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Definitions �þþ§CA`� .1.1 Matrices �A�wfOm��

�A�wFC ¨� AS§�¤ TblO�� �As�±� T�r� ��� Ty¶A§zyf�� r¡�w\�� TF�Cd�¤ �k�� ¨ky�Aky�¤

¨� �d�ts� Am� , A`�±� Ty¶An� TJAJ Yl� AhRr�¤  A`�±� Ty�®��� �ÐAmn�� T��A`�¤ r�wybmk��

.T§ AOt�¯� �A�®`�� Tm\�� �}w� �d�ts�  AOt�¯� ¨�¤ ,ºAO�³�¤ �¯Amt�¯� �A§r\�

In 1855 Arthur Cayley introduced the matrix as a representation of linear elements, and this period

is considered the beginning of linear algebra and matrix theory. Matrices and their applications

are used in most scientific fields, in every branch of physics, such as mechanics, engineering optics,

electromagnetism, quantum mechanics, and for studying physical phenomena such as the move-

ment of solid bodies, as well as in computer graphics, processing three-dimensional models and

displaying them on a two-dimensional screen, as well as in probability theories and statistics, and

in economics is used to describe systems of economic relations.

Definitions �þþ§CA`� 1.1

1.1.1 : Definition - �§r`�

Let n and p be two non-zero natural numbers. .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

Tyqyq���  �d�±� T�wm��  wk§  � �km§ ©@l�� K �q��� r}An� �� �yWts� �¤d� ¨¡ A T�wfOm�� (1

.C Tb�rm�� ¤� R
The matrix A is a rectangular table of elements of the field K which can be the set of

real numbers R or the complex C.

 wm� p ¤ rWF n ��  wkt� �¤d���  A� �Ð� n✕p �nO�� �� ¤� Tb�r�� �� ¨¡ A (2

A is of order or of class n✕p if the table consists of n rows and p columns.

A =


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 or A = (aij)1≤i≤n;1≤j≤p .

.A T�wfOm�� ���w� Yms� �¤d��� r}An� (3

The elements of the table are called the coefficients of the matrix A.
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Matrices �A�wfOm��Definitions �þþ§CA`� .1.1

.aij z�r�A� ¢� z�r§ j  wm`�� �� i rWs�� �VAq� Ty`R¤ ¨� d��wtm�� ��A`�� (4

The coefficient at the intersection of the line i and the column j are denoted by aij.

1.1.1 : Example - �A��

A =


5 −2
0 3

1 9


.a22 = 3 ¤ a11 = 5 �A�m�� �ybF Yl� ¤ ,�§ wm�¤ rWF� T�®� ©� 3✕2 �nO�� �� T�wfO� ¨¡

It is a matrix of class 3✕2 i.e. three rows and two columns, for example a11 = 5 and a22 = 3.

2.1.1 : Example - �A��

.

The matrix T�wfOm�� (1

A =

(
1 17 0
1
2

√
5 5

)

.dm�� T�®�¤ �§rWF ��  wkt� 2✕3 T�wfO� ¨¡

is a 2✕3 matrix consisting of two lines and three columns.

.5 ©¤As§ w¡ ��A���  wm`��¤ ¨�A��� rWs�� �VAq� dn�  w�wm�� ��A`m�� w¡ a23 (2

a23 is the coefficient at the intersection of the second line and the third column is equal

to 5.

2.1.1 : Definition - �§r`�

z�r�A� Ah� z�r§ K ¨� �®�A`m�� ��Ð  wm� p ¤ rWF n Yl� ©wt�� ¨t�� �A�wfOm�� T�wm��

.Tyqyq� �A�wfO� Yms� Mn,p(R) ¨�A`K�� ºASf�� r}An� ¤ .Mn,p(K)

The matrix set containing n line and p column with coefficients in K denoted by Mn,p(K).

The vector space elements of Mn,p(R) are called real matrices.
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Definitions �þþ§CA`� .1.1 Matrices �A�wfOm��

Special matrices T}A� �A�wfO� 1.1.1

:�Amt¡®� ry�m�� �A�wfOm�� ��w�� {`� ¨l§ Amy�

Here are some interesting types of matrices:

T�wfOm�� �� �wq� T�A��� £@¡ ¨� ,(dm�±�  d`� ©¤As� rWF±�  d�) n = p  A� �Ð� (1

.Mn,n(K) z�r�� �d� Mn(K) z�r�A� �A�wfOm�� T�wm�m� z�r� A¡dn� T`�r� Ah��

If n = p (the number of rows is equal to the number of columns), in this case we say that

the matrix is square, then we denote the set of matrices by Mn(K) instead of Mn,n(K).


a11 a12 . . . a1n

a21 a22 . . . a2n
.
.
.

.

.

.
. . .

.

.

.

an1 an2 . . . ann


.T�wfOm�� rW� �kK� a11, a22, . . . , ann r}An`��

The elements a11, a22, . . . , ann make up the diagonal of the matrix.

: wm� T�wfO� �� CAb� A  �� , p = 1  A� �Ð� (2

If p=1, then A is a column matrix:

A =


a1

a2
.
.
.

an

 .

:rWF T�wfO� �� CAb� A  �� , n = 1  A� �Ð� (3

If n = 1, then A is a line matrix:

A =
(
a1 a2 · · · ap

)
.

