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Sets �A�wm�m�� 1.1

Definitions �§CA`� 1.1.1

T�rs� �Ktk� �wF .�y`� �A�� Yl� zy�rt��  ¤ , �A�wm�m�� P¶AO� «r�  � �¤A�nF

�whf� w¡ �@¡  wkyF ¤ Ah��Ð d� ¨� �A�wm�m�� �� Tym¡� �q� ¯ �A�wm�m�� �y� �A�®`��  �

.�yt�wm�� �y� (T��d�� ¤�) �ybWt��

We will try to explore the properties of sets, without focusing on a specific example. We

will quickly discover that the relationships between sets are no less important than the sets

themselves, and this will be the concept of the application (or function) between two sets.

1.1.1 : Definition - �§r`�

P¶AO� ¨� �rtK� ¨t��¤ �dy�  d�m�� r}An`�� ¤� r}An`�� �� T�wm�� �� CAb� �A�wm�m��

T�rtK�

Sets are a collection of well-defined objects or elements that share common properties

1.1.1 : Example - �A��

{0, 1}; {�CE� blue,rm�� red}; N = {0, 1, 2, 3, . . .}
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Notations �Ayms�

.rOn� ©� Yl� ©wt�� ¯ T�wm�� �� ∅ z�r�A� Ah� z�r� Ty�A� T�wm�� ¨ms� (1

We call an empty set denoted by ∅, every set does not contain any element.

¨mtn§ ¯ x rOn`��  � TySq�� £@¡ ¨f� , x ∈ E 	tk� ¤ E T�wm�m�� �� rOn� x  � �wq� (2

x /∈ E. 	tk� ¤ E T�wm�ml�

We say that x is an element of the set E and we write x ∈ E, the negation of this case

that the element x does not belong to the set E and we write x /∈ E.

.zym� Ty}A� �hW�r� Tny`� r}An� �ym�� ¨¡ ¤ ,T�wm�� �§wkt� «r�� �rV �An¡ (3

There are other ways to form a set, which is to group certain elements that have a

distinctive feature.

2.1.1 : Example - �A��

{x ∈ R, |x− 2| < 3} ,{
z ∈ C, z2 = 1

}
,

{x ∈ R, − 1 ≤ x ≤ 2} = [−1, 2].

Distinguishing feature of set T�wm�ml� zymm�� Ty}A��� 2.1.1

2.1.1 : Definition - �§r`�

ry�  wk� d� Am� Tyhtn�  wk� d�¤ A¡r}An� ¨� C�rk� d�w§ ¯ ©� Tflt�� T�wm�m�� r}An�  wk�

.Tyhtn�

The elements of the set are different, that is, there is no repetition in its elements, and it

may be finite or infinite.
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3.1.1 : Example - �A��

The set of level points ©wtsm�� ªAq� T�wm�� (1

The set of natural numbers N N Ty`ybW��  �d�±� T�wm�� (2

The set E defined as follows ¨l§ Am� T�r`m�� E T�wm�m�� (3

E = {e ∈ N, 0 ≤ e ≤ 20} .

Subset Ty¶z��� T�wm�m�� 3.1.1

3.1.1 : Definition - �§r`�

AS§� w¡ A �� rOn� ��  A� �Ð� E �� Ty¶z� T�wm�� ¨¡ A  � �wq� , E ¤ A �yt�wm�m� Tbsn�A�

.x ∈ A �k� x ∈ E An§d�  A� �Ð� A ⊆ E z�r�A� Ah� z�r�¤ .E rOn�

For two sets A and E we say that A is a subset of E if each element of A is also an element

of E. In formal notation A ⊆ E if for all x ∈ A we have x ∈ E.

we write 	tk�¤

A ⊆ E ⇔ ∀x ∈ A ⇒ x ∈ E.

Ty�At�� Q�w��� An� �q�t� �y�

Where the following properties are achieved

ϕ ⊂ E. (1

E ⊂ E. (2

Ty¶z��� �A�wm�m�� �ym� ¨¡ A¡r}An� d§d� T�wm�� �§wk� �yWts� E T�wm�m�� �� A�®W��

.P (E) z�r�A� Ah� z�r�¤ T�wm�ml�

Starting from the set E, we can create a new set whose elements are all the subsets of the

set E and denote it by P (E).
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4.1.1 : Example - �A��

Let the set T�wm�m�� �kt�

E = {1, 2, 3},

¨¡ T�wm�m�� £@¡ º�z�� T�wm��  ��

The set of parts of this set is

P (E) = {ϕ,E, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}.

Complementary set T�wm�� Tþmmt� 4.1.1

4.1.1 : Definition - �§r`�

E T�wm�m�� ¨� A T�wm�m�� Tmmt� ¨ms� ,E T�wm�m�� �� Ty¶z� T�wm�� A T�wm�m�� �kt�

	tk�¤ ∁EA ¤� E \ A z�r�A� Ah� z�r� ¨t��

Let the set A be a subset of the set E, we call the complement of the set A in the set E which

we denote by E \ A, A or ∁EA and write

∁EA =
{
x ∈ E | x /∈ A

}
.

A ∁EAE

5.1.1 : Example - �A��

�y� A ¤ E T�wm�m�� �kt�
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Let the sets E and A where

E = {1, 2, 3, 4, 5}, A = {2, 3},

¨¡ E T�wm�m�� ¨� A T�wm�m�� Tmmt� ¢n�¤

then the complement of the set A in the set E is given

A = {1, 4, 5}.

Difference of sets �A�wm�m�� �r� 5.1.1

5.1.1 : Definition - �§r`�

©@�� B ¤ A �yt�wm�m�� �r� �r`� ,E T�wm�m�� ��  Aty¶z�  At�wm�� B ¤ A T�wm�m�� �kt�

	tk�¤ A−B ¤� A⧸B z�r�A� ¢� z�r�

Let the sets A and B two subsets of the set E, we know the difference of the two sets A and

B which we denote by A⧸B or A−B and write

A⧸B = A−B = {x ∈ A ¤ x /∈ B}.

