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If we solve this equation to figure out the value of y we get

y =
x3

3
+ C

£@¡ �� {§w`t�A� .x ¨� T�� y  � «r� , £®�� ¢yl� �wO��� �� ©@�� ���� ¨� .¨fy� �A� C �y�

.�y§¤Ast� TylRAft�� T� A`m�� ¨�rV ®� �bO§ ,  d�m�� TylRAft�� T� A`m�� ¨� y Tmyq��

where C is an arbitrary constant. In the above-obtained solution, we see that y is a

function of x. On substituting this value of y in the given differential equation, both the sides of

the differential equation becomes equal.

Exercise series N° 5 ��C �§CAmt�� TlslF 3.5

Exercise N°− 1 − ��C �§rm�

TylRAft�� T� A`m�� ��  d�

Determine the solution to the differential equation

3y′ + 4y = 0

.y (0) = 2 ¨¶�dt�³� ªrK�� �q�§ ©@��

which satisfies the initial condition y (0) = 2.

�þþ���

¨�At�� �kK�� Yl� 	tk� T� A`m�� £@¡

This equation is written in the following form

y′ = −4

3
y

w¡ ¨¶�dt�³� ªrK�� �q�§ ©@�� ����  Ð�

So the solution that satisfies the initial condition is

y (x) = y (0) e−
4
3
x

then :©�

y (x) = 2e−
4
3
x.
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Exercise N°− 2 − ��C �§rm�

:Ty�At�� TylRAft�� T� A`m�� �kt�

Let the differential equation be:

y′ + 2xy = x. (E)

.Ts�A�tm�� TylRAft�� T� A`m�� �wl� d�¤� (1

Find the solutions to the homogeneous differential equation.

.y(0) = 1 �q�� ¨t�� (E) T� A`m�� �wl� d�¤� (2

Find the solutions to the equation (E) which satisfies y(0) = 1.

�þþ���

¢n�¤ .¨fy� �A� w¡ k ∈ R �y� A(x) = x2/2 + k ��¤d�� ¨¡ a(x) = 2x T��dl� Tyl}±� ��¤d��

:�kK�� �� R Yl� T�r`m�� ��¤d�� �� ¨¡ E Ts�A�tm�� T� A`m�� �wl�

The primitive functions of a(x) = 2x are the functions A(x) = x2/2+k where k ∈ R is a arbitrary

constant. Hence, the solutions to the homogeneous equation E are all functions defined on R of

the form:

y(x) = ce−x
2

.¨fy� �A� c ∈ R �y�

where c ∈ R is an arbitrary constant.

:�kK�� �� E þ� QA��� ���� ��  µ� ��b�

Now we look for the particular solution of E of the form:

yp(x) = c(x)e−x
2

: An§d� .��w��� ryy�� Tq§rV �Am`tF��

using the variable constants method. We’ve got :

y′p(x) + 2xyp(x) = c′(x)e−x
2

.

.x ∈ R �� ��� �� c′(x) = xex
2
:  A� �Ð�Wq�¤ �Ð� E þ� �� w¡ yp ¢n�¤

Of which yp is a solution to E if and only if: c′(x) = xex
2
for each x ∈ R.
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: �A�m�� �ybF Yl� xex
2
T��dl� Tyl}±� ��¤d�� �y� �� c(x) T��d�� �kt�

Let the function c(x) be among the primitive functions of the function xex
2
, for example:

c(x) = 1/2ex
2

.

then the function yp where �y� yp T��d�� ¢n�¤

yp(x) = 1/2ex
2

e−x
2

= 1/2

: �kK�� �� ��¤d�� �� ¨¡ E T� A`m�� �wl� ,¢yl�¤ .E þ� �� ¨¡

is a solution to E. Therefore, the solutions to the equation E are all functions of the form:

y(x) = ce−x
2

+
1

2
c ∈ R.

.c = 1/2 : ¸�Ak§ y(0) = 1 ªrK�� An¡ ,E1 T� A`ml� �� y �y�

where y is a solution to equation E1, here the condition y(0) = 1 is equivalent to: c = 1/2.