¤� T§rfO�� T�wfOm�� Yms� �CAf}� Ah�®�A`� �ym�  wk� ¨t�� ( n✕p �nO�� ��) T�wfOm�� (4

T�wfOm�� 	`l� ,T�wfOm�� 
As� ¨� .0 TVAsb� r��� ¤� 0n,p z�r�A� Ah� z�r§¤ T�¤d`m��

.Tyqyq���  �d�°� Tbsn�A� 0 ��r�� C¤ T§rfO��
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Matrices �A�wfOm��Definitions �þþ§CA`� .1.1

A matrix (of class n✕p ) whose coefficients are all zeros is called a zero, or zero-matrix and

is denoted by 0n,p or more simply 0. In matrix arithmetic, the zero matrix plays the role of

the number 0 for real numbers.

3.1.1 : Example - �A��

.

The matrix T�wfOm�� (1

M =

(
2

−4

)

is a column matrix. . wm� T�wfO� ¨¡

The matrix T�wfOm�� (2

N =
(
−1 5 3 5

)
is a line matrix. .rWF T�wfO� ¨¡

The matrix T�wfOm�� (3

P =


2 4 −3
0 −1 6

−4 0 π


it is a square matrix of order 3. .3 Tb�r�� �� T`�r� T�wfO� ¨¡

The matrix T�wfOm�� (4

O =

(
0 0 0

0 0 0

)

is the zero matrix or the null matrix. .T�¤d`m�� T�wfOm�� ¤� T§rf} T�wfO� ¨¡

d�w�� T�wfOm� Ty�At�� T`�rm�� T�wfOm�� Yms�
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Definitions �þþ§CA`� .1.1 Matrices �A�wfOm��

The next square matrix is called the unity matrix

In =


1 0 . . . 0

0 1 . . . 0
.
.
.

.

.

.
. . .

.

.

.

0 0 . . . 1


TVAsb� ¤� In z�r�A� Ah� z�r�¤ .0 ©¤As� «r�±� A¡r}An� �ym�¤ 1 ©¤As� T§rWq�� A¡r}An�

.I z�r�A�

Its diagonal elements are 1 and all its other elements are 0. We denote it by In or simply by I

.Tyqyq���  �d�°� Tbsn�A� 1 ��r�� C¤d� Ah�AK� �C¤ d�w�� T�wfO� 	`l� , T�wfOm�� 
As� ¨�

.º�d��� Tylm`�Tbsn�A� © Ay��� rOn`�� wh�

In matrix arithmetic, the unit matrix plays a role similar to that of the number 1 for real

numbers. It is the neutral element for the multiplication.

1.1.1 : Proposition - TþyS�

 �� n✕p �nO�� �� T�wfO� A �A� �Ð�

If A is a matrix of class n✕p then

In · A = A and A · Ip = A.

: A� �Ð� ©� ,Ah�wqnm� T§¤As� �A� �Ð� T§rZAn� T`�rm�� A T�wfOm��  wk� (5

The matrix A squared is symmetric if it is equal to its transpose, that is, if we have:

A = AT ,

T�wfOm�� �®�A`�  wk� ,«r�� CwO� .i, j = 1, . . . , n �� ��� �� aij = aji  A� �Ð� ¤�

.rWql� Tbsn�A� rZAnt�

or if aij = aji for all i, j = 1, . . . , n. In other words, the coefficients of the matrix are

symmetric with respect to the diagonal.

4.1.1 : Example - �A��
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Matrices �A�wfOm�� Definitions �þþ§CA`� .1.1

The following matrices are symmetrical matrices: :rZAnt� �A�wfO� Ty�At�� �A�wfOm��

(
0 2

2 4

)
,


−1 0 5

0 2 −1
5 −1 0



: A� �Ð� T§rZAn� dR T`�rm�� A T�wfOm��  wk� ¤ (6

A square matrix A is antisymmetric if we have:

AT = −A,

.i, j = 1, . . . , n �� ��� �� aij = −aji  A� �Ð� ¤�

or if aij = −aji for all i, j = 1, . . . , n.

5.1.1 : Example - �A��

(
0 −5
5 2

)
,


0 4 9

−4 1 −3
−9 3 2



Equal matrices �A�wfO� ©¤As� 2.1.1

.n✕p �nO�� Hf� �� B ¤ A �yt�wfOm�� �kt�¤ .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

Let n and p be non-null natural numbers and let the matrices A and B be of the same class n✕p.

3.1.1 : Definition - �§r`�

:	tk�¤ T§¤Ast� Amhy� rZAntm�� r}An`�� �A� �Ð� �y�¤Ast� B ¤ A �yt�wfOm��  � �wq�

We say that the two matrices A and B are equal if their corresponding elements are equal

and we write:

A =


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 = B =


b11 b12 · · · b1p

b21 b22 · · · b2p
...

...
. . .

...

bn1 bn2 · · · bnp

⇐⇒ ∀i, j : aij = bij
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

6.1.1 : Example - �A��

Let the two matrices be A and B where �y� B ¤ A �yt�wfOm�� �kt�

A =

(
a11 a12 a13

a21 a22 a23

)
, B =

(
2
√
3 π

2i 7 1
2

)

We say that A is equal to B if  A� �Ð� B ©¤As� A  � �wq�(
a11 a12 a13

a21 a22 a23

)
=

(
2
√
3 π

2i 7 1
2

)

⇔

{
a11 = 2, a12 =

√
3, a13 = π,

a21 = 2i, a22 = 7, a23 =
1
2
.

2.1.1 : Proposition - TþyS�

�� ��� �� aij = bij  A� �Ð� Xq�¤ �Ð�  At§¤Ast� n✕p �nO�� �� B = (bij) ¤ A = (aij)  At�wfOm��

.i, j

The two matrices A = (aij) and B = (bij) of class n✕p are equal if and only if aij = bij for

each i, j.