6.1.1 : Example - �A��

�y� A ¤ E T�wm�m�� �kt�

Let the set E and A where

E = {1, 2, 3, 4, 5}, A = {1, 2, 3}, B = {3, 4, 5}

then ¢n�¤

A−B = {x ∈ A ¤ x /∈ B},

= {1, 2}
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and ¤

B − A = {x ∈ B ¤ x /∈ A},

= {4, 5}

¨l§db� Hy� �A�wm�m�� �y� �rf��  � ^�®�

We note that the difference between the sets is not commutative.

6.1.1 : Definition - �§r`�

©@�� .Xq� d��¤ T�wm�� ¨�  w�wm�� r}An`�� T�wm�� w¡ B ¤ A �yt�wm�� �y� ©rZAnt�� �rf��

	tk�¤ .A∆B z�r�A� ¢� z�r�

The symmetric difference of two sets A and B is the set of objects that are in one and only

one of the sets. The symmetric difference is written A∆B.

A∆B = (A−B) ∪ (B − A).

7.1.1 : Example - �A��

¢n�¤ ��As�� �A�m�� �� A ¤ E T�wm�m�� �kt�

Let the sets E and A from the previous example, then

A∆B = (A−B) ∪ (B − A)

= {1, 2} ∪ {4, 5}

= {1, 2, 4, 5}

.¨l§db� �A�wm�m�� �y� ©rZAnt�� �rf��  � ^�®�

We note that the symmetric difference between the sets is commutative.

1.1.1 : Theorem - T§r\�

AS§� ¢�As� �km§ ©rZAnt�� �rf��  �� ,E T�wm�m�� ��  Aty¶z�  At�wm�� B ¤ A T�wm�m�� �kt�

:Ty�At�� T�®`�A�

Let A and B be subsets of the set E, the symmetric difference can also be calculated with the
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following relation:

A∆B = (A ∪B)− (B ∩ A) .

Operations on sets �A�wm�m�� Yl� �Aylm`�� 6.1.1

Union and intersection �VAqt�� ¤  A��³�

7.1.1 : Definition - �§r`�

Let E and F be two sets . At�wm�� F ¤ E T�wm�m�� �kt�

	tk�¤ E ∪ F z�r�A� F ¤ E �yt�wm�m��  A��³ z�r� (1

We denote the union of the two sets E and F by E ∪ F and write

E ∪ F = {x : x ∈ E ∨ x ∈ F} .

.(¤�) �rq§ ¤ ¨qWnm�� �Of�A� ∨ z�r�� Yms§

The symbol ∨ is called the logical separator and reads (or).

	tk�¤ E ∩ F z�r�A� F ¤ E �yt�wm�m�� �VAqt� z�r� (2

We denote the intersection of the two sets E and F as E ∩ F and write

E ∩ F = {x : x ∈ E ∧ x ∈ F} .

.(¤) �rq§ ¤ ¨qWnm�� �}w�A� ∧ z�r�� Yms§

The symbol ∧ is called a logical join and reads (and).

�� Tlm�  A��� ¤ �VAqt� z�r� ¤ �yt�wm�� �� r��� A� ¨�  Af§r`t��  �@¡ �ym`� �km§ (3

.	y�rt�� Yl�
n⋂

i=1

Ei ¤
n⋃

i=1

Ei z�r�A� Ei �A�wm�m��

These two definitions can be generalized in the case of more than two sets, and we

denote the intersection and union of a set of sets Ei by
n⋃

i=1

Ei and
n⋂

i=1

Ei, respectively.
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Properties Q�wþþþ�

.Ty�At�� Q�w��� An§d� ,E T�wm�m�� �� Ty¶z� �A�wm�� �®� C ¤ B , A �kt�

Let A, B and C three subsets of the set E, we have the following properties.

Commutative property Tyl§dbt�� Ty}A��� (1

A ∩B = B ∩ A ◦

A ∪B = B ∪ A ◦

Associative property Ty`ym�t�� Ty}A��� (2

A ∩ (B ∩ C) = (A ∩B) ∩ (A ∩ C) ◦

A ∪ (B ∪ C) = (A ∪B) ∪ (A ∪ C) ◦

Distributive property Ty`§Ewt�� Ty}A��� (3

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) ◦

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) ◦

Complement property �mtm�� Ty}A� (4

∁ (A ∩B) = ∁A ∪ ∁B ◦

∁ (A ∪B) = ∁A ∩ ∁B ◦

∁
(
∁A

)
= A ◦

∁A ∩ A = ϕ ◦

∁A ∪ A = E ◦

Cartesian product ¨�CAk§d�� º�d���

8.1.1 : Definition - �§r`�

,F✕E z�r�A� ¢� z�r§¤ ,F ¤ E �yt�wm�� º�d�� �AyRA§r�� ¨� �lW§ �F� w¡ ¨�CAk§d�� º�d���

Y�� ¨�A��� A¡rOn� ¨mtn§¤ E T�wm�m�� Y�� �¤±� A¡rOn� ¨mtn§ ¨t�� Tb�rm�� ��¤E±� T�wm�� ©�

�@¡ AqlW� Tylyl�t�� TFdnh�� HyF�t� �A� ©@�� �CAk§ ¢yn§C Y�� Tbs� ��@� ¨mF .F T�wm�m��

	tk� ¤ �A�wm�m�� º�d� �� �whfm��

The Cartesian product is the mathematical term for the product of two sets E and F ,
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denoted by E✕F , which is the set of ordered pairs whose first element belongs to E and

second element belongs to F . It is named after René Descartes who established the

foundations of analytical geometry, introducing this concept of product of sets.

We can write it as

E✕F = {(x, y) | x ∈ E ∧ y ∈ F} .

1.1.1 : Remark - T\�®�

z�r�A� A¡dn� ¢� z�r� �A�wm�m�� �� Tlm�� ¤� �yt�wm�� �� r��± ¨�CAk§d�� º�d��� �ym`� �km§

	tk� ¤

n∏
i=1

Ei

The Cartesian product can be generalized to more than two sets or to a collection of sets

denoted by
n∏

i=1

Ei, which is the set of ordered n-tuples whose i-th element belongs to the set

Ei. We can write it as:

n∏
i=1

Ei = {(x1, x2, ..., xn) | xi ∈ Ei, i = 1, ..., n} .

