normally convergent on I if the numerical series: > || fnl| where ||fn] =
n

sup | fn(z)|, is convergent.

zel

Proposition 5.2.1 Let fi, fa: I — K, then || fi + fal| < [|f1ll + || f2]] (triangular inequality).

Theorem 5.2.2 If the series Z:i% fn converges normally on I; Then it is uniformly convergent

on I.

corollary 5.2.1 Let Zzi% n; fn i I — K be a series of functions; if there exists a convergent
positive-term numerical series % an, such that: ¥n,NYx € I,|fu(x)| < an, then the series

+9° fu is normally convergent on I.

(2 2
100 ' _ sin(z® +n®) . 1
Example 5.2.3 Let > "% fn such that; fn(z) = e have Vx € R;|fn(x)] < 3

And we have a, = we know that Z:i% an 18 convergent, therefore the series Z:i% fn is

n2

normally convergent, therefore uniformly convergent in R.

Remark 5.2.3 Normal convergence is stronger than uniform convergence. There exist uni-

formly convergent series which do not converge normally. [5]

5.2.4 Uniform convergence and properties of a series of functions
Continuity

Theorem 5.2.3 Let Z:{i‘a ns fn(z) : I — K be a series of functions uniformly convergent on

1. If all functions f, are continuous in xg € I, the sum S of the series is continuous in xg € I.
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corollary 5.2.2 If all functions f, are continuous on I and if Z:i% n 18 uniformly convergent

on I, then the sum is continuous on I.

Remark 5.2.4 The hypotheses are those of Theorem (3.2.16), we can therefore write:
+oo +oo +oo
i S foe) =3 fole) + 3 oo
n= n= n=

Generalization: If :i% fn is uniformly convergent on I, and if the finite limit lim f,(z) =
T—T0

an(wo € I) exists whatever n, the series "1 a, is convergent and we have:

+oo +o0 +o00
Jim S fu@) =D lim fu(@) + Y au(eo):
n=0 n=0 n=0

Remark 5.2.5 This result is often used to demonstrate that a given series is not uniformly

convergent by demonstrating that the sum function Sy (x) is discontinuous at a point.

Example 5.2.4 Study the uniform convergence of the series:

z? 4 o + o v
1+22 (14222 77 (1+22)"
$2
We have ZZ:(’) m, suppose x # 0, then the series is a geometric series of ratio 2 and
first term x2. Then S(z) = x? = 1422, If v = 0,5,(0) = 0, hence lim S, (0) = 5(0),
1+ —— v
1+ 22

on the other hand we have limO S(x) =1+# S(0) so S is discontinuous at the point x = 0. So

the convergence is not uniform.

Integration

Theorem 5.2.4 Let :Lri% ns fn L = [a,b] — K be a series of functions uniformly convergent

on [a,b]. If the functions f, are integrable in [a,b], then it is the same for the sum of the series

b b [+ +oo  .p
/aS(x)d:c:/a <n§fn(x)> dm:;/a Falz)dz.

Furthermore, the series Y 2% f: fn(z)dz converges uniformly on [a,b] towards [ S(t)dt.

and we have,

1
= ZZE%(—U%” and — = ;fi%(—l)”xm, converge uni-
xr

1
Example 5.2.5 We have
1+

formly on each interval [a,b] C] — 1, 1[, we can therefore integrate them term by term from 0 to
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x with |z| < 1. So,

+“’(_J)n$n+l +“’(_1)nxn

=2 ST Tl

+oo (_1)nm2n+1
arctanx = -
2n+1
n=0

Derivation

Theorem 5.2.5 Let :L:% n, fn : I — K be a series of functions whose general term f, are

continuously differentiable on [a,b](f, € C'([a,b],K). If

(a) S50 fn is convergent at a point z C [a,b],

(b) S+ () is uniformly convergent on [a,b]. Then, the series +eo () is uniformly
convergent on [a,b] and we have S = (20 fa) =35002% ().

Example 5.2.6 Let S5 £ such that fu(z) = ——— I = [0,1]; we have |fa()] < =
xample 5.2.6 Let Y %) fn such that fn(x = a0 ; we have |fu(2)] < —

1 .
because "™ < 1 therefore 2—3 is convergent, We have normal convergence hence uniform
n

convergence therefore simple convergence on [0,1]. Is the sum derivable?

(i) The functions f, are differentiable with continuous derivatives on [0,1]. Indeed; f,(z) =

mn—l

n?(1+ zm)?
(ii) The series Y20 f,, converges at least at a point of [0,1].

xnfl

(iii) The series of derivatives converges uniformly on [0,1]. Indeed; P21 o) <

an(x)‘ =

—5. Then the sum is therefore differentiable on [0,1] and we have: For
n

, +o0 ' +o0 i
ze0,1],S(z) = (Z fn@:)) = ful2).
n=0 n=0
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Chapter 6

ENTIGER SERIES

[ I \he theory of integer series allows the majority of usual functions to be expressed as
sums of series. We say that an analytic function is a series which can be expressed
locally as a convergent integer series. This makes it possible to demonstrate properties of these

functions, to calculate complicated sums and also to solve differential equations.

6.1 Definitions and properties

Definition 6.1.1 An integer series is a series of functions with Uy, (z) = anz"™ where a,, € C
and z € C. ay s the coefficient of order n, ag the constant term. By convention, we set
20 =1Vz € C. If Uy(z) = anx™ where a, € C and x € R, we speak of an integer series with a

real variable.

Proposition 6.1.1 - If there exists R € [0,4o00[ such that |z| < R, the general term series

Un(2) = apz™ converges.
- If |z| > R, the series diverges.

- Moreover 0 < |r| < R, the series converges normally on the closed disk D, = {z € C/|z| < r}.

Remark 6.1.1 We consider the entire series of general term Uy, (x) = apz"™

- If there exists R € [0, +o0[U{+00},) that is to say that R can take the infinite value, such that

x €] — R, +R|, the general term series Uy, (x) = apx™ converges.
- If |z| > R, the series diverges roughly.