Calculation on matrices �A�wfOm�� Yl� 
As� 2.1

Product of a matrix by a scalar ¨mls� T�wfO� º�d� 1.2.1

3.2.1 : Proposition - TþyS�

C = (cij) T�wfOm�A� λA �r`� ,λ ∈ R ¨mls�� ¤� ¨qyq���  d`�� ¤ A = (aij) T�wfOm�� An§d�  A� �Ð�

.i, j �� ��� �� cij = λaij �y�
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Matrices �A�wfOm�� Calculation on matrices �A�wfOm�� Yl� 
As� .2.1

If we have the matrix A = (aij) and the real or scalar λ ∈ R, we define λA by the matrix

C = (cij) where cij = λaij for each i, j.

7.2.1 : Example - �A��

Let the matrix T�wfOm�� �kt�

A =

(
1
2

1

0 −3
4

)
,

then ¢n�¤

−2✕A =

(
−2✕1

2
−2✕1

−2✕0 −2✕(−3
4
)

)
=

(
−1 −2
0 3

2

)
.

Matrices addition �A�wfOm�� �m� 2.2.1

4.2.1 : Proposition - TþyS�

T�wfOm�� w¡ A + B �yt�wfOm�� �wm�� �r`� n✕p �yt�wfO� B = (bij) ¤ A = (aij) An§d�  A� �Ð�

.i, j �� ��� �� cij = aij + bij �y� n✕p �nO�� �� C = (cij)

If we have A = (aij) and B = (bij) two matrices n✕p we define the sum of the two matrices

denoted by A+B is the matrix C = (cij) of class n✕p where cij = aij + bij for each i, j.

8.2.1 : Example - �A��

The sum of two matrices of class 2✕3 : : 2✕3 �nO�� ��  At�wfO� �wm��(
1 0 −1
2 1 4

)
+

(
0 −1 −2
−3 1 5

)
=

(
1 + 0 0− 1 −1− 2

2− 3 1− 1 4 + 5

)
=

(
1 −1 −3
−1 2 9

)
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

5.2.1 : Proposition - TþyS�

.�yymlF β ∈ K ¤ α ∈ K �ky� ¤ ,Mn,p(K) T�wm�m�� �� �A�wfO� �®� C ¤ B ,A �kt�

Let A, B and C be three matrices of the set Mn,p(K), and let α ∈ K and β ∈ K be a scalars.

The addition is commutative: :¨l§db� �m��� (1

A+B = B + A,

The addition is associative: :¨`ym�� �m��� (2

A+ (B + C) = (A+B) + C,

:�A�wfOm�� T�wm�� ¨� �m�l� Tbsn�A� © Ay��� rOn`�� ¨¡ T�¤d`m�� T�wfOm�� (3

The null matrix is the neutral element with respect to addition in the set of matrices:

A+ 0 = A,

(4

(α + β)A = αA+ βA,

(5

α(A+B) = αA+ αB.

9.2.1 : Example - �A��

Let �kt�

A =

(
3 −2
1 7

)
and B =

(
0 5

2 −1

)
then A+B =

(
3 3

3 6

)
.

But, if: : A� �Ð� �k�

C =

(
−2
8

)
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Matrices �A�wfOm�� Calculation on matrices �A�wfOm�� Yl� 
As� .2.1

A+ C is undefined. �r`� ry� A+ C  ��

Product of matrices �A�wfOm�� º�d� 3.2.1

6.2.1 : Proposition - TþyS�

¢� z�r� ©@��) A✕B º�d��� �r`� p✕q �nO�� �� B = (bjk) ¤ n✕p �nO�� �� A = (aij) �kt�

:¨l§ Am� T�r`m�� C = (cik) T�wfOm�� (AB z�r�A� AS§�

Let A = (aij) be of class n✕p and B = (bjk) be of class p✕q we define the product A✕B

(which is also denoted by AB) of the matrix C = (cik) knowledge as follows:

cik =

p∑
j=1

aijbjk, ∀i, k : 1 ≤ i ≤ n and 1 ≤ k ≤ q.

:¨¡¤ ®yl�� r��� Tq§rW� ��A`m�� T�At� Annkm§

We can write the coefficient in a more analytical way:

cij = ai1b1j + ai2b2j + · · ·+ aikbkj + · · ·+ aipbpj.

1.2.1 : Remark - T\�®�

�A�wfOm�� º�d� �@h� .B ¨� rWF±�  d� ©¤As§ A ¨� dm�±�  d�  A� �Ð� Xq� �r`� º�d���  wk§

.¨l§db� Hy� T�A� TfO�

A product is defined only if the number of columns in A equals the number of rows in B.

This is why the multiplication of matrices is generally not commutative.

10.2.1 : Example - �A��

A =

(
1 2 3

2 3 4

)
B =


1 2

−1 1

1 1


.2✕2 w¡ Ahyl� �wO��� �� ¨t�� T�wfOm�� �n} : �y�} �kK� º�d��� ¾¯¤� �db�

First we multiply correctly: the class of the obtained matrix is 2✕2.

�¤±� ��A`m�� �� �ºd� , �®�A`m�� �� �� 	s�� ��
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

Then we calculate each of the coefficients, starting with the first one

c11 = 1✕1 + 2✕(−1) + 3✕1 = 2

then the rest Tyqb�� ��
1 2

−1 1

1 1


(
1 2 3

2 3 4

) (
c11 c12

c21 c22

)


1 2

−1 1

1 1


(
1 2 3

2 3 4

) (
2 c12

c21 c22

)


1 2

−1 1

1 1


(
1 2 3

2 3 4

) (
2 7

3 11

)

11.2.1 : Example - �A��
0 1 1

2 2 0

−1 3 1


(

1 2 −1
1 0 3

) (
· c12 ·
· · ·

)
We have: :�Ð� An§d�

c12 = 1✕1 + 2✕2− 1✕3 = 2.