8.1.1 : Example - �A��

We have the following examples Ty�At�� Tl��±� An§d�

R2 = R✕R =
{
(x, y) | x, y ∈ R

}
the plane ©wtsm�� (1

[0, 1]✕R =
{
(x, y) | 0 ≤ x ≤ 1, y ∈ R

}
(2

[0, 1]✕[0, 1]✕[0, 1] =
{
(x, y, z) | 0 ≤ x, y, z ≤ 1

}
(3

x

y

0 1

x

y

z

0 1

1
1
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Properties Q�wþþþ�

.Ty�At�� Q�w��� An§d� ,E T�wm�m�� �� Ty¶z� �A�wm�� �®� C ¤ B ¤ A T�wm�m�� �kt�

Let the set A, B, and C three subsets of the set E, we have the following properties.

(A ∪B)✕C = (A✕C) ∪ (B✕C) (1

(A ∩B)✕C = (A✕C) ∩ (B✕C) (2

Set fragmentation T�wm�� T¶z�� 7.1.1

9.1.1 : Definition - �§r`�

E1, ..., En  � �wq� E �� Ty¶z� �A�wm�� E1, ..., En �kt� ¤ Ty�A� ry� Tyfy� T�wm�� E �kt�

Ty�At�� ª¤rK�� qq�� �Ð� Xq�¤ �Ð� E T�wm�ml� T¶z�� �kK�

Let E be a non-empty set and let E1, ..., En be subsets of E We say that E1, ..., En form

a fragmentation of the set E if and only if the following conditions are met

∀i ∈ {1, ..., n} : Ei ̸= ϕ (1

∀i ̸= j : Ei ∩ Ej = ϕ (2

n⋃
i=1

Ei = E (3

Finished set Tyhtn� T�wm�� 8.1.1

10.1.1 : Definition - �§r`�

	tk� ¤ E T�wm�m�� ¨l}�� n  d`�� ¨ms� .n ∈ N A¡r}An�  d� Tyhtn� T�wm�� E �A� �Ð�

If E is a finite set whose number of elements is n ∈ N. We call the number n by the order
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or cardinal number of a set E and write

Card(E) = n

9.1.1 : Example - �A��

Let the set T�wm�m�� �kt�

E = {1, 2, 3, 6, 9, 11},

then, the cardinal number of the set E is w¡ E T�wm�m�� ¨l}�  ��

Card(E) = 6.

2.1.1 : Remark - T\�®�

ry� ©�) r}An`�� ��  ¤d�� ry�  d� Yl� ©wt�� �A� �Ð� Tyhtn� ry� Ah�� T�wm�� �� �wq�

.( ¤d`�

We say that a set is infinite if it contains an unlimited number of elements.

Properties Q�wþþþ�

Card(ϕ) = 0. (1

Card(A ∪B) = Card(A) + Card(B)− Card(A ∩B) (2

2.1.1 : Theorem - T§r\�

Ah¶�z�� T�wm�� r}An�  d�  �� n ∈ N A¡r}An�  d� Tyhtn� T�wm�� E T�wm�m�� �A� �Ð�

: w¡ P (E)

If the set E is a finite set whose number of elements is n ∈ N, then the number of elements
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of the set of its parts P (E) is:

Card(P (E)) = 2Card(E) = 2n.

10.1.1 : Example - �A��

Let the set T�wm�m�� �kt�

E = {1, 2, 3},

then: :  ��

P (E) = {ϕ,E, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3.

we remark that: :  � ^�®�

Card(P (E)) = 2Card(E) = 23 = 8.

.Tb�rm�� Ty¶An��� £@¡  �r�� ¤� ��¤E±� �y� T�®`�� �� ryb`t�� : Ty¶An��� T�®`�� ¨ms�

We call the binary relationship: the expression of the relationship between pairs or members of

this ordered pair.

Definition of relationship T�®`�� �§r`� 9.1.1

11.1.1 : Definition - �§r`�

T�wm�� Ah��� B T�wm�m�� Y�� A T�wm�m�� �� Ty¶An��� T�®`�� �r`� ,�yt�wm�� B ¤ A �kt�

: 	tk� (x, y) Ty¶An� �� ��� �� ,(R) z�r�A� Ab�A� Ah� z�r� ¤ B ¤ A þ� ¨�CAk§d�� º�d��� �� Ty¶z�

Let A and B be sets, we define the binary relation from set A to set B as a subset of the

Cartesian product of A and B and often denoted by (R), for each binary (x, y) we write:

. y �� T�®� Yl� x  A� �Ð� (xRy) (1)

(xRy), if x is in relation to y.

. y �� T�®� Yl� Hy� x  A� �Ð� (x⧸Ry) (2)
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(x⧸Ry), if x is not related to y.

Relationship on set T�wm�� Yl� T�®`��

12.1.1 : Definition - �§r`�

¨ms� An��� B T�wm�m�� Y�� A T�wm�m�� �� T�®� (R) �A� �Ð� ,�yt�wm�� B ¤ A �kt�

T�®`�� �q�� ¨t�� �Ay¶An��� T�wm�� ¨ms�¤ ,T�®`l� T§�db�� ¤� �®W�¯� T�wm�m� A T�wm��

.B ¤ A þ� ¨�CAk§d�� º�d��� �� ºz� ¨¡¤ ,T�®`l� T§Ahn�� ¤� �w}w�� T�wm�m� T�®`�� «dm�

Let A and B be two sets. If R is a relation from the set A to the set B, then we call the set

A the domain or the starting set of the relation, and we call the set of ordered pairs that

satisfy the relation the range or the end set of the relation, which is a subset of the Cartesian

product of A and B.

Inverse relationship Tysk`�� T�®`��

13.1.1 : Definition - �§r`�

T�®`�� ¤� (R) xwk`� �r`� An��� B T�wm�m��w�� A T�wm�m�� �� T�r`m�� T�®`�� (R) �kt�

.A T�wm�m��w�� B T�wm�m�� �� T�®� Ah�� Yl� �r`�¤ (R−1) z�r�A� Ah� z�r�¤ Tysk`��

Let (R) be a relation defined from set A to set B. We define the inverse (R−1) of R as a

relation from set B to set A.