- For normal convergence, it is enough to take r € [0, R[ and x € [—r,+r].
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Definition 6.1.2 R is the radius of convergence of the series. D, = {z € C/|z| < r} is the
convergence disk. By convention, we have Dy = 0 and Dioo = C. In the real case | — R, R| is

the convergence interval.

1
Proposition 6.1.2 - z'f hm /|an| = L € [0,400] then R = T

-1 i
¢,

=L € [0,4o00[ then R = Z

An+1
Qn

Example 6.1.1 Consider the entiger series of general term Uy (z) = nlz", with z # 0. To
an'H(z)

a”(2)
= (n+ 1)|z]. Or lirr+1 (n + 1)|z| = 400 therefore for all z # 0 the series

find out if this series converges, we use the D’Alembert criterion. Thus, we have:

(n 4 1)1z
nlzn

diverges, we say that the radius of convergence of this entire series is 0.

n

Example 6.1.2 Let the entiger series of general term Uy(z) = Z—a, with a € R. We have
n
an'H(z)

a"(z)

n n oo
e 1)oé|z| = (Tﬂ) |z ol |z|. So the convergence radius is R =1, (|z| < 1).

n

Example 6.1.3 Let the entiger series of general term U,(z) = % We have {/|Un(z)| =
n

% 7 0; Then the radius of convergence is R = 400 (convergence for all z). [5]
ne n—-—+oo

6.2 Operations on entiger series

We consider the entire series of general term Uy, (2) = a,2" and V,(z) = bp2" with convergence

radius R, and Ry respectively.

e If we consider the entire series of general term W,,(2) = ¢,2" = Uy, (2)+Vi(2) = (an+by)2"
Then R. > min(R,, Rp), moreover if R, # Ry, R. = min(R,, Rp).

o If we consider the entire series of general term W, (2) = dn2™ = Y723 Uy (2) + Vi (2) =

Zi% (akzk) (bn_kz”_k) = 2" :;i%(a — kby,_), then R. > min(R,, Rp)

Example 6.2.1 We consider the series S; = > 202" and Sy = >0 —2", We have Uy (2) =
2" Vi(z) = =2, (Vn,a, = 1,b, = —1), then Ry, = 1 and Ry = 1. So S = Y '° Ocnz =
o (an +bp)z" =320 (1 4 (—1))z" = 0, has convergence radius R, = 400 > min(Rg, Rp).

Example 6.2.2 We consider the series S; = S 20 2" R, = 1. We consider the entire series

defined as follows: bg = 1,by = —1, and Yn > 2,b, = 0, we deduce that: Sy = 1 — z which
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has convergence radius R, = +oo. If we calculate S = Sy x Sy we obtain Wy, (z) = d,z" =
Z" :i%(akbn,k), we deduces that: dy = agbg = 1,d1 = apgby + a1bg = —1 4+ 1 = 0 and therefore

Vn>1,d,=0,R; = 4o0.

6.3 Derivation and integration of integer series

Theorem 6.3.1 Let >0 a,2" be an integer series with sum f(z). The function z — f(z)

18 continuous in the convergence disk of the series.

Proposition 6.3.1 Let the entire series be defined by: S(z) = 2O apx” such that x €

n=0
| = R,+R|, where R is the radius of convergence. If the function S is CT>° then | — R, +R|

1 _ 400

alors S(x) = Y12 napa™t = 1% (n+ 1) ap12™. So, this new series also has a radius of

convergence R.

corollary 6.3.1 Let the entire series be defined by: S(z) = :{i% anz™ such that x €] — R, +R|,
n n+1
where R is the radius of convergence. We set T(x) = Y125 an_l% = > a, x—i— T The

n
radius of convergence of this series is also equal to R, and Vx €] — R, +R[,T(x) = S(z). [5]
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Chapter 7

FOURIER SERIES

I Fourier series are series of functions of a particular type, which are used to study periodic
functions. The idea is to express any 2m-periodic function as a linear combination
of simple 27-periodic functions, of the form cos(nz) or sin(nz), with n € N. This "linear

combination" will, in general, be an infinite sum, that is to say a series:

7.1 Definitions et proprieties

Definition 7.1.1 (trigonometric series) We call a trigonometric series a series of functions
> fn whose general term is of the form fy(z) = a, cos(nz) + by, sin(nx) with x € R and, for all

ne€N,a, € C and b, € C.

Propretie 7.1.1 (Convergence 1) If Y a, and > b, converge absolutely, then the trigono-

metric series »_ (ay cos(nzx) + by, sin(nz)) converges normally on R.

Propretie 7.1.2 (Convergence 2) If the sequences (ap)nen and (bp)nen are real, decreasing,
and tend towards 0 then, for all zg € R/277Z fized ) (a, cos(nxzg) + by sin(nxzg)) converges.
Moreover for all € > 0, Y (an cos(nz) + b, sin(nx)) converges uniformly on each interval of the

form [2nm 4 €,2(n + 1)we] with n € Z.
The proof of this property is an application of the uniform Abel rule. We then have:

Propretie 7.1.3 (Complex writing) Any trigonometric series:

Z (ap cos(nx) + by, sin(nz))

neN
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can be rewritten in the form Y ., cn€™ with cg = ag and Yn € N, ¢, =
an + iby,

5 Then, Vn € N,a,, = ¢, + c—p, and bn = i(c, — c_p).

When a trigonometric series converges uniformly on [—, 7], we can find its coefficients according

to its sum

Propretie 7.1.4 (Evaluation of the coefficients) Let > (a, cos(nx) + by, sin(nz)) be a tri-

gonometric series uniformly convergent on [—m,w]. Note,

S(x) = Z (an cos(nz) + by, sin(nx)),

neN

- 1
for x € R. Then ay = Q—f_ﬂ S(x)dz and for all n € N*, a, = = ["_S(x)cos(nx)dz and
7r m

by, = 1 J7_S(x) sin(nz)da.
™

Remark 7.1.1 1. S is an R — C function. We therefore have here integrals of func-
tions R — C to which we must give meaning. By definition, for f : R — C, ff f(x)dx =
JPRe(f(x))dz + i [P Tm(f(z))de.