: Yl� �O�t� T�wfOm�� r}An� ¨�A� �� Tq§rW�� Hfn�

in the same way with the rest of the matrix elements, we get:

(
1 2 −1
1 0 3

)
✕


0 1 1

2 2 0

−1 3 1

 =

(
5 2 0

−3 10 4

)

An§d�  wk§  � �km§ , r�� Yn`m� .rf} w¡ �yt�¤d`� ry� �yt�wfO� 
rR �}A�  wk§  � �km§

.AB = 0 �k� B ̸= 0 ¤ A ̸= 0

The product of two non-null matrices can be zero. In other words, we could have A ̸= 0 and

B ̸= 0 but AB = 0.
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Matrices �A�wfOm�� Calculation on matrices �A�wfOm�� Yl� 
As� .2.1

12.2.1 : Example - �A��

A =

(
0 −1
0 5

)
B =

(
2 −3
0 0

)
and AB =

(
0 0

0 0

)
.

2.2.1 : Remark - T\�®�

.B ̸= C ¤ AB = AC �wO��� �km§ .B = C ¨n`§ ¯ AB = AC

AB = AC does not mean B = C. AB = AC and B ̸= C can be obtained.

13.2.1 : Example - �A��

A =

(
0 −1
0 3

)
B =

(
4 −1
5 4

)
C =

(
2 5

5 4

)
and AB = AC =

(
−5 −4
15 12

)
.

Properties Q�w�

7.2.1 : Proposition - TþyS�

.

The product is associative: :¨`ym�� º�d��� (1

A(BC) = (AB)C.

The product is distributive on addition: :�m��� Yl� ¨`§Ew� º�d��� (2

A(B + C) = AB + AC and (B + C)A = BA+ CA

(3

A · 0 = 0 and 0 · A = 0.
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

Transposed matrix T�wfO� �wqn� 4.2.1

4.2.1 : Definition - �§r`�

rWF±� �§db� ©� rWF� Ah�dm��¤ dm�� A¡rWF� �`�� T�wl`� T�wfO� �� TqtK� T�wfO� ¨¡

: Ty�At�� Tq§rW�A� rWF±A� dm�±�¤ dm�±A�

It is a matrix derived from a known matrix by making its lines into columns and its columns

as lines, i.e. replacing lines with columns and columns with lines in the following way:

(
a11 a12 a13

b21 b22 b23

)
−→


a11 b21

a12 b22

a13 b23


and we denote the A matrix transpose by AT . .AT z�r�A� A T�wfO� �wqnm� z�r�¤

3.2.1 : Remark - T\�®�

. p✕n �nO�� �� d§d� T�wfO� �tn§ n✕p �nO�� �� T�wfO� �wqn�

The transpose of a matrix of class n✕p produces a new matrix of class p✕n.

14.2.1 : Example - �A��
4 2 3

4 5 −6
−7 8 0


T

=


4 4 −7
2 5 8

3 −6 0




0 3

1 −5
−1 2


T

=

(
0 1 −1
3 −5 2

)
, (3 − 2 5)T =


3

−2
5



Properties Q�w�

1.2.1 : Theorem - T§r\�

.(A+B)T = AT +BT •
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Matrices �A�wfOm�� Square matrices T`�rm�� �A�wfOm�� .3.1

.(αA)T = αAT •

.(AT )T = A •

.(AB)T = BTAT •

:An§d�¤ AS§� TFwk� AT  �� TFwk� A �A� �Ð� •
If A is invertible, then AT is also invertible and we have:

(AT )−1 = (A−1)T .

Square matrices T`�rm�� �A�wfOm�� 3.1

.Mn(K) �� T`�r� �A�wfO� ¨¡ ¨��§ Amy� AhFCd� �wF ¨t�� �A�wfOm��

The matrices we will study in the following are square matrices of Mn(K).

Matrix trace T�wfO� r�� 1.3.1

.T§rWq�� r}An`�� (a11, a22, . . . , ann) r}An`�� Yms� ,n✕n �nO�� �� T`�r� T�wfO� T�A� ¨�

In the case of a square matrix of type n✕n, the elements (a11, a22, . . . , ann) are called diagonal

elements. 
a11 a12 . . . a1n

a21 a22 . . . a2n
.
.
.

.

.

.
. . .

.

.

.

an1 an2 . . . ann



5.3.1 : Definition - �§r`�

:«r�� ��CAb`� .A T�wfOml� T§rWq�� r}An`�� �m� �}A� w¡ A T�wfOm�� r��

The trace of the matrix A is the sum of the diagonal elements of the matrix A. in other
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words:

tr(A) = a11 + a22 + · · ·+ ann.

15.3.1 : Example - �A��

If we have An§d�  A� �Ð� •

A =

(
2 7

0 5

)
,

then  ��

tr(A) = 2 + 5 = 7.

for ��� �� •

B =


1 1 3

5 2 8

11 0 −10

 , then tr(B) = 1 + 2− 10 = −7.

Properties Q�w�

2.3.1 : Theorem - T§r\�

: ¢n�¤ .n✕n �nO�� �� �yt�wfO� B ¤ A �kt�

Let A and B be matrix of class n✕n. Including:

,tr(A+B) = tr(A) + tr(B) •

,tr(AT ) = tr(A) •

,tr(AB) = tr(BA) •
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for every α ∈ K, ,α ∈ K �� ��� �� •

tr(αA) = αtr(A)

Square matrix determinant T`�r� T�wfO�  d�� 2.3.1

Tl�A� �A� A� �Ð� ��� ,T�wfOm�� �� z�w� �A�wl`� AnyW`u� T§ d� Tmy� ¨¡ T`�r� T�wfO� diÄd��

.T�wfOm�� �aÌmSt� T§rb� Tylm� ÃÌ§� º�r�� T�¤A�� �b� �A�wl`m�� £@¡ �r`�  � dyfum�� ��¤ ,Hk`l�

.��Ð �yq�t� Ah�At�� ¨t�� Ty�As��� �Aylm`��  d� �ylq� Am¶� �iÌSf� �y�

The determinant of a square matrix is a numerical value that gives brief information about the

matrix, such as whether it is invertible. It is useful to know this information before attempting to

perform any algebraic operation involving the matrix. We always prefer to reduce the number of

mathematical operations that we need to achieve this.