Exercise N°− 3 − ��C �§rm�

:TylRAft�� T� A`ml� ]0,∞[ ¨� �km� �A�� rb�� Yl� ��Akt�� �rtq�

We propose to integrate over the largest possible interval in ]0,∞[ of the differential equation:

y′(x)− y(x)

x
− y(x)2 = −9x2 (E).

.(E) T� A`ml� y0 QA� �� y(x) = ax �y� a ∈]0,∞[ d�¤� (1

Find a ∈]0,∞[ where y(x) = ax is a particular solution y0 of equation (E).

:TylRAft�� T� A`m�� Y�� (E) T� A`m�� �w�§ y(x) = y0(x)− 1
z(x)

: T��d�� ryy��  � b�� (2

Prove that changing the function: y(x) = y0(x)− 1
z(x)

. Converts the equation (E) to the

differential equation:

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

.]0,∞[ Yl� (E1) �wl� d�¤� (3

Solve (E1) by ]0,∞[.
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.]0,∞[ Yl� T�r`m�� (E) T� A`m�� �wl� �� d�¤� (4

Find all solutions to the equation (E) defined on ]0,∞[.

�þþ���

Ty�At�� TylRAft�� T� A`m�� ��n�

Let’s solve the following differential equation

y′(x)− y(x)

x
− y(x)2 = −9x2.

 ±¤ ,T� A`ml� QA� ��  wk§ y0(x) = ax �y� a ∈]0,∞[ Yl� ��b� (1

We are looking for a ∈ [0,∞[ where y0(x) = ax is a special solution to the equation, and

because

y′0(x)−
y0(x)

x
− y0(x)

2 = −a2x2,

.a = 3 �ky� ¤ .a = ±3  A� �Ð� Xq�¤ �Ð� �� w¡ y0

y0 is a solution if and only if a = ±3, we take a = 3.

�S� ,�d`n� ¯¤ C1 �nO�� �� T�� z �A� �Ð� (2

If z is a function of class C1 and does not null, we set

y(x) = 3x− 1/z(x).

:  A� �Ð� Xq�¤ �Ð� �� y ¢n�¤

of which y is a solution if and only if:

z′(x)

z(x)2
+

1

xz(x)
− 1

z(x)2
+

6x

z(x)
= 0.

�q�§ z  A� �Ð� Xq�¤ �Ð� Tq�As�� T� A`ml� �� y Yl� �O�� z(x)2 ¨� 
rS�A�

Multiplying by z(x)2 we get y is a solution to the previous equation if and only if z satisfies

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

T��d�� x 7→ 6x + 1/x T��dl� Tyl}� T�� @��� .]0,∞[ �A�m�� Yl� (E1) T� A`m�� ��n� (3

x 7→ 3x2 + ln(x)

:T��d�� ¨¡ Ts�A�tm�� T� A`m�� �wl� ¢n�¤
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Let’s solve the equation (E1) over the interval ]0,∞[. We take a primitive function of

x 7→ 6x + 1/x the function x 7→ 3x2 + ln(x). Then, the solutions of the homogeneous

equation are the function:

x 7→ Ae−3x
2−ln(x).

�kK�� �� (E1) T� A`ml� QA� �� �� ��bn�

Let’s find a special solution to the equation (E1) of the form

zp(x) = α(x)e−3x
2−ln(x)

 A� �Ð� �� w¡ zp ¢n�¤

Hence, zp is a solution if

α′(x)e−3x
2−ln(x) = 1

.α(x) = e3x
2
/6  A� �Ð� �A�m�� �ybF Yl� α′(x) = xe3x

2
 A� �Ð� ©�

: ¨¡ (E1) T� A`m�� �wl�

i.e. for example if α′(x) = xe3x
2
and α(x) = e3x

2
/6. The solutions to the equation (E1) are:

z(x) =
1 + Ae−3x

2

6x
, where A ∈ R.