2. We have no expression for by. In fact, since by is the coefficient of sin(0x) = 0, it has no

importance, we can choose for example by = 0.
If the trigonometric series is given by its complex writing, the expressions simplify:

Propretie 7.1.5 (Trigo-complexe serie ) Let ) _, cn €™ be a trigonometric series written
in complex form which converges uniformly on [—m;7]. Let us note, for all x € R,S(x) =

i 1 )
+00 e e Then fo?“ alln € Z, Cp = — ffﬁ S(.’L‘)efm‘rdx,

— n
n=-00 2

Remark 7.1.2 Since cos(nz) and sin(nz) are 2m-periodic, so S(x) is 2m-periodic. Because of
1 . .

this, we can change the integration interval: for alla € R, for alln € Z, ¢, = or 5+2 S(z)e " dx.
s

The same is true for a, and b,.

Now that we have studied trigonometric series, we can return to the initial program: given any

27m-periodic function, can we rewrite it as the sum of a trigonometric series? [5]

Definition 7.1.2 (Fourier series) Let f is 2m-periodic, Its Fourier series is by definition the

I ox
trigonometric series Y,y (an cos(nx) + b, sin(nx)) defined by ag = o I f(x)dz and for all
™
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1 . 1 . ) .
neNa, =— [ f(z)cos(nz)dr and b, = — ["_ f(z)sin(nx)dx, if these integrals are defined.
™ T

Or, equivalently, it is the trigonometric series written in complex form Y. _, c,e™ where, for

nez
1 )
allm € Z,¢c, = o ffw f(z)e"*dx. The coefficients a, and by, (or, equivalently cy,) are called

Fourier coefficients of f.

Propretie 7.1.6 (Parity) 1. Since f is 2w-periodic function, we can change the integration

interval to [o, o + 2], for all a € R.
2. If f is even, for alln € N;b, = 0.

3. If f is odd, for alln € N,a, = 0.

Analogously to what happens when we develop a function in integer series, given a function f

2m-periodic whose Fourier coefficients are defined, two questions arise:

1. Does the Fourier series of f converge?

2. If yes, does it converge to f f?

Unfortunately, as with entire series, the answer may be no to each of these questions. There is a
whole theory describing the convergence of the Fourier series under various assumptions about

f. Among this theory, we will retain for this course the following result:

Theorem 7.1.1 (Dirichlet Jordan) Let f be a 2w-periodic function continuous on [—m, ]
sexcept possibly at a finite number of points. We assume that at these points of discontinuity, f
admits a finite right limit and a left limit. Finally, we suppose that f admits at every point of
[—7, 7] a right derivative and a left derivative (finite). Then for all x € R, the Fourier series of
f is convergent at x and has the sum % < lim f(y)+ lim f(y)> . In particular, at any point

y—at y—T~

x where fis continuous, the sum of its Fourier series is f(x).

It is convenient to reinterpret the theory of Fourier series using the notions of vector space
and dot product. We can then retain certain aspects of the Fourier series by keeping in mind
the analogy with the simple vector space that is R?, which is equipped with the scalar product
Z.ij = x1y1+2x2y2- This analogy is written in a more natural way when we use the complex writing
of Fourier series. The space which, for Fourier series, plays the role of the vector space R? is

the set of periodic functions F = {f : R — C; 2 — and whose squareis integrable on [—m, 7]} .
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We can define a product on F (a function F x F — C) which will play the role of the scalar

product of R?:

Definition 7.1.3 (Scalar product) For f,g € F, we call the scalar product of f and g, and
we note (f,g) the complex number (f,g) = — f f(z)g(z)dx where g(x) denotes the conjugate

complex number of g(x).
When we have a scalar product, we can define a norm:

Definition 7.1.4 (Norm) Let f € F. We call the norm of f and we note || f|| the positive real
number || f[| = /(f, f)-

- >

Remark 7.1.3 The norm of R? is constructed this way from the scalar product: ||Z|| = VZ.Z =

2 2
V&7 + 5.

Propretie 7.1.7 (Orthonormal basis) The (infinite) set of functions {x — ™", n € Z} forms
an orthonormal basis (infinite) of F provided with the scalar product. Indeed we have already

seen that for all ng € Z,

1 (7 . lifn=ng
- £ o= IN0T (] — ’
2m

0 otherwise

which translates to:

. . lifn=ng
(emox7 emx) _
0 otherwise

which is the definition of an orthonormal family. The fact that this family contains enough

elements to be considered a base requires further development:

The difference between R? and F is that an orthonormal basis of R? contains only 2 ele-
ments while an orthonormal basis of F contains infinitely many elements. We say that F
is of infinite dimension. By analogy with R?, we say that we have decomposed f € F ac-
cording to the orthonormal basis {:13 e n € Z} if we found coefficients ¢, € Z such that

li H o +N inx
im0 = 212 e

= 0. The previous proposition asserts that this decomposition

is possible for all f € F. Then we get the following interpretation. [5]
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7.2 Geometric interpretation of Fourier series

Let f € F. Its Fourier series is nothing other than its decomposition according to the orthonor-
mal basis {x L = Z}. This interpretation allows us to retain the expression of the Fourier

coefficients of f:

Propretie 7.2.1 (Orthogonal projection) Let f € F. For all n € Z its Fourier coefficient

. . 1 .
¢cn, s the orthogonal projection of f on €™, i.e. ¢, = (f(x),e"™") = o f:r flx)e ™ dx.
T
Finally, this interpretation makes it possible to connect the norm of f with its Fourier coefficients:

Theorem 7.2.1 (Parseval-Bessel) Let f € F and {cp,n € Z} be its Fourier coefficients in
complex writing, {(an,bn),n € N} be its Fourier coefficients in real writing. Then the norm of

f verifies:

1. Bessel inegality: for all N € N,

- N
1P = (5.0 =5 [ f@F@dz> 3 lef
- n=—N

N

1
= |aol® + B > (anl? + [bal?).
n=1
2. Parseval egality:
~+00 1-i—oo
2 2 2 2 2
=(f,f)= cn|” = lao|” + = an|” + |bnl7).
1P = (0 = 3 fal® = o+ 5 3ol + )
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Chapter 8

LAPLACE TRANSFORMATION

[ I \he Laplace transformation is, along with the Fourier transformation, one of the most
important integral transformations. It intervenes in many questions of mathematical
physics, probability calculation, automation, etc., but it also plays a major role in classical

analysis. It very legitimately bears the name of Pierre-Simon Laplace (1749-1827).