11.1.1 : Example - �A��

Find the inverse of the relationship T�®`�� xwk`� d�¤�

R = {(1, y), (1, z), (3, x)}

¨¡ TFwk`�� T�®`�� .{x, y, z} = B T�wm�m�� w�� {1, 2, 3} = A T�wm�m�� ��
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From the set {1, 2, 3} = A towards the set {x, y, z} = B. The inverse relationship is

R−1 : B −→ A

= {(y, 1) , (z, 1) , (x, 3)}

Relationship properties �A�®`�� Q�w� 10.1.1

Reflexive property TyFAk`�³� Ty}A���

T�®� (R) T�®`�� �kt�¤ ,y ∈ E ¤ x ∈ E :�y� (x, y) Ty¶An��� �kt� ¤ Tyfy� T�wm�� E �kt�

:Ty�At�� Q�w��� �r`� .E T�wm�m�� ¨� T�r`�

Let E be a qualitative set and let the binary (x, y) where: x ∈ E and y ∈ E, and let (R) be a

relation defined in the set E . We define the following properties:

14.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� TyFAk`�� T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is a reflexive relation if the condition is met

∀x ∈ E : xRx.

Symmetric property T§rZAnt�� Ty}A���

15.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� T§rZAn� T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is a symmetric relation if the condition is met

∀(x, y) ∈ E✕E : xRy =⇒ yRx.
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Antisymmetric property T§rZAnt�� dR Ty}A���

16.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� T§rZAn� dR T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is an antisymmetric relation if the condition is met

∀(x, y) ∈ E✕E : (xRy ∧ yRx) =⇒ x = y.

Transitive property T§d`tm�� Ty}A���

17.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� T§d`t� T�®� Ah�� (R) T�®`�� �� �wq� ¤

We say about the relation (R) that it is a transitive relation if the condition is met

∀(x, y, z) ∈ E✕E✕E : (xRy ∨ yRz) =⇒ xRz.

Equivalence relationship ¥�Akt�� T�®� 11.1.1

	y�rt�� T�®�¤ ¥�Akt�� T�®� Am¡ �ytyFAF� �yt�®�  µ� �r`�

We define now two basic relationships, the equivalence and the order relationship

18.1.1 : Definition - �§r`�

¨l§ A� �q�� �Ð� ¥�Aþþk� T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is an equivalence relation if the following is true

(R) is a reflexive relation. .TyFAk`�� T�®� (R) (1)

(R) is a symmetric relation. .T§rZAn� T�®� (R) (2)

(R) is a transitive relation. .T§d`t� T�®� (R) (3)
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12.1.1 : Example - �A��

.¥�Ak� T�®� ¨¡ T�wm�� ©� Yl� (=) T�®� (1)

The (=) relation on any set is an equivalence relation.

.¥�Ak� T�®� ¨¡ �Amyqtsm�� T�wm�� Yl� ©E�wt�� T�®� (2)

The relation of parallelism on the set of straight lines is an equivalence relation.

.¥�Ak� T�®� sy� ¨¡ �Amyqtsm�� T�wm�� Yl� d�A`t�� T�®� (3)

The relation perpendicular to the set of straight lines is not an equivalence relation.

.A� �kK� Th�AKtm�� r}An`�� �nO� Ah�� ¥�Akt�� T�®� º�C¤ T�A`�� rkf��

The general idea behind the equivalence relation is that it classifies elements that are similar

in some way.

3.1.1 : Remark - T\�®�

T·�Akt� Ty¶z� T·� ��  wk� �y� ,T·�Akt� �A·� Y�� T�wm�m�� ¥�Akt�� T�®� �sq� �AyRA§r�� ¨�

.T�®`�� 	�wm� {`b�� AhS`� �� T·�Aktm�� r}An`�� �ym� ��  wkt� ¨t�� Tyl}±� T�wm�m�� ��

 �¤ ,¨¶An� �kK� TlOfn�¤ ,T�CA� ry� Ah�� ¨n`§ Am� ,Tyl}±� T�wm�ml� T¶z�� ¥�Akt�� �A·� �kK�

.Tyl}±� T�wm�m�� w¡ A¡ A���

In mathematics, an equivalence relation divides the set into equivalence classes, where each

equivalence class is a subset of the original set consisting of all elements that are equivalent

to each other under the relation. The equivalence classes form a partition of the original set,

meaning that they are non-empty, pairwise disjoint, and their union is the original set.

Equivalence class ¥�Akt�� �n}

19.1.1 : Definition - �§r`�

.a ∈ E �ky� ¤ E T�wm�m�� ¨� ¥�Ak� T�®� (R) �kt�

Let (R) be an equivalence relation in the set E and let a ∈ E.

¨l§ Am� ȧz�r�A� ¢� z�r� ©@�� a rOn`�� ¥�Ak� �n} �r`�
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We define the equivalence class of the element a denoted by ȧ as follows

ȧ = {x ∈ E : xRa}

13.1.1 : Example - �A��

The following relationship: : Ty�At�� T�®`��

∀x, y : xRy ⇔ x2 − y2 = x− y

It is an equivalence relationship. .¥�Ak� T�®� ¨¡

.xRy �y� R �� y r}An`�� �� ��b� .x ∈ R �ky�

Let x ∈ R. We are looking for the y an elements of R where xRy.

:�kK�� Yl� Aht�At� �km§ �y� . (y) ¨� x2 − y2 = x− y T� A`m�� �wl� d��  � 	�§

We have to find the solutions to the equation x2 − y2 = x− y in (y). Where it can be written

in the form:

(x− y)(x+ y)− (x− y) = 0 ⇔ (x− y)(x+ y − 1) = 0.

Its solutions are y = x and y = 1− x. .y = 1− x ¤ y = x ¨¡ Ah�wl�

¨� .x = 1− x ⇔ x = 1/2 �k§ �� A� , �§rOn� ��  wkt§ {x, 1− x}. w¡ x rOn`�� ¥�Ak� �n} ¢n�¤

.{1/2} T�wm�m�� w¡ ¥�Akt�� �n} T�A��� £@¡

Hence the class of element valence x is {x, 1− x}. consisting of two elements, unless

x = 1− x ⇔ x = 1/2. In this case the class of equivalence is the set {1/2}.