.]0,∞[ �A�m�� Yl� T�r`m�� (E) �wl�  µ� �tntsnF (4

We will now derive the solutions of (E) defined on the interval ]0,∞[.

Yl� y(x) > 3x  � Ay¶db� |rfn�¤ .]0,∞[ �A�m�� Yl� �r`� C1 �nO�� �� �� y �ky�

¢n�¤ .�km� Cd� rb��� ,I ⊂]0,∞[ �wtfm�� �A�m��

Let y be a solution of class C1 defined on the interval ]0,∞[. Let’s assume that y(x) > 3x is

on the open interval I ⊂ [0,∞[], as large as possible. Then

y(x) = 3x− 1/zI(x)

: � C¤rS�A� An§d� , ��As�� ��¥s�� 	s� .I Yl� C1 �nO�� �� zI < 0 ��¤d�� {`� ��� ��
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For some functions zI < 0 of class C1 on I. According to the previous question, we necessarily

have that:

zI(x) =
1 + AIe

−3x2

6x

�Ð� 1 > AIe
−3x2

 ± I ̸=]0,+∞[ �k� AI < 0  �� zI < 0  ±¤ .AI ∈ R �A��� ��� ��

.J Yl� y(x) < 3x  wk§ �y�� J �wtf� �A�� d�w§ ,¨�At�A�¤ .¨fk§ Am� ryb� x  A�

for the constant AI ∈ R, and because zI < 0 thenAI < 0 but I ̸=]0,+∞[ because 1 > AIe
−3x2

if x is big enough. Thus, there is an open interval J such that y(x) < 3x over J .

��¤d�� {`b� y(x) = 3x− 1/zJ(x) ,J ¨�  � ¤ . Ak�³� Cdq� ryb� J  � «r�� r� |rtf�

,��As�� ��¥s�� �� «r�� r� . C1 �nO�� �� zJ > 0

We assume again that J is as large as possible and that in J , y(x) = 3x− 1/zJ(x) for some

functions zJ > 0 of class C1 . Again from the previous question,

zJ(x) =
1 + AJe

−3x2

6x

.�A� AJ �y�

where AJ is a constant.

y �y��� ��Ð @n�¤ ,YO�±� d���  wk§  � |rtfm�� ��  A� J =]a, b[ �wtfm�� �A�m��  ±

�Ð� º¨K�� Hf� ¤ y(a) = 3a  �� a > 0  A� �Ð� ]0,+∞[ �A�m�� Yl� ¢f§r`� �t§  � |rtf§

�A�m�� Yl� y(x) < 3x An§d�  wk§ y T��d�� T§C�rmtFA� �k§ ��  � ¢�± ,y(b) = 3b ,b <∞  A�

A�dn� zJ(x) → +∞  A� �Ð� ¨��wt�� Yl� Xq� �km� �@¡ .ry�} ϵ > 0 ��� �� ]a − ϵ, b + ϵ[

: � Anl� dq� �k� .x→ b A�dn� zJ(x)→ +∞ ¤� x→ a

Because the open interval J =]a, b[ was supposed to be the maximum, and since y is assumed

to be defined on the interval ]0,+∞[ if a > 0 then y(a) = 3a and the same if b < ∞,

y(b) = 3b, because if it weren’t for the continuity of the function y we would have y(x) < 3x

over ]a − ϵ, b + ϵ[ for small ϵ > 0. This is only possible respectively if zJ(x) → +∞ when

x→ a or zJ(x)→ +∞ when x→ b. But we have said that:
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zJ =
1 + AJe

−3x2

6x
,

.(b = 0 ¤ a = 0 ¨��wt�� Yl�  A� �Ð� ºAn�tFA�) �®V³� Yl� �km� ry� �@¡ ��@�

So this is not possible at all (except if respectively a = 0 and b = 0).