8.1 Definition, convergence abscissa

Definition 8.1.1 Let f : [0, +o0o[ or ]0,+oo[— R or C be a piecewise continuous function on

any segment. We call the Laplace transform of f the function of a real or complex variable:
+oo "
Flo) = £0) = [ e

Let f: R — R or C be a piecewise continuous function on any segment. We call the Laplace

transform of f the function of a real or complex variable:

+oo

+oo
Fo) =)= [ e rmnma= [ e o

—00

where H(t) is the Heaviside function defined by H(t) =0 for ¢t < 0,1 for ¢ > 0.

The function f(t) is called original, object function, or causal function. The function F'(p) is

called the image of f(t). We note f(¢)]F(p) for this correspondence.

The following problems naturally arise:

e At what points is the function F' defined?
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e What are its properties within its domain of definition?

What are its properties at the edge of this domain?

What are the algebraic properties, differential and integral, of the Laplace transformation

L:f—F?

e Can we go back from F' to f? That is, is there an inverse Laplace transform?

Let us denote by D(f) the set of complexes p = a + ib such that the function t — e P! f(t)
is integrable on ]0, +oo[, that is to say f0+oo e PLf(t)dt is absolutely convergent. D(f) is called
the domain of absolute convergence of the Laplace transform. Like |e P! f(t)| = e ™| f(t)|,p €

D(f) <= a=Re(p) € D(f). Moreover, if p € D(f), then for all ¢ > a, e~% f(t) is integrable.

We deduce from this that the set D(f) is of one of the following four forms: [§]

@, C, {p;Re (p) €]A, +ool} or {p;Re (p) € [A, +oo[}.

The real A = a(f) is called the abscissa of absolute convergence of the Laplace transform. We

agree that A = 400 if D(f) =@ ,A = —o0 if D(f) = C.

Example 8.1.1 1) If f(t) = exp(t2), D(f) = @, because t — e Plet” is never integrable.

2) If f(t) = 0 or if f(t) = exp(—t2), D(f) = C, because t — e PLf(t) is always integrable.
3) If f(t) = 1 or H(t), D(f) = {p;Re (p) > 0} and L(1)(p) = LH)(p) = [ e P'dt = ]10-

4)IfF(8) = e or e H(t), D(f) = {p; Re (p) > a} and L(e™)(p) = L™ H(t))(p) = [, e*P)ldt =
1

p—a
3) 1 F(0) = 135 DU = {Re () 2 0.
6) I £(1) = = D(f) = {piRe ) > 0}

The following proposition gives a sufficient condition for a function f to have a Laplace transform:

Proposition 8.1.1 Let f :]0, +oo[— R or C continue piecewise on any segment. If the integral
fol |f(t)|dt converges, and if I(M,~, AVt > A|f(t)| < Me"t, D(f) is non-empty. The function

f is said to be of exponential order if it satisfies this last condition.
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8.2 General properties

In the following, we freely use the abusive notation F'(p) = L(f(t))(p) for f(¢)]F(p). The variable

p is assumed to be real.

Proposition 8.2.1 (linearity) If D(f) and D(g) are non-empty, D(af + Bg) is non-empty
and, on D(f) N D(g) :
Laf + Bg)(p) = aL(f)(p) + BL(9)(p)-

Proposition 8.2.2 (translation) If D(f) is non-empty, for all a, D(e”® f(t)) is non-empty
and L(e~f(t))(p) = () (p + ).

Proof. L(e ' f(t))(p) = [ e Ple ot f(t)dt = [T e~ P f(t)dt = (())(p+ o). m

Proposition 8.2.3 (delay) If D(f) is non-empty, a > 0,9(t) = f(t —a) fort > a fort < a,
and L(f(t —a))(p) = e 7 () (p).

Proof. L(g)(p) = [y e Pg(t)dt = [T e Pg(t)dt+ [[FePg(t)dt = [ e P f(t —a)dt =

10 Pt f(u)du = ¢ () (p). m

Proposition 8.2.4 (change of scale) Si D(f) is non-empty, D(f(at)) is non-empty for all
1
a>0, and L(f(at))(p) = - 0 (2).

Proof. £(f(at)(p) = [ e P f(at)dt = - [;7 e flw)du=~(L).

aO a a

Proposition 8.2.5 (derived from the image) If D(f) is non-empty, the function = F is of
class C* on the interval Ja(f), +oo[, and L(t"f(t))(p) = (_1)nF(n)(p)'

Proof. Here, the variable p is assumed to be real. Let p > a(f). Let us choose b such that
a(f) < b < p. The function e~ f(t) is integrable on ]0, +-0o[. As t"e P! |f(t)] = O(e b f(t)) at
V(400), each of the functions t"e P! f(t) is integrable. The parameter integral differentiation

theorem applies:
- Each function t — t"e P! f(t) is piecewise continuous and integrable;
- Each function p — t"e P! f(t) is continuous;

- For p > b > a(f),t"e Pt f(t) < Me~"|f(t)|, integrable upper bound. [6] m
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corollary 8.2.1 If f(t) has positive real values, F(p) is positive, decreasing, convex, and com-

pletely monotonic, in the sense that its n'" derivative has the sign of (—1)".