Ranking relationship 	y�rt�� T�®� 12.1.1

�A�®`�� �� Tflt�m�� ��w�±� TF�Cd� �th§ ©@�� �AyRA§r�� �¤r� �� �r� ¨¡ 	y�rt�� T§r\�

�bs§ ¤� �� ��� rOn� ©�  wk§ Yt� Ah�®� �� �wq�� �km§ Tyby�r� Tyn� ¨W`� ¨t�� Ty¶An���

.r�µ� rOn`��

Order theory is a branch of mathematics that focuses on studying the various types of binary

relations that give rise to a structural ordering, which can be used to determine when any given

element is less than or precedes another element.
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20.1.1 : Definition - �§r`�

¨l§ A� �q�� �Ð� E T�wm�m�� ¨� 	y�r� T�®� (R) T�®`��  � �wq�

We say that the relation (R) is a ordering relation on the set E if the following is satisfied:

(R) is a reflexive relation. .TyFAk`�� T�®� (R) (1)

(R) is an asymmetric relation. .T§rZAn� dR T�®� (R) (2)

(R) is a transitive relation. .T§d`t� T�®� (R) (3)

Tyhtn� �A� �Ð� Tyhtn� Tb�r� T�wm�m��  � �wqn� .	y�r� T�®`� T�wm�m�� d§¤z� T�A� ¨�

 At`m�� ¨�Ayb�� �y�mt�� C�r� Yl� ,Hasse xA¡ ¨WyW�� �FC �kJ ¨� Ay�Ay� Ahly�m� �km§ Ð� dn�

�km§ ¢��� Tyhtn� ry� T�wm�m�� �A� �Ð� A�� .Ahyl� T�whs� �m`�� �� �km§ A� ,�Cw�� Yl�

.Xq� Ahn� ºz� �y�m�

In the case of equipping a set with an ordering relation, we say that the set is a finite partially

ordered set if it is finite and can be represented graphically in the form of a Hasse diagram,

similar to the usual graphical representation on paper, which makes it easy to work with.

However, if the set is infinite, only a part of it can be represented.

14.1.1 : Example - �A��

: 	y�r� T�®� ¨¡ R ¤ Q ,Z ,N ¨�≪ ©¤As§ ¤� �� r�}�≫ T�¤r`m�� T�®`��

The relation ”less than or equal to” in N, Z, Q, and R is an ordering relation.

Reflexive TyFAk`�� •

∀x : x ≤ x,

Asymmetric T§rZAn� dR •

∀x, y : x ≤ y ¤ y ≤ x =⇒ x = y,

Transitive T§d`t� •

∀x, y, z : x ≤ y ¤ y ≤ z =⇒ x ≤ z.
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15.1.1 : Example - �A��

T�wm�� P(E) T�wm�m�� ¨� 	y�r� T�®� ¨¡ ⊂ º�wt�³� T�®�  �� ,�A�wm�m�� T§r\� ¨�

: E T�wm�m�� º�z��

In set theory, the inclusion relation ⊂ is a order relation on the set P(E), the set of all

subsets of E.

Reflexive TyFAk`�� •

∀A ⊂ P (E) : A ⊂ A,

Asymmetric T§rZAn� dR •

∀A,B ⊂ P (E) : A ⊂ B and B ⊂ A =⇒ A = B,

Transitive T§d`t� •

∀A,B,C ⊂ P (E) : A ⊂ B and B ⊂ C =⇒ A ⊂ C.

Total order relation ¨lk�� 	y�rt�� T�®� 13.1.1

.E T�wm�m�� ¨� 	y�r� T�®� (R) �kt�

Let (R) be a relation of order on the set E.

21.1.1 : Definition - �§r`�

¨l§ A� �q�� �Ð� E T�wm�m�� ¨� ¨l� 	y�r� T�®� (R) T�®`��  � �wq�

We say that the relation (R) is a total order relation in the set E if the following conditions

are satisfied:

∀(x, y) ∈ E✕E : (xRy ∨ yRx).

Brahim Brahimi-Jihane Abdelli 28 University of Mohamed Kheidar, Biskra



Sets theories �A�wm�m�� �A§r\� Mappings �AqybWt�� .2.1

16.1.1 : Example - �A��

.P (E) Yl� ¨l� 	y�r� T�®� sy� E T�wm�ml� Ty¶z��� �A�wm�m�� �y� ⊂ º�wt�³� T�®�

�ybF Yl� .Y�¤±� ¨� Ty�A��� º�wt�� ¯¤ , Ty�A��� ¨� �¤±� º�wt�� �t§ ¯ �y�� �A�wm�� �An¡

�A�m��

The inclusion relation ⊂ between the subsets of the set E is not a total order relation on

P(E), as there exist pairs of subsets that are neither contained in each other. For example,

A+ [1, 3] ̸⊂ B = [0, 2] and [0, 2] ̸⊂ [1, 3].

�ymSt�� T�®�  � ¨n`§ Am� , A �� Ty¶z� T�wm�� B ��m§ ¯¤ , B �� Ty¶z� T�wm�� A ��m§ ¯

.¨�Am�� 	y�r� T�®� sy� B ¤ A �y�

Neither A is a subset of B, nor is B a subset of A, which means that the inclusion relation

between A and B is not a total order relation.

17.1.1 : Example - �A��

:T�r`m�� ≺ T�®`�A� R2  ¤z�

We provide R2 with the relation ≺ defined as:

(x, y) ≺ (x′, y′) ⇐⇒ x ≤ x′ and y ≤ y′.

¤ (0, 1) �y�  CAq�  � �km§ ¯ Ah�± ¨l� Hy� 	y�rt�� �@¡ �k� .R2 Yl� 	y�r� T�®�  d�� ≺ T�®`��

.(1, 0)

The relation ≺ defines a partial order on R2. However, this order is not total because we

cannot compare between (0, 1) and (1, 0).

Mappings �AqybWt�� 2.1

Definitions �þþ§CA`� 1.2.1

Definition of mapping �ybWt�� �þþ§r`�
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22.2.1 : Definition - �§r`�

X�r� T�®� An�r� �Ð� B w�� A �� f AqybW� An�r� An�� �wq� . �yt�CA� ry� �yt�wm�� B ¤ A �kt�

:	tk�¤ .B �� y dy�¤ rOn`� A �� x rOn� ��

Let A and B be two non-empty sets. We say that we have defined a mapping f from A to

B if we have established a relationship that connects each element x from A to a unique

element y from B. We write this as:

f : A → B

x 7→ y = f(x)

or ¤�

f(Mapping, �ybW�) ⇐⇒ (∀x ∈ A)(∃!y ∈ B) : y = f(x)

.f �ybWt�A� x Cw} Ymsu§ y •
y is called the image of x under the mapping f .