.K = C ¤� K = R  wk§  � �km§ ,K ¨l§db� �q� ¨� �®�A`m�� ��Ð �A�wfOm�� rbt`� ,¨l§ Amy�

.ry�}  A`��� T�wfOm��  d�� 
As� Tyfy� �rK� �wF¤

In the following, we consider matrices with coefficients in a commutative field K, which can be

K = R or K = C. We will explain how to calculate the determinant of a matrix with small

dimensions.

6.3.1 : Definition - �§r`�

�y� Mn(K) �� A T`�rm�� T�wfOm�� �kt�

Let the square matrix A of Mn(K) where

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann


:	tk� ¤ |A| ¤� det(A) z�r�A� ¢� z�r� ©@�� K ��  d`�� A T�wfOm��  d�� ¨ms�

We call the number in K which we denote by det(A) or |A| with the determinant of the matrix A
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and write:

det (A) =

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
,d§d� À�whf� �k� TWys� �A�yRw� �dqnF r� �� ¨� .�� d�ml� TyFAF� Q�w� d� �iÌRÁwu� �wF

�Aylm`�� ��  d� º�r�� Y�� T�A��  wk� ��Ð �� Yl�� ¤� 4✕4 T�wfOm�  d�� Tmy� 
As� dn�

,ºdb�� �b�¤ .3✕3 ¤� 2✕2 Tb�r�� �� �A�wfO� ��d�tFA� Xq� ¨ftknF ,�a� ��¤ .T�wlWm�� Ty�As���

�� �A�wfOm�A� �ºd� ,�A�wfOm�� �� �y�wn�� �§@¡ �� d�� �ayi� 
As� Tyfy� CAOt�A� ���rnF

. 2✕2 Tb�r��

We will demonstrate several key properties of determinants. Each time we will give simple expla-

nations for each new concept, when calculating the value of the determinant of 4✕4 or higher we

need to perform a number of required calculations. So we’ll just use 2✕2 or 3✕3 matrices. Before

we get started, we’ll briefly review how to compute the values of the determinants of these two

types of matrices, starting with 2✕2 .

Determinant from dimension 2 and 3 ¤ 2 d`b�� ��  d��

Yl� 2✕2 Tb�r�� �� T�wfOm��  d�� Tmy� 	as�� �y�  d�m�� 
As� �d� �hs�� �� , 2 d`b�� ¨�

:¨�µ� w�n��

In dimension 2, it is very easy to compute the determinant as the value of the determinant of the

matrix of order 2✕2 is computed as follows:

det

(
a11 a12

a21 a22

)
= a11a22 − a21a12.

More clearly, the process is as follows: :¨�At�� �kK�A� Tylm`�� �t� �R¤� CwO�

∣∣∣∣∣ Q
Q

Q
Q

Q
Q

Qs

a11 a12

�
�

�
�
�

�
�3

a21 a22

∣∣∣∣∣
−a21a12

= a11a22 − a21a12

+a11a22
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r��� d�wu§ ,Yl�� Tb�C �� T�wfO�  d�� Tmy� 
As� dn`� ,2✕2 Tb�r�� �� T�wfOm�� Hk� Yl�

.Ty�As��� Tylm`�� T`�Atm� CAy� ��

Unlike the 2✕2 matrix, when calculating the determinant of a higher-order matrix, there is more

than one option to proceed with the calculation.

:3✕3 T�wfO� A ∈M3(K) �kt�

Let A ∈M3(K) be a 3matrix✕3:

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

The formula for the determinant is as follows: :¨�µA�  d�m�� T�y}  wk�

det (A) =

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
=


a11 a12 a13

a21 a22 a23

a31 a32 a33

 -


a11 a12 a13

a21 a22 a23

a31 a32 a33

 +


a11 a12 a13

a21 a22 a23

a31 a32 a33



= a11

∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣− a21

∣∣∣∣∣ a12 a13

a32 a33

∣∣∣∣∣+ a31

∣∣∣∣∣ a12 a13

a22 a23

∣∣∣∣∣
T��A��� Tb�r�� �� �A�wfOml� ¯� �lO� ¯ ¨t��¤ x¤CAF Tq§rV ¨¡¤ ,TlhF «r�� Tq§rV �An¡

:Xq�

There is another easy method, which is Saros’s method, which only works for 3rd order matrices:


rR �}A� �m�� �� ,(ºA�Cz��¤ º�rm��� dm�±�) T�wfOm�� �ym§ Yl� �§ wm� �¤� �sn� �wq�

 ¤d� T�®� 
rR �}A� �rW� �� ,(CAsy�� Y��) �EAn�� rWql� £A��¯� 	s� Ah`ym�t�  ¤d� T�®�

.(�ym§) d�AO�� rWq�� £A��� 	s� T`m��

We copy the first two columns to the right of the matrix (the red and blue columns), then add the

product of three terms by grouping them by the direction of the descending diagonal (left), then
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subtract the product of the three terms grouped by the direction of the upward diagonal (right).