Proposition 8.2.6 (Image de la dérivée) If f is C' over Ry, then L(f)(p) = pF(p) — f(0).
If f is C? over R, then ﬁ(f)(p) = p?F(p) — pf(0) — f(O)

If f isC" over Ry, then L(f™)(p) = p"F (p)—(p"~ £(0)+p" 2 f(0)+. . .+pf =D (0)+£"=D(0)).
Proof. Just integrated by parts. m

Proposition 8.2.7 (Image of the integral) If D(f) is non-empty and if f is piecewise con-

tinuous L <fg f(u) du) (p) = F;p)

Proposition 8.2.8 (Convolution) Let f and g be two continuous functions [0, +oo]— C, ez-
ponential order, their convolution product fxg, defined by Vx > 0, (f*g)(zx fo (x—1t)g(t)dt

is continuous, of exponential order, and L(f * g)(x)(p) = L(f)(p).L(g)(p)-

Proof. The proof scheme, based on double integrals, is as follows:

+oo
ﬁU*ngMm:=/“ &7 (f % g) ()

:/+°°epr/fx—t dtd:p_//fx_t Ye P* dtda
— z/ Flz —t)g(t)e PEDePldtdy = 4/ Fla — t)g(t)e P e P dpdt

_ /0 o ( /t -t e® ep(xt)eptda:> dt
</t (z —t)e Pl t)d:L') (t) e Pdt
(

/0 p“du) (t) e Pdt = /O+Oo F(p)g(t)e Pdt

= F(p)G(p) = L(F) () £(9) ().

8.3 Table of usual Laplace transforms

Just as there are tables of usual primitives, tables of usual limited expansions, there exist tables

of Fourier transforms and tables of Laplace transforms of usual functions. In the table below,
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it is strictly necessary to indicate the convergence abscissa. From this table and the calculation
rules above, we deduce that the Laplace transformation induces an isomorphism of the vector
space of exponential-polynomials, that is to say the linear combinations of the functions t"e%

(a réel ou complexe), on the vector space of rational fractions of degree < 0. (See appendices).

8.4 Inverse Laplace transform

If f(t) has Laplace transform F(p), F' =, we symbolically write f = £7'F and we say that f is

a Laplace transform inverse of F.

Warning: the Laplace transformation is not injective!

e On the one hand, only the values taken by f(t) on ¢t > 0. come into play. The functions 1

and H(t) even have a Laplace transform.

e On the other hand, two functions which differ on R’ can have the same Laplace image.

A zero function almost everywhere has a zero Laplace transform.

The functions f(t) = e 2 and g(t) = 0 for t = 5, e~ for t # 5, even have a Laplace transform:

1

0() = 0) = ==

However, the Laplace transformation is injective if we restrict it to certain classes of functions:

exponential-polynomials, Lerch’s theorem...

8.5 Introduction to symbolic calculus

Symbolic calculus, or operational calculus, was invented by Heaviside to solve in particular
linear differential equations and systems, but also certain integral equations. It bridges the gap

between analysis and algebra. We will develop it using a few examples.

Example 8.5.1 (Solve the differential equation) 7+3y + 2y = t,y(0) = y(0) = 0. It is
a linear differential equation with constant coefficients. Let us denote F(p) = (Lf)(p) as the
Laplace transform of y(t).

L(§+ 3¢ + 2y)(p) = L(1)(p)
1

p(pF(p) — y(0)) — 4(0) + 3p(F(p) — y(0)) +2F(p) = pe
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3 1

(p2+3p+2)F(p)—4py(0)—y(0)Zp
1 1 11 31 1 1 1

F(p): 2/(.2 - 5 :*72_**"‘ - = .
P?(P>+3p+2) pPPlp+1)(p+2) 2p*> 4p p+1 4p+2

The decomposition into simple elements of the fraction allows us to go back to the causal function.

F(p) is Laplace transform of:

L3 1y
y(t)—Qt 4+e 1€

This method provides the correct result, but it poses problems of rigor. [7]

15t problem: does the solution y(t) have a Laplace transform? It would be necessary to show that
the solutions of linear differential equations with constant coefficients and with an exponential-
polynomial second member are all dominated by O(eM?) for a suitable M. This is indeed the

case.

274 problem: a uniqueness argument is missing to go back from F(p) to the source y(t). It would
be necessary to demonstrate that the Laplace transformation y(t) — F(p) is injective on a

sufficiently large class of functions (exponential-polynomials in particular).

Example 8.5.2 (Find the continuous function f from R in R) checking:
x
Vz e R f(x) =22 +/ sin(x — t) f(t)dt. (8.1)
0

It is a functional convolution equation, which is written:: f(x) = x? + (sin*f)(x). Let us

2 F
denote F(p) = ()(p) as the Laplace transform of f(z). It comes F(p) = — + > :{7)17

p
2 1
F(p) = — + —.F(p) is the Laplace transform of f(x) = 2+ Ex‘l. The converse is easy.
p p

NB : We could give a more rigorous and more basic direct solution. Indeed, s written:

S0

VeeR  f(z)=a?+sin(z) [y cos(t) f(t)dt —cos (z) [y sin () f(¢t)dt. We deduce that f is C*

and, step by step, CT°. If we differentiate it twice, we come across a differential equation. . .
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FOURIER TRANSFORMATION

9.1 Definitions

Let f: R? — C be a piecewise continuous function (or more generally locally integrable in the

Riemann sense). We will say that f belongs to the space L!(R?), if:

[ @l de < .

that is to say if the integral above is convergent. Likewise we will say that f belongs to the space
L2(RY) if:
[ @) s < o
R4

We notice

= [ 1f@ldo,  for 7 € LHR),

= ([ 5@ ae)" s for g e 2@y

The quantities || f|; and || f]|; are norms, that is to say that: || f+ gl|; < |fll; + llgll;» IAfll; =

IAl[£]l; and || f]l; =0 = f=0. For f € L'(R?), we set:

k) = /R e f()dr,  kERY

where k.x = Z?Zl k;z;. The function f is called the Fourier transform of the function f. We
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also write:

f=Ff o F(f),

where the transformation:

is called the Fourier transform. It is therefore an operator which transforms functions of the
variable z into functions of the variable k. If the variable x represents a position (its dimension
is therefore m), the variable k represents an impulse, its dimension is m~!. In signal processing,
we have d = 1, the variable x is denoted ¢ and has the dimension of a time (s), the variable k is

denoted and has the dimension of a frequency (s~1). [3]

9.2 Properties

We use the following notations: the symbol d,,, designates the derivation operator with respect
to x;:

Oz, f(x) := af(l')

The symbol z; denotes the multiplication operator by z;:

zjf(x) =z f(x).