.f �ybWt�A� y ��AF Ymsu§ x •
x is called the preimage of y under the mapping f .

.�®W�³� T�wm�� Ymsu� A T�wm�m�� •
The set A is called the domain of the mapping.

.�w}w�� T�wm�� Ymsu� B T�wm�m�� •
The set B is called the codomain or range of the mapping.

4.2.1 : Remark - T\�®�

. B ¨� dy�¤ Cw} ¢� A �� x rOn� �� ⇐⇒ B w�� A �� �ybW� f  wk§ (1)

f is a mapping from A to B if and only if every element x in A has a unique image in

B.

.A ¨� Tq�AF �� r��� B �� y rOn`l�  wk§  � �kmu§ ¢��� B w�� A �� �ybW� f  A� �Ð� (2)

If f is a mapping from A to B, then an element y in B may have more than one

preimage in A.
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ºAS� Y�� ¨mtn� ¨¡¤ ,�k� �ybWt�� ��m� f Amny� ,f(x) ∈ B An§d� : f ¤ f(x) �y� �§rft�� 	�§ (3)

. B w�� A �� T�r`m�� �AqybWt��

It is important to distinguish between f(x) and f . We have that f(x) ∈ B, while f

represents the mapping as a whole, which belongs to the set of all mappings from A to

B.

18.2.1 : Example - �A��

. B = {7, 9, 13} ¤ A = {1, 2, 3} An§d�

We have A = {1, 2, 3} and B = {7, 9, 13}.

x = 1
2

3

f(x) = 7

9

13

A B

f

We have An§d� •

f(1) = 7; f(2) = 9; f(3) = 9.

.B ¨� dy�¤ Cw} ¢� A �� x rOn� �� B w�� A �� �ybW� f •
f is a mapping from A to B such that every element x in A has a unique image in B.

. f �ybWt�� ��¤ Tq�AF Ah� Hy� 13 rOn`�� An¡ •
In this case, the element 13 in B does not have a preimage in A under the mapping f .

.3 ¤ 2 :  Atq�AF Ah� 9 rOn`�� An¡ •
In this case, the element 9 in B has two preimages in A: 2 and 3.

Direct and inverse image Tysk`�� ¤ rJAbm�� CwO��

University of Mohamed Kheidar, Biskra 31 Brahim Brahimi-Jihane Abdelli



Mappings �AqybWt�� .2.1 Sets theories �A�wm�m�� �A§r\�

23.2.1 : Definition - �§r`�

.�ybW� f : A → B �ky�¤ ,A �� Ty¶z� T�wm�� E �kt�¤ .�yt�CA� ry� �yt�wm�� B ¤ A �kt�

:T�wm�m�� f �ybWt�� TWF�w� E T�wm�ml� rJAbm�� CwO�� �r`�

Let A and B be two non-empty sets. Let E be a subset of A, and let f : A → B be a

function.

We define the direct image (or forward image) of the set E under the function f as follows:

f(E) =
{
f(x) | x ∈ E

}

A B

E f(E)

f

x

y

E

f(E)

24.2.1 : Definition - �§r`�

.�ybW� f : A → B �ky�¤ ,B �� Ty¶z� T�wm�� F �kt�¤ .�yt�CA� ry� �yt�wm�� B ¤ A �kt�

:T�wm�m�� f �ybWt�� TWF�w� F T�wm�ml� Tysk`�� CwO�� �r`�

Let A and B be non-empty sets. Let F be a subset of B, and let f : A → B be a function.

We define the inverse image, or preimage, of F under the function f to be the set:

f−1(F ) =
{
x ∈ A | f(x) ∈ F

}
.f T��d�� ��¤ F ¨� rOn`� Xb�r� ¨t�� A ¨� r}An`�� �� T�wm�� ¨¡ f−1(F ) , r�� Yn`m�

In other words, f−1(F ) is the set of all elements in A that map to an element in F under

the function f .

A B

f−1(F )

F

f

x

y

F

f−1(F )
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5.2.1 : Remark - T\�®�

We have the following concepts Ty�At�� �y¡Afm�� An§d�

.A �wm�m�� �� Ty¶z� T�wm�� f−1(F ) , B T�wm�m�� �� Ty¶z� T�wm�� f(E) T�wm�m�� •
The set f(E) is a subset of the set B, and f−1(F ) is a subset of the set A.

�� .d��¤ rOn� ©wt��  rf� T�wm�� Cw} ¨¡ f({x}) =
{
f(x)

}
rOn`l� rJAbm�� CwO�� •

, rf� T�wm��  wk�  � �km§ .f Yl� dmt`� f−1
(
{y}

)
þ� Tysk`�� CwO��  �� , «r�� Ty�A�

f �� Cw} �An¡ �k� �� �Ð�) T�CAf�� T�wm�m�� Yt� ¤� r}An� d� �� T�wk� T�wm�� ¤�

.(y ©¤As�

The direct image of the element f({x}) = {f(x)} is a singleton set containing a single

element. On the other hand, the inverse image of f−1
(
{y}

)
depends on the function f .

It can be a singleton set, a set consisting of several elements, or even the empty set (if

there is no preimage of y under f).

Surjective function r�A��� �ybWt�� 2.2.1

25.2.1 : Definition - �§r`�

:	tk� ¤ .A ¨� ��±� Yl� Tq�AF ¢� B �� y rOn� ��  A� �Ð� Xq�¤ �Ð� r�A� �ybW� f  � �wq�

We say that f is a surjective function if and only if every element y in B has at least one

pre-image in A. We can write this as:

f(Surjective function, r�A� �ybW�) ⇐⇒ (∀y ∈ B, ∃x ∈ A) : y = f(x).

19.2.1 : Example - �A��

. B = {x, y, z} ¤ A = {1, 2, 3, 4} An§d�

We have A = {1, 2, 3, 4} and B = {x, y, z}.
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1

3

4

2 x
y

z

A B

f

.f(1) = x; f(3) = y; f(4) = {y, z} An§d� •
We have f(1) = x; f(3) = y and f(4) = {y, z}.