£@¡ ¨� ]0,+∞[ �A�m�� Yl� y(x) < 3x �ky�¤ ]0,+∞[ �A�m�� Yl� y(x) = 3x �ky� ¢n�¤

	tk§¤ ]0,+∞[ �A�m�� Yl� �r`� z(x) = 1/(3x− y(x)) ,ry�±� T�A���

So, let y(x) = 3x over the interval ]0,+∞[ and let y(x) < 3x over ]0,+∞[ in this last case,

z(x) = 1/(3x− y(x)) defined on the interval ]0,+∞[ and write

z(x) = [1 + Ae−3x
2

]/6x.

: �� �� y  A� �Ð� ¢n�¤ .A ≥ −1 C¤rS�A� ,z > 0  ±

Because z > 0, is necessarily that A ≥ −1. Hence, if y is a solution, then:

y(x) = 3x ¤� y(x) = 3x− 6x

1 + Ae−3x2 �y� A ≥ −1.

,]0,∞[ �A�m�� Yl� C1 �nO�� �� ¤ �r`� y  �� ,�r`� y  A� �Ð� , ��Ð �� Hk`�� Yl�

.�� ¢�� �� �q�t�� Annkm§¤

Conversely, if y is defined, then y is defined and of class C1 on the interval ]0,∞[, and we

can verify that it is a solution.

Exercise N°− 4 − ��C �§rm�

Ty�At�� TylRAft�� T� A`m�� �kt�

Let the following differential equation

y′′ + 2y = 0

Solve this equation. .T� A`m�� £@¡ �� (1

¤ f (0) = 1 :Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� d�¤� (2

.f ′ (0) = −2
Find the function f that solves the previous differential equation and that satisfies the
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following conditions: f (0) = 1 and f ′ (0) = −2.

�þþ���

: �kK�� �� T� A`m�� 	tk� (1

Write the equation in the form:

y′′ +
(√

2
)2

y = 0

:�kK�� @��� ¨t�� R Yl� T�r`m�� ��¤d�� ¨¡ Ah�wl� ¢n�¤

and its solutions are the functions defined on R that take the form:

α cos
√
2x+ β sin

√
2x, α, β ∈ R

¤ f (0) = 1 :Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� (2

:�y� α, β ∈ R d�w§ ©� f ′ (0) = −2

The function f that achieves a solution to the previous differential equation and that fulfills

the following conditions: f (0) = 1 and f ′ (0) = −2, i.e. there is alpha, β ∈ R where:

f (x) = α cos
√
2x+ β sin

√
2x =⇒ f (0) = α = 1

¤

f ′ (x) =
√
2β cos

√
2x−

√
2α sin

√
2x =⇒

√
2β = −2 =⇒ β = −

√
2

:¨¡ �yVrK�� �q�� ¨t�� T��d�� ©�

Which function satisfies both conditions is:

f (x) = cos
√
2x−

√
2 sin

√
2x.

Exercise N°− 5 − ��C �§rm�

:Ty�At�� TylRAft�� �¯ A`m�� �wl� d�¤�
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Find the solutions to the following differential equations:

1) y′′ − 3y′ + 2y = ex.

2) y′′ − y = −6 cosx+ 2x sinx.

3) 4y′′ + 4y′ + 5y = sinxe−x/2.

�þþ���

:T� A`m�� �kt�

Let the equation:

y′′ − 3y′ + 2y = ex.

:zymm��  ¤d��� ry��

the characteristic polynomial is

f(r) = (r − 1)(r − 2)

:��¤d�� �ym� ¨¡ Ts�A�tm�� T� A`m�� �wl�  �� ¨�At�A�¤

So the solutions to the homogeneous equation are all functions:

y(x) = c1e
x + c2e

2x
�y� c1, c2 ∈ R.

: w¡ P Yl� (∗) ªrK�� (ıı) T�A��� ¨� ��� yp(x) = P (x)ex �kK�� �� QA� �� �� ��b�

.�q�� P (x) = −x ¤ P ′′ − P ′ = 1

We are looking for a special solution of the form yp(x) = P (x)ex. We are in the condition (ıı) (∗)
over P is : P ′′ − P ′ = 1 and P (x) = −x verifies:

:�kK�� �� ��¤d�� ¨¡ T� A`m�� �wl�  �� ��@�

Therefore, the solutions to the equation are functions of the form:

y(x) = (c1 − x)ex + c2e
2x where c1, c2 ∈ R.