We use the same conventions for the symbols 0k; and kj;, which act on functions of the variable

k.

Proposition 9.2.1 (1) if f € L'(R™), Ff is a continuous and bounded function on RY,

(2) si f € LY(RY) and z;f € LY(RY), Ff is a function of class C' and:

O, FF(k) = —iF () (k);

(3) if f € L*(R?) and 0,, f € L*(RY), then k;F f is bounded and:

ki F(f)(k) = —iF (e, f) (k).
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The thing to remember is that the Fourier transform F transforms the momentum operator

D; = i10, ;3 in the multiplication operator k; :

F(Dif) = ki F(f).

Proposition 9.2.2 (Link to convolution) Let f,g € L'(R?). We set:
) = £ +9(e) = | o= )atu)ds

The function f * g is called the convolution product of f and g. We have:
(1) fxg=g*/,
(2) f*geL'RY) and || f*glly < £l lglly;

(3) F(f *g)=F(f)F(g)

In other words, the Fourier transform transforms the convolution product into the ordinary

product of functions.

9.3 Table of usual Fourier transforms
We now give some Fourier transforms of usual functions:

1. We start with the case d = 1.

f@) =T_0a@, Ffk) = a

We recall that I7(x) designates the indicator function of the set I, equal to 1 if € I and

to 0 otherwise.

f)=eM a>0,  Ffk) = zﬁ.
f(z) = e%wz,a >0, Ff(k)= (21)%6_(171]62/2. (9.1)

a

(The Fourier transform of a Gaussian is a Gaussian).
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2. In any dimension d, the last formula generalizes:

d
flz) = efzilaiz?ﬂa Ff(k)= H(E)%efz?aflk?/z, for a; > 0.

W

3. For more details see the annexes.

9.4 Inverse Fourier Transform

Proposition 9.4.1 Let f € L'(R%) be a function such that f € L*(R%). So we have:

f(@) = (2m)~ /R e ).

We can rewrite this result as:

Flg(z) = (2m) / ¢ g (k) dk.

R4
where F~1 denotes the inverse Fourier transform, which transforms functions of the variable k

into functions of the variable z.

9.5 Application of Fourier transform to solve differential equa-

tions

A powerful application of Fourier methods is in the solution of differential equations. This is

because of the following identity for the FT of a derivative:

FT [19@)] = PT [”] — R FR)

dxzP

Thus applying a FT to terms involving derivatives replaces the differential equation with an
algebraic equation for f , which may be easier to solve. Let’s remind ourselves of the origin of
this fundamental result. The simplest approach is to write a function f(z) as a Fourier integral:
f(z) = [ f(k)exp(ikz)dk/27. Differentiation with respect to x can be taken inside the integral,
so that df /dz = [ f(k)exp(ikz)dk/2r. From this we can immediately recognise ik f(k) as the

FT of df /dz. The same argument can be made with a Fourier series.
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Fourier Transforms can also be applied to the solution of differential equations. To introduce
this idea, we will run through an Ordinary Differential Equation (ODE) and look at how we can

use the Fourier Transform to solve a differential equation.

Consider the ODE in Equation:

—y(t) = —g(t) (9.2)

We are looking for the function y(t) that satisfies Equation above. We know that we can
take the Fourier Transform of a function, so why not take the fourier transform of an equation?
It turns out there is no reason we can’t. And since the Fourier Transform is a linear operation,
the time domain will produce an equation where each term corresponds to the a term in the

frequency domain. Taking the Fourier Transform of Equation [9.2], we get Equation [0.3}

2 2
F (ddzgt)> — F(y(t)) = F(—g(t)) <= F (ddytgt>> —Y(f) = —G(f) (9.3)

Hence, Equation [9.3] becomes:

@2mif)?Y(f) = Y (f) = —G(f) (9-4)

Equation is a simple algebraic equation for Y'(f)! This can be easily solved. This is the
utility of Fourier Transforms applied to Differential Equations: They can convert differential

equations into algebraic equations. Equation can be easiliy solved for Y (f):

—G(f) _ G

Y(f)= @rif)—1  1+4r2f?

(9.5)

In general, the solution is the inverse Fourier Transform of the result in Equation [9.5] For this
case though, we can take the solution farther. Recall that the multiplication of two functions
in the time domain produces a convolution in the Fourier domain, and correspondingly, the
multiplication of two functions in the Fourier (frequency) domain will give the convolution in

the time domain. Hence, Equation [0.5] becomes:
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W)= P (0) = P (g 600
_ gl <1+41772f2> < F L (G())) (9.6)

Equation[0.6/might not look helpful, but note that we already know the inverse Fourier Transform
for the left-most inverse Fourier transform in the second line of it’s one half of the two-sided

decaying exponential function. Hence, we can start to simplify equation

)= (1 ) * PO = S 0

1 [ree
= 2/ 67‘t7T|g(T)dT

—00

Now for the fine print. When we went from Step 1 to Step 2, we assumed the Fourier Transform
for y(t) existed. This is a non-trivial assumption. You may recall from your differential equations
class that the solution should also contain the so-called homogeneous solution, when g(t) = 0:

APy (t)

2 yn(t) = 0 = yu(t) = cre! + ce™? (9.7)

The "total" solution is the sum of the solution we obtained in equation [9.6]and the homogeneous
solution yj, of equation[0.7} So why does the homogeneous solution not come out of our method?
The answer is simple: the non-decaying exponentials of equation [9.7] do not have Fourier Trans-
forms. That is, if you try to take the Fourier Transform of exp(t) or exp(—t), you will find the
integral diverges, and hence there is no Fourier Transform. This is a very important caveat to

keep in mind. [5]
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Chapter 10