.B ¨� dy�¤ Cw} ¢� A �� rOn� �� B w�� A �� �ybW� f •
f is a function from A to B if and only if every element of A has a unique image in B.

.A ¨� ��±� Yl� Tq�AF ¢� B �� rOn� ��  ± B w�� A �� r�A� �ybW� f •
f is a surjective function from A to B because every element of B has at least one

pre-image in A.

Injective function �§Abtm�� �ybWt�� 3.2.1

26.2.1 : Definition - �§r`�

A ¨� r��±� Yl� d��¤ Tq�AF ¢� B �� y rOn� ��  A� �Ð� Xq�¤ �Ð� �§Abt� f �ybWt��  � �wq�

:	tk�¤

We say that the function f is injective if and only if every element y in B has at most one

pre-image in A, and we write:

f(Injective function, �§Abt� �ybW�) ⇐⇒ ∀(x, y) ∈ A2 : (f(x) = f(y) ⇒ x = y).

20.2.1 : Example - �A��

��C Am¶� Amh§d� Amt�  Aflt��  AO�K� :¨�Amt�¯�  AmS�� ��C w¡ �§Abtm�� �ybWt�� Yl� �A�� ry�

�ybW� w¡ ¢� QA��� ¨�Amt�¯�  AmS�� ��r� P�K�� X�r§ ©@�� �ybWt�� ... �lt�� ¨�Amt��  AmR

.1978 xCA� rhJ �� 31 ¨� ®�� �¤d�¤ �§@�� QA�J±� �� d§d`�� �An¡ , «r�� Ty�A� �� ,�§Abt�
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.�§Abt� Hy� £ ®y� �§CAt� P�K�� X�r§ ©@�� �ybWt�� �@h�

A good example of an application that uses unique identification is the Social Security

number. Two different individuals will always have different Social Security numbers.

The application that links a person to their specific Social Security number is a unique

identification application. On the other hand, there are many individuals who were born,

for example, on March 31, 1978. For this application that links a person to their date

of birth, it is not a unique identification application.

1

3

2 x
y

z

f

1

3

2 x
y

z

f

�§Abt� �ybW� �§Abt� Hy� �ybW�

Injective function Not injective function.

Properties Q�w�

�ybW� d�w§ ¤� Ty�A��� T�wm�m�� X  A� �Ð� Xq�¤ �Ð� �§Abt� f : X → Y �ybWt�� •
.X Yl� d§A�m�� �ybWt�� ©¤As§ g ◦ f �y� g : Y → X

The application f : X → Y is injective if and only if X is the empty set, or if there exists

an application g : Y → X such that g ◦ f is equal to the identity application on X.

.A`� r�A�¤ �§Abt�  A� �Ð� Xq�¤ �Ð� ¨l�Aq� f �ybWt��  wk§ •

The function f is bijective if and only if it is both injective and surjective.

.�§Abt� f  �� �§Abt� g ◦ f �ybWt��  A� �Ð� •

If the composite function g ◦ f is injective, then f is injective.

.�§Abt� g ◦ f 	y�rt��  ��  An§Abt�  AqybW� g ¤ f  A� �Ð� •
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If f and g are injective functions, then the composite function g ◦ f is injective.

 A� �Ð� ,g, h : W → X �AqybWt�� �� ��� ��  A� �Ð� Xq�¤ �Ð� �§Abt� f : X → Y •
.g = h  �� f ◦ g = f ◦ h

The function f : X → Y is injective if and only if, for all functions g, h : W → X, if

f ◦ g = f ◦ h, then g = h.

A ¨�At�A�¤ .f−1(f(A)) = A  �� X �� Ty¶z� T�wm�� A ¤ �§Abt� f : X → Y  A� �Ð� •
.f(A) þ� Tysk`�� CwO�� �Am`tFA� A¡ A�§� �km§

If f : X → Y is a surjective function and A is a subset of X, then f−1(f(A)) = A.

Therefore, A can be found using the inverse image of f(A).

.f(A∩B) = f(A)∩ f(B)  �� X �� Ty¶z� �A�wm�� B ¤ A ¤ �§Abt� f : X → Y  A� �Ð� •

If f : X → Y is injective and A and B are subsets of X, then f(A ∩B) = f(A) ∩ f(B).

.r�A� g ¤ �§Abt� f ��� �� h = f ◦ g �kK�� Yl� 	tk§  � �km§ h : W → Y �ybW� �� •

Every function h : W → Y can be written in the form h = f ◦ g for a injective function

f and a surjective function g.

��Am� ��±� Yl� r}An`�� ��  d� Yl� ©wt�§ Y  �� �§Abt� �ybW� f : X → Y  A� �Ð� •
.X r}An�  d`�

If f : X → Y is a surjective function, then Y has at least as many elements as X.

Bijective function ¨l�Aqt�� �ybWt�� 4.2.1

27.2.1 : Definition - �§r`�

Tq�AF B �� y rOn� �k�  A� �Ð� ©� ,A`� �r�A� ¤ An§Abt�  A� �Ð� Xq�¤ �Ð� ¨l�Aq� �ybW� f  � �wq�

:	tk�¤ .A ¨� dy�¤

We say that f is a bijective function if and only if it is both injective and surjective, that is,
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if each element y in B has a unique predecessor in A. We write:

f
(
Bijective, ¨l�Aq�

)
⇐⇒ (∀y ∈ B), (∃!x ∈ A) : y = f(x).

21.2.1 : Example - �A��

¨qyq�  d� ©� ��� ��  ± ,¨l�Aq� �ybWt�� �@¡ .f(x) = 2x+ 1 �r`m�� f : R → R �ybWt�� �ky�

.x = (y − 1)/2 w¡¤ x ry�tml� y = 2x+ 1 T� A`ml� d��¤ ¨qyq� ��  A�§� Annkm§ ,y

Let the function f : R → R be defined by f(x) = 2x+ 1. This function is bijective because

for any real number y, we can find a unique real solution to the equation y = 2x+ 1 for the

variable x, which is x = (y − 1)/2.