An¡ .y′′ − y = −6 cosx+ 2x sinx

:�kK�� �� �wl� Ah� Ts�A�tm�� T� A`m�� 0 = (r − 1)(r + 1)

Here 0 = (r − 1)(r + 1) the homogeneous equation has solutions of

the form:

y(x) = c1e
x + c2e

−x where c1, c2 ∈ R.
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T� A`ml� y1 ��  A�§� Anyl� ��@� ,y′′ − y = −6 cosx : T� A`m�� �q�� 3 cosx T��d��  � ^�®�

 � ^�®� ,�@h� .TF¤Cdm�� T� A`ml� ¾®�  wkyF yp(x) = 3 cos x + y1(x)  ± y′′ − y = 2x sinx

.y′′ − y = 2xeix : T� A`ml� z1 ��  A�§³ £®�� T�Rwm�� Tq§rW�� �d�ts�¤ 2x sinx = Im(2xeix)

An§d� .f(i) = −2 ̸= 0  ± 1 T�Cd�� ��  ¤d��� ry�� ¨¡ P �y� P (x)eix �kK�� Yl� z1 �� ��b�

.P (x) = −x− i �§r`t�� d`� ¨W`§ ©@�� 2iP ′(x)− 2P (x) = 2x : ¢n�¤ P Yl� (∗) ªrK�� f ′(i) = 2i

¢n�¤

We note that the function 3 cosx satisfies the equation: y′′ − y = −6 cosx, so we need to solve y1

for the equation y′′ − y = 2x sinx because yp(x) = 3 cosx+ y1(x) will be a solution to the studied

equation. For this, we note that 2x sinx = Im(2xeix) and we use the above method to solve z1

for the equation: y′′ − y = 2xeix. We are looking for z1 of the form P (x)eix where P . It is a

polynomial of degree 1 because f(i) = −2 ̸= 0. we’ve got f ′(i) = 2i condition (∗) on P , from

which: 2iP ′(x)− 2P (x) = 2x which gives the definition dimension P (x) = −x− i. Then

y1(x) = Im((−x+ i)eix) = −x sinx− cosx.

:��¤d�� ¨¡ �wl���  �� ¨�At�A�¤

So the solutions are functions:

y(x) = c1e
x + c2e

−x + 2 cosx− x sinx where c1, c2 ∈ R.

y1(x) = A(x) sinx+B(x) cosx�kK�� ������ ����b� : y′′−y = 2x sinx þ� ��  A�§³«r�� Tq§rV

�bW�¤ y′′1 ,y′1 	s�� zymm�� T� A`m�� C@� Hy� i  ± 1 T�Cd�� ��  ¤d��� ��ry�� ¨¡ A,B �y�

: ªrK�� Yl� �O�t� . . . y1 Yl� TF¤Cdm�� T� A`m��

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

:  A� �Ð� �q�t§ ©@��

Another way to solve for y′′ − y = 2x sinx : We look for the solution from the form y1(x) =

A(x) sinx + B(x) cosx where A,B are polynomials of degree 1 because i is not the root of the

characteristic equation. We calculate y′1, y
′′
1 and apply the studied equation to y1 . . . we get the

condition:

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

which is achieved if:
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{
A′′ − A− 2B′ = 2x

B′′ −B − 2A′ = 0
.

.y1  d�§ ©@�� b = c = 0 ,a = d = −1 : �O�� d§d�t�� d`� ,B(x) = cx+ d � A(x) = ax+ b :	tk�¤

And we write: A(x) = ax + b et B(x) = cx + d, after defining we get: a = d = −1, b = c = 0

which defines y1.

.4y′′ + 4y′ + 5y = sinxe−
x
2

:¨¡ Ts�A�tm�� T� A`m�� �wl�¤ r2 = r1 ¤ r1 = −1
2
+ i  Ab�r�  �C