Dirigated Works

10.1 Dirigated Work N°1 : (SINGLE, DOUBLE AND TRIPLE
INTEGRALS)

Exercise 10.1.1 Calculate the following integrals:

d d
/ x : /ZC, /sin2$cos zdz, /sin2 zdzx.
1—x x2 -3z —4

1. Calculate the following integrals (Using a primitive):

2 ) 2 5 1 e
rédz, z(x° 4+ 1) dx, / ———dx.
/. JEICED e

2. Calculate the following integrals (Using integration by parts):

e z 1
2
/ z? In zde, / x coszdr, / ze3®de.
1 0 0

3. Calculate the following integrals (Using variable change):

3 s

< dx v, 2, T
(x>0), x*va? —z2dx  (a > 0), sin(2z — g)dzz:
e 0 _

zlnx

INIE]
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Exercise 10.1.2 Calculate the following integrals:

doed 2 /3 2w 2 1 2y
// ey 55 //:L‘yda:dy, / / rdrdf, //:Cydasdy.
$ + y 0 2sin@ 0y—1

Exercise 10.1.3 Define the integration limits for/ f(z,y)dzdy, D being delimited by:
D

a)r=2,r=3,y=—-1,y=>5 b)y=0,y=1—22

c) B +y? =4 d) y=1m,y =2

Exercise 10.1.4 Calculate the following integrals:

a) ff|w+y|d:vdy, ou D = {(z,y) e R?/|z| < 1,|y| < 1}.
)ff1+ 7 dxdy, ot D = {(z,y) € R*/2? +y* < 1}.
)ff o dmdy, oaD:{(:U,y)E]RQ/:L‘>0,y>O,x+y<l}.

d) fDNded% ou D ={(z,y) ER2/0<y<az<1}.

Exercise 10.1.5 Calculate the area of the figure bounded by the curves:

a) D = {(z,y) € R2/y® = 20,y = x}; ¢) D= {(z,y) eR*/y* = dz,z +y =3,y > 0}

b) D= {(z,y) € R?/y =sinz,y =cosz,x=0}; d)D={(z,y) eR*/y? =4z +4,y> = —dz + 4}
Exercise 10.1.6 Calculate the volume bounded by the surfaces:

2 2 2
a)V:{(x,y,z)eR*"/ngg{(ﬁ%_l} D)V ={(r,y.2) eR/a* + 22 = B>y’ + 2 = R’} ¢) |

Exercise 10.1.7 Calculate the following integrals:
[ zdxdyd= oV ={(z,y,2) ER/z >0,y >0,2>0,z2<1—y? et x+y <1}
1%

fffa:yzdmdydz oV =A{(z,y,2) eR}/0 < z < 1,2® + y? < 2}

dxdydz oaV:{(x,y,z) ER3/0<:1:2+y2+22<1,0<x2+y2<z2,z>0}

1
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10.2 Dirigated Work N°2: (IMPROPER INTEGRALS)

Exercise 10.2.1 Calculate the following integrals:
+oo

1 +o00 1
1 l 1
/ mdﬁ:, /lnxdx, / Bdﬂf / Sln$d$ /\/:lni
0 0 0

0

+o0o +oo +oo a

Inzx zlnx arctan x x2
/_ 3/2dx, /2 sdz, /2 3/2dx, /2 — 2d33,
0 Vo (l—x) : (1+22) 4 (1+22) a?—x

Exercise 10.2.2 Study the nature of the following integrals:

+oo 1 +oo

dz dx

x®’ x®’ 1 —cosx)”
1 0 1 0
+o00 +oo ., +o00

Inx esme arctan x
dx, dx. ———dx.

r+e? NZ3 e

1 0 0

Exercise 10.2.3 Using the variable change, calculate the following integrals:

s

+oo +o0
/\/tan xdzx, / cos (e%) dx, / sin (:rQ) dx,
0 0 0

Exercise 10.2.4 Study the absolute convergence and the semi-convergence of the following in-

tegrals:
) 1
+oo 1\/xsin

/sinmdm’ / x2> de. /SIDCL‘ /\/Esmx
x? In(1+ 2z) x+1
0

1

Exercise 10.2.5 Determine the set of pairs («, 3) for which the generalized integral is conver-

gent:
+oo

1
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10.3 Dirigated Work N°3 : (DIFFERENTIAL EQUATIONS)

Exercise 10.3.1 (Homogeneous linear equations of the 1st order) Solve the following dif-

ferential equations:
y+4y=0

y(0)=2

Exercise 10.3.2 (No homogeneous linear equations of the 1st order) Solve the follow-

ing differential equations:

ry+y==x j+y=zexp(—x
). ] oty g BTy (=)

y(2)=0 y(0)=1

zy — 2y =24
2). 5). §+2y=a?

y(1) =1

9 —2

Y—2Yy= """
3). 1 + exp(—2x)

y(0) =2

Exercise 10.3.3 (Linear equations with separate variables) Solve the following differen-

tial equations:

20 +yy =0 g =

y(1)=1 ' y(0) =0 . y(1) =0
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Exercise 10.3.4 Solve the following differential equation on R:

(1+x2)gj+2my:ex+aﬁ.

Exercise 10.3.5 (Homogeneous linear equations of the 2nd order) Solve the following

differential equations:
1). 4+y=0 2). g4y =0 3). 24+9y—y=0 4). §—6y+9y=0.

Exercise 10.3.6 (No homogeneous linear equations of the 2nd order) Solve the follow-

ing differential equations:
1). §+y=22—-1. 2).  ¢-4y = 13 cos(3x).

3). 2§+y —y = 3cos(2z) — sin(2x). 4). §—6y+ 9y = 3.

10.4 Dirigated Work N°4: (Numerical series, Function sequences

and series, Integer series)

Exercise 10.4.1 Study the convergence of the following numerical series:

too 1] +oo 1 to4n + 3 too2npl oo (—1)"
’ Z ln(l + *)’ Z ) ) ( ) )
n:ln(n + 1) n=2 n n=0 T +1 n=1 T n=2 hl(ﬂ)
2
too (—1)" too  2n to/ n \" oo gntl
Z — 1\2° n’ Z ) Z n
n—=0 (272 1) n=1M + 2 n=1 \T + 1 n=1 3

Exercise 10.4.2 Consider the following sequence of functions:

fulw) = Y12

—m,%’é]o,‘i‘%}

1) - Study its simple convergence.