∣∣∣∣∣∣∣∣
Q

Q
Q
Q

Q
Q
Qs

a11
Q
Q

Q
Q
Q

Q
Qs

a12
Q

Q
Q

Q
Q
Q
Qs

a13

a21 a22 a23

�
�
�

�
�
�
�3

a31 �
�

�
�
�

�
�3

a32 �
�
�

�
�
�
�3

a33

∣∣∣∣∣∣∣∣
− − −

a11 a12

a21 a22

a31 a32

+ + +

16.3.1 : Example - �A��

Let’s calculate the determinant of the matrix T�wfOm��  d�� 	s�n�

A =


2 1 0

1 −1 3

3 2 1


.

According to the Sarros method: :x¤CAF Tq§rV 	s��

det (A) =

∣∣∣∣∣∣∣∣
2 1 0

1 −1 3

3 2 1

∣∣∣∣∣∣∣∣
2 1

1 −1
3 2

detA = 2✕(−1)✕1 + 1✕3✕3 + 0✕1✕2

− 3✕(−1)✕0− 2✕3✕2− 1✕1✕1 = −6.

Properties Q�w�

3.3.1 : Theorem - T§r\�

: ¢n�¤ .n✕n �nO�� �� �yt�wfO� B ¤ A �kt�

Let A and B be a two matrices of class n✕n. Then:

,det(A+B) = det(A) + det(B) •
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,det(AT ) = det(A) •

,det(A✕B) = det(A)✕det(B) •

.det(A−1) = 1/det(A) •

for every α ∈ K, ,α ∈ K �� ��� �� •

det(αA) = αdet(A)

Similar matrices Th�AKtm�� �A�wfOm�� 3.3.1

7.3.1 : Definition - �§r`�

�d�¤ �Ð� A T�wfOml� ThybJ B T�wfOm��  � �wq� .Mn(K) T�wm�m�� �� �yt�wfO� B ¤ A �kt�

:�y� P ∈Mn(K) TFwk� T�wfO�

Let A and B be matrices of the set Mn(K). We say that the matrix B is similar to the matrix A

if there is an inverse matrix P ∈Mn(K) where:

B = P−1AP.

.Mn(K) T�wm�m�� Yl� ¥�Ak� T�®� ¨¡ Ty�At�� T�®`��  � T�whs� �¡rb�  � �km§

We can easily prove that the following relation is an equivalence relation on the set Mn(K).

∀A,B ∈Mn(K) : ARB ⇐⇒ A T�wfOm�A� ThybJ Similar to B

.Ahsfn� ThybJ A T�wfOm�� : TyFAk`�� T�®`�� •
Reflexive: the matrix A is similar to itself.

.A T�wfOml� ThybJ B  �� B T�wfOml� ThybJ A �A� �Ð� : T§rZAn� T�®`�� •
Symmetric: if A is similar to the matrix B then B is similar to the matrix A.

ThybJ A  �� C T�wfOml� ThybJ B ¤ B T�wfOml� ThybJ A �A� �Ð� : T§d`t� T�®`�� •
.C T�wfOml�

Transitive: if A is similar to the matrix B and B is similar to the matrix C then A is similar

to the matrix C.
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.�yth�AKt� B ¤ A �yt�wfOm��  � Ð� �y� �wq�

We say when since the two matrices A and B are similar.

4.3.1 : Remark - T\�®�

¨� Ahn� ryb`t�� �t§ �k� ,(�zy�Cw�¤d�±�) ¨��@�� ¨W��� �ybWt�� Hf�  ®�m� Amh�  Ath�AKt�  At�wfO�

.Tflt�� �AFAF�

Two matrices are similar then they represent the same endomorphism, but are expressed in

different bases.

Matrix inverse T�wfO� 
wlq� 4.3.1

8.3.1 : Definition - �§r`�

:�y� n T�Cd�� �� B T`�r� T�wfO� d�¤ �Ð� .n T�Cd�� �� T`�r� T�wfO� A �kt�

Let A be a square matrix of degree n. If there is a square matrix B of degree n where:

AB = I and BA = I,

.A−1 z�r�A� ¢� z�r�¤ .A T�wfOm�� 
wlq� B ¨ms�¤ .TFwk� A  � �wq�

We say that A is invertible and we call B the inverse of the matrix A we denote it by A−1.

5.3.1 : Remark - T\�®�

.BA = I ¤� AB = I Ty�At�� ª¤rK�� �� Xq� d��¤ ªrJ �� �q�t�� ���w�� ¨� ¨fk§

In fact, it is sufficient to check only, the following conditions AB = I or BA = I.

: ^�®� p ∈ N �� ��� �� ,TFwk� A �A� �Ð� T�A� TfO� •
In general, if A is inverse, for every p ∈ N we note:

A−p = (A−1)p = A−1A−1 · · ·A−1︸ ︷︷ ︸
r� p time

.

.GLn(K) z�r�A� ¢� z�r§ Mn(K) �� TFwk`�� �A�wfOm�� T�wm�� •
The set of inverse matrices Mn(K) is denoted by GLn(K).
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Inverse of a matrix by comparison method T�CAqm�� Tq§rV �Am`tFA� T�wfO� 
wlq�

17.3.1 : Example - �A��

Let �ky�

A =

(
1 2

0 3

)

T�wfOm�� Ty��d�¤ ©� A T�wfOm�� 	l� Tyl�A� xCd�

We study the invertibility of the matrix A, that is, the affectivity of the matrix

B =

(
a b

c d

)

: ¸�Ak� AB = I �y� ¨� .BA = I ¤ AB = I �y� K �� �®�A`m�� ��Ð

with coefficients in K where AB = I and BA = I. while AB = I is equivalent to :

AB = I ⇐⇒

(
1 2

0 3

)(
a b

c d

)
=

(
1 0

0 1

)
⇐⇒

(
a+ 2c b+ 2d

3c 3d

)
=

(
1 0

0 1

)

This equality is equivalent to the system: : Tlm��� � A`� �¤Asm�� £@¡
a+ 2c = 1

b+ 2d = 0

3c = 0

3d = 1

T�wfOm�� ¢n�¤ .d = 1
3
,c = 0 ,b = −2

3
,a = 1 : w¡ Ahl�

Its solution is: a = 1, b = −2
3
, c = 0, d = 1

3
. Then, the matrix

B =

(
1 −2

3

0 1
3

)
.