Composite applications �AqybWt�� 	y�r� 5.2.1

We consider two applications: : �yqybWt�� rbt`�

f : A → B

x 7→ f(x)
;

g : G → H

x 7→ g(x)

: ¨l§ Am� f ◦ g �ybWt�� �r`� g(G) ⊂ A  A� �Ð�

If g(G) ⊂ A we define the application f ◦ g as follows:

f ◦ g : G → B

x 7→ f(g(x))

6.2.1 : Remark - T\�®�

rbt`§ g(G) ⊂ A ªrK��  �� �@h� ,g(x) ∈ A  wk§ Yt� f(g(x)) �� �lkt�  � Annkm§ ¯ ¢�� ^�®�

.Yn`� f ◦ g �ybWtl�  wk§ Yt� AyFAF�

We note that we cannot speak about f(g(x)) until g(x) ∈ A, so the condition g(G) ⊂ A is

essential for the composition f ◦ g to have a meaning.
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Inverse application ¨sk`�� �ybWt�� 6.2.1

28.2.1 : Definition - �§r`�

B w�� A �� Ayl�Aq� AqybW� f �ky�

Let f be a bijective mapping from A to B

f : A → B

x 7→ f(x)

: ¨l§ Am� f þ� ¨sk`�� �ybWt�� �r`�

We define the inverse application of f as follows:

f−1 : B → A

y 7→ f−1(y)

: An§d� ,y = f(x) : �y�� A �� dy�¤ x d�w§ ¢��� B w�� A �� ��Aq� f  � Am� ,y ∈ B �ky�

Let y ∈ B. Since f is a bijection from A to B, there exists a unique x ∈ A such that

y = f(x). Therefore, we have:

f(x) = y ⇐⇒ x = f−1(y).

7.2.1 : Remark - T\�®�

:An§d�¤ A w�� B �� ��Aq� f−1  �� B w�� A �� ��Aq� f  A� �Ð�

If f is a bijection from A to B, then f−1 is a bijection from B to A, and we have:

∀x ∈ A, f−1 (f(x)) = x,

∀y ∈ B, f
(
f−1(y)

)
= y.

22.2.1 : Example - �A��

��Aq� ¨�At�� �ybWt�� An§d� Aq�AF Any� Am�
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As we previously mentioned, we have the following bijection:

f : [0,+∞[ → [0,+∞[

x 7→ x2

and its inverse application is as follows: : ¨�At�� w¡ ¨sk`�� ¢qybW� ¤

f−1 : [0,+∞[ → [0,+∞[

x 7→
√
x

8.2.1 : Remark - T\�®�

.B w�� A �� ®�Aq� f �ybWt��  wk§ Yt� f−1(y) �� �lkt�� Annkm§ ¯ .y ∈ B �ky�

 A� �Ð� Amny� Let y ∈ B. We cannot talk about f−1(y) unless f is a bijection from A to B.

. ®�Aq� �ybWt�� �k§ ��  � ¤ Yt� f−1(K) �� �lkt�� Am¶� Annkm§ K ⊂ B

If K ⊂ B, we can always talk about f−1(K) even if the function f is not invertible.

Equals two applications �yqybW� ©¤As� 7.2.1

Let the two applications: :�yqybWt�� �ky�

f : A → B

x 7→ y = f(x)
,

g : E → F

x 7→ y = g(x)

 A� �Ð� Xq�¤ �Ð� f = g  � �wq�

We say that f = g if and only if

f = g ⇐⇒

{
A = E, B = F

∀x ∈ A : f(x) = g(x)

23.2.1 : Example - �A��

�yqybWt�� �ky�
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Let the two applications

f : R → R
x 7→ cos (x)

and ¤

g : R → R
x 7→ 2 cos2

(x
2

)
− 1

.f = g :  � d�� Ty�l�m�� �A�®`�� ��

From the trigonometric relations we find that: f = g.

Retreating evidence ���rt�A�  A¡rb�� 3.1

�� Yl� � Amt�� T�y�} , P (n) TySq��  � �Ab�� �kmm�� �� �`�§ ���rt�A�  A¡rb�� �db�  �

:��wW� �®�� ���rt�A�  A¡rb�� Tq§rV rm� ¤ .n ∈ N

The principle of proof by induction makes it possible to prove that the statement P (n) is true

for every n ∈ N. The proof by induction proceeds in three steps: retreating evidence, base

case, and inductive step.

.P (0) b�� ,Y�¤±� wW���

First step, we set P (0).

¨� P (n) TySq��  � b�� �� T�y�} P (n) þ� AW`m�� n ≥ 0 |rtf� ,Ty�A��� wW�l� Tbsn�A�

.T�y�} Ahyl� ¨t�� Tb�rm��

For the second step, we assume that the given statement P (n) is true for some n ≥ 0 and then

prove that the statement P (n+ 1) is also true.

.n ∈ N �� ��� �� T�y�} P (n) TySq��  � ���rt�A� An¡r� d�  wk� ry�±� ¨�

In the end, we have proven by induction that the statement P (n) is true for all n ∈ N.
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24.3.1 : Example - �A��

Let’s prove that: : � b�n�

∀n ∈ N : 2n > n.

: Ty�At�� TySq�� P (n) �S� n ≥ 0 ��� ��

For n ≥ 0 we set P (n) the following case:

∀n ∈ N : P (n) ≡ 2n > n.

.n ≥ 0 �� ��� �� T�y�} P (n) TySq��  � ���rt�A� b�� �wF

We will prove backwards that the case P (n) is true for all n ≥ 0.

First step Y�¤±� wW���

.Tqq�� P (0) ¢n�¤ .20 = 1 > 0 An§d� n = 0 ��� ��

for n = 0 we have 20 = 1 > 0. From which P (0) is realized.

Second step Ty�A��� wW���

.Tqq�� P (n+ 1)  � b�n�¤ Tqq�� P (n)  � |rf� .n ≥ 0 �ky�

Let n ≥ be0. Let’s say that P (n) is true and let’s prove that P (n+ 1) is true.

2n+1 = 2n + 2n > n+ 2n > n+ 1 and P (n) =⇒ 2n > n.

From which P (n+ 1) is realized. .Tqq�� P (n+ 1) ¢n�¤

:©� n ≥ 0 �� ��� �� T�y�} P (n) TySq��  � ���rt�A� Antb��

We have proven by induction that the statement P (n) is true for all n ≥ 0, i.e.

∀n ∈ N : P (n) ≡ 2n > n.
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