2) - Study its uniform convergence on [b,+oo[,b > 0.

Exercise 10.4.3 Let the sequence of functions be defined by:
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e—l‘
- >
1+ n2zx

1) - Study its simple convergence and its uniform convergence on [1,+o0[.

2) - Study the simple convergence of the series Y fn(x) on [1,+o00].
n>1

3) - Show that Y fn(x) converges normally on [1,400].
n>1

Exercise 10.4.4 1) - Determine the domain of convergence of the following integer series:

2) - We consider the entiger series f(z) = Eon (=2)" 2™,
n>
a) - What is the radius of convergence of f(x).
b) - What is the radius of convergence of g(x) = ZO (—=2)" 2.
n>
¢) - Deduce that f(x) = zg (z).

10.5 Dirigated Work N°5: (Fourier series, Fourier Transform,
Laplace Transform)
Exercise 10.5.1 (Ezplicit calculations of Laplace transforms) Calculate the Laplace transforms

of

the following functions:

ft) =1, f@t) =1, ft) =e™,
f(t) = sin(wt), f(t) = cos(wt), f(t) = tsin (wt),

Exercise 10.5.2 (Explicit calculations of inverse Laplace transforms) For each of the following

functions,

find a function f(t) such that L[f(t)] = F(p):

o=ty P ero@ry
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Exercise 10.5.3 (Application of Laplace transforms in the resolution of Diff Eqs)

We consider the differential equation:

f+29+y=cet
y(0) =0 , t>0.

9(0) = 2

Exercise 10.5.4 (Trigonometric form of Fourier series)
Calculate the Fourier series, in trigonometric form, of the 2mw-periodic function

f:R — R such that: f(z) = 2% on [0,2r[. Does the series converge to f?

Exercise 10.5.5 (Complex form of Fourier series)
Let f: R — R be the 2m-periodic function such that f(z) = €* for all x €] — 7, 7].
1. Calculate the complex Fourier coefficients of the function f.

2. Study the (simple, uniform) convergence of the Fourier series of f.

Exercise 10.5.6 (Fourier transform)
Let a > 0 and f be the function defined on R by f(zx) = e~

1. We consider a function g : R — R which is integrable and even. Show that:
g(w) = / g(z) cos(wzx)dx.
0

2. Use the previous question to calculate the Fourier transform of f.

+oo COS(WT)

3. With a particular value of a, deduce the value of the integral: 0 T+ o2
w

95

dw.



Bibliography

[11]

[12]

Allab, K., Eléments d’analyse, Tome 1 et 2, Edition O.P.U., (2007).

Appel, W., Mathématiques pour la physique et les physiciens!, 4éme Ed., H&K Edition,
Paris, (2008).

Aslangul, C., Des mathématiques pour les sciences, Concepts, méthodes et techniques pour

la modélisation, De Boeck, Bruxelles, (2011).
Benzine, R., Cours d’analyse premiére année, EPST, (2015).

Benseghir, A., Séries et équations différentielles pour la deuxiéme année, Poplycopie de

cours, Université Ferhat Abbas Setifl, (2018).

Belorizky, E., Outils mathématiques a l'usage des scientifiques et des ingénieurs, EDP

Sciences, Paris, (2007).

Chabloz, P., Cours d’Analyse I et II, Ecole Polytechnique Fédérale de Lausanne, (2013).
Esserhane, W., Cours d’analyse mathématique, ENSSEA, (2018).

Mehbali, M., Fonctions de plusieurs variables réelles Mathématique 2, (2015).

Nagle, R. K., Edward B. S., Fundamentals of Differential Equations, Addison-Wesley, 3éme

édition, (2012).
Giroux A., Analyse 2 note de cours, université de Montréal, (2004).

Kreyszig, E., Advanced Engineering Mathematics, Wiley, Upper Sadle River, NJ, 9éme
édition, (2006).

Veuillez, P., Cours fonctions de deux variables, (2012).

96



Annexs

97



MODULE CONTENT

UEF12 / F121
Series & Differential Equations

Chapter 1: Simple and multiple integrals: Reminders on the Riemann
integral and on the calculation of primitives. Double and triple inte-
grals. Application to the calculation of areas, volumes, etc.

Chapter 2: Improper integral: Integrals of functions defined on an un-
bounded interval. Integrals of functions defined on a bounded interval,
infinite at one of the ends.

Chapter 3: Differential equations: Ordinary differential equations of
the 1st and 2nd order. Elements of partial differential equations.

Chapter 4: Series: Numerical series. Sequences and series of functions.
Whole series, Fourrier series.

Chapter 5: Laplace transformation: Definition and properties. Appli-
cation to solving differential equations.

Chapter 6: Fourier Transform: Definition and properties. Application
to solving differential equations.
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Complément : « Surfaces dans I'espace »

1) Sphére : L’équation cartésienne d’une sphére
centrée en (Xo, Yo, Zo) et de rayon R est :
(x —x0)2 + (y —y0)? + (z — 29)* = R~

2) Ellipsoide : est une surface d’équation de la

x2  y?2 g2
forme.§+b—2+c—2— 1

3) COne : C’est une surface de I'espace d’équation de

2 2 2
T A
la forme: = + vz = 2

4) Paraboloide elliptique (bol) : est

2
, . X
d’équation dela forme: z = = +

Y
b2

5) Paraboloide hyperbolique : (3 selle) est

d’équation de la forme :

x2 2

y . . .
z= — —7;parun changement de variable I’équation

se transformeen z = x y

6) Hyperboloide a une nappe : d’équation de la

forme:

2 2 2

x° y° z

a2+b2_c2_

7) Hyperboloide a deux nappes : est
d’équation :
x2 yZ Z2

;-I‘P—C—Z-Fl:o
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inverse

1
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3
+
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N =
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b~
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_2
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