Ah�wlq�¤ TFwk� A T�wfOm�� ¢n�¤ .BA = I �¤Asm�� �� �q�t�� AS§� ©C¤rS�� �� ,TbFAn� Ah�� �Ab�³

To prove that they are suitable, it is also necessary to check the equality BA = I. The matrix A
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is invertible and his inverse is

A−1 =

(
1 −2

3

0 1
3

)
.

Inverse of a matrix by Gauss method Qwþ� Tq§rV �Am`tFA� T�wfO� 
wlq�

T�wfO� Y�� Ahl§w�� Yt� A T�wfOm�� rWF� Yl� Ty�¤� �Aylm� d� @yfn� �� Tq§rW�� £@¡ ��mt�

¨htn� �� .I T�wfOm�� �� �ºd� d��¤ �¤ ¨� Ty�¤±� �Aylm`�� Hf� @yfn� �t§ �y� .I d�w��

.r��� �hfl� TlhF Tl���� ��Ð �RwnF .A−1 Ahtmy� T�wfOm�

This method consists in performing several preliminary operations on the lines of the matrix A

until it is converted into the unit matrix I. Where the same initial operations are performed

simultaneously starting with the matrix I. Then we end up with a matrix A−1. We will explain

this with easy-to-understand examples.

A T�wfOm�� 	�A�� :¨�At�� 	y�rt��  Amt�� �®� �� �w�� Hf� ¨� �ytylm`�� Atlk� �wq� , Aylm�

.(A | I) Ez`m�� T�wfOm�� �ykKt� d�w�� T�wfO� �yS� , Ahbl� d§r� ¨t��

Practically, we do both operations at the same time by adopting the following order: next to the

matrix A that we want to invert, we add the unity matrix to form the augmented matrix (A | I).

�O�n� .(I | B) �¤d��� Yl� �wO��� Yt� Ty�¤±� �Aylm`�� @yfn� �t§ ,T�wfOm�� £@¡ rWF� Yl�

.B = A−1 Yl�

On the lines of this matrix, the initial operations are performed until the table (I | B) is obtained.

We get B = A−1.

: rWF±� Yl� Ty�At�� �Aylm`�� �bt� �wF

We will follow the following operations on the lines:

.(K \ {0} �� rOn� ©� ¤�) �¤d`� ry� ¨qyq�  d� ¨� rWF ©� 
rR Annkm§ (1

We can multiply any line by a non-zero real number (or any element of K \ {0}).

Li ← λLi, λ ̸= 0

.Lj r�� rWF �Af�AS� �� ��AS� Li rWs�� Y�� �yS�  � Annkm§ (2

We can add to line Li a multiple of another line’s Lj.

Li ← Li + λLj, λ ∈ K : (j ̸= i)
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We can exchange two lines. .�§rWF T� Ab� Annkm§ (3

Li ↔ Lj.

6.3.1 : Remark - T\�®�

�m§±� 	�A��� ¨� ¢� �Ayq�� �yl� ,Ez`m�� T�wfOm�� �� rs§±� 	�A��� Yl� ¢l`f� A� ��  �r�@�

.AS§�

Remember that whatever you do on the left side of the augmented matrix, you have to do on the

right side as well.

18.3.1 : Example - �A��

We calculate the inverse of the following matrix: :Ty�At�� T�wfOm�� 
wlq� 	s��

A =


1 2 1

4 0 −1
−1 2 2

 .

The augmented matrix with numbered lines: :Tm�r� rWF�� Ez`m�� T�wfOm��

(A | I) =


1 2 1 1 0 0

4 0 −1 0 1 0

−1 2 2 0 0 1


L1

L2

L3

Ty�¤±� Tylm`�� TWF�w� ¨�A��� rWs�� ¨� ¾¯¤� ,�¤±�  wm`�� ¨� rh\§ 0 �`�� Qw� Tq§rV �bW�

:Ez`m�� T�wfOm�� Y�� © ¥§ Am� L2 ← L2 − 4L1

We apply a Gauss method to make 0 appear in the first column, first in the second line by the

initial operation L2 ← L2 − 4L1 which leads to the augmented matrix:
1 2 1 1 0 0

0 −8 −5 −4 1 0

−1 2 2 0 0 1

 L2←L2−4L1

: L3 ← L3 + L1 �§w�t�A� , ��A��� rWs�� ¨� ¤ ,�¤±�  wm`�� ¨� 0 ��
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Then 0 in the first column, and in the third line, by transforming L3 ← L3 + L1 :
1 2 1 1 0 0

0 −8 −5 −4 1 0

0 4 3 1 0 1


L3←L3+L1

: 1 Yl� �O�� ¨� −1/8  d`�� ¨� L2 rWs�� 
rS�

We multiply the line L2 by the number −1/8 to get 1 :
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 4 3 1 0 1

 L2←− 1
8
L2

Tq§rV �� �¤±� ºz��� �� ¨htn� Yt� ,rWq�� �� ��A�±� �� ¨� rh\§ 0 �`�� ¨� Tylm`�� ¨� rmts�

:Qw�

We continue the process to make 0 appear everywhere under the diagonal, until we’ve finished

with the first part of the sink method:
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 0 1
2
−1 1

2
1


L3←L3−4L2

then ��
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 0 1 −2 1 2


L3←2L3

:rWq�� �w� rh\� CAf}±� �`��  w`O�� w¡ ¤ Qw� Tq§rV �� ¨�A��� ºz��� w¡ Yqb� A� ��

All that’s left is the second part of the Gauss method which is to go up to make the zeros appear

above the diagonal: 
1 2 1 1 0 0

0 1 0 7
4
−3

4
−5

4

0 0 1 −2 1 2

 L2←L2− 5
8
L3
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then ��
1 0 0 −1

2
1
2

1
2

0 1 0 7
4
−3

4
−5

4

0 0 1 −2 1 2


L1←L1−2L2−L3

1
4
C�dqm�� ��r�� d`�¤ �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

:Yl� �O�t� �rtK� ��A`�

So, the inverse of the matrix A is the matrix obtained on the right and after taking out the

expression 1
4
as a common factor we get:

A−1 =
1

4


−2 2 2

7 −3 −5
−8 4 8


.A✕A−1 = I  � �� �q�t�  � ¨fk§ ,�A�As��� Yl� �·mW� ¨� ,�ry��¤

Finally, to be sure of the calculations, it is enough to check that A✕A−1 = I.

Inverse of a matrix by adjoint matrix T�wfOm�� ���r� �Am`tFA� T�wfO� 
wlq�

9.3.1 : Definition - �§r`�

Let the matrix A where: :�y� A T�wfOm�� �kt�

A =



a1,1 . . . a1,j−1 a1,j a1,j+1 . . . a1,n
...

...
...

...

ai−1,1 . . . ai−1,j−1 ai−1,j ai−1,j+1 . . . ai−1,n

ai,1 . . . ai,j−1 ai,j ai,j+1 . . . ai,n

ai+1,1 . . . ai+1,j−1 ai+1,j ai+1,j+1 . . . ai+1,n

...
...

...

an,1 . . . an,j−1 an,j an,j+1 . . . an,n


�� �CE±�  wl�A�  wlm�� i rWs�� �@�¤ rm�±�  wl�A�  wlm�� j  wm`�� �@�� Aij T�wfOm�� ºAK��� �wq�

.n− 1 Tb�r�� �� T�wfO� Yl� �O�n� ,Tq�As�� T�wfOm��

We create the matrix Aij by deleting the column j colored in red and deleting the line i colored
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in blue from the previous matrix, so we get a matrix of order n− 1.

Aij =



a1,1 . . . a1,j−1 a1,j+1 . . . a1,n
...

...
...

ai−1,1 . . . ai−1,j−1 ai−1,j+1 . . . ai−1,n

ai+1,1 . . . ai+1,j−1 ai+1,j+1 . . . ai+1,n

...
...

...

an,1 . . . an,j−1 an,j+1 . . . an,n


T�wfOm�� A∗ z�r�A� Ah� z�r�¤ A T�wfOml� Tq��r� T�wfO� ¨ms�

We call the adjoint matrix of the matrix A and we denote it by A∗ the matrix

A∗ =
(
(−1)i+j det (Aij)

)
i,j≤n

=


+det (A11) − det (A12) +det (A13) − det (A14) · · ·
− det (A21) +det (A22) − det (A23) +det (A24) · · ·
+det (A31) − det (A32) +det (A33) − det (A34) · · ·

...
...

...
...

. . .



19.3.1 : Example - �A��

Let the matrix be A where: :�y� A T�wfOm�� �kt�

A =


1 3 −1
2 0 0

1 −1 1


From which the adjoint matrix is: :¨¡ Tq��rm�� T�wfOm�� ¢n�¤

A∗ =



+

∣∣∣∣∣ 0 0

−1 1

∣∣∣∣∣ −

∣∣∣∣∣ 2 0

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 2 0

1 −1

∣∣∣∣∣
−

∣∣∣∣∣ 3 −1
−1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 −11 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 3

1 −1

∣∣∣∣∣
+

∣∣∣∣∣ 3 −10 0

∣∣∣∣∣ −

∣∣∣∣∣ 1 −12 0

∣∣∣∣∣ +

∣∣∣∣∣ 1 3

2 0

∣∣∣∣∣


=


0 −2 −2
−2 2 4

0 2 −6
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4.3.1 : Theorem - T§r\�

�A� �Ð� ¤ .det(A) ̸= 0 Tmy� �A� �Ð� Xq�¤ �Ð� 	lql� Tl�A� ¤� TFwk� A T`�rm�� T�wfOm��  wk�

 �� ,TFwk� A T�wfOm��

The square matrix A is invertible if and only if det(A) ̸= 0.

If the matrix A is inverse, then

A−1 =
1

det (A)
(A∗)T .

20.3.1 : Example - �A��

Let the matrix A from the previous example be: :��As�� �A�m�� �� A T�wfOm�� �kt�

A =


1 3 −1
2 0 0

1 −1 1


Its adjoint matrix is: :¨¡ Tq��rm�� Aht�wfO�

A∗ =


0 −2 −2
−2 2 4

0 2 −6


Its transpose matrix is: :w¡ T�wfOm�� �wqn� ¢n�¤

(A∗)T =


0 −2 0

−2 2 2

−2 4 −6


Finally the inverse of the matrix A is: :w¡ A T�wfOm�� 
wlq� ry�±� ¨�

A−1 =
1

det (A)
(A∗)T =

1

−4


0 −2 0

−2 2 2

−2 4 −6

 =


0 1

2
0

1
2
−1

2
1
2

1
2
−1 3

2

 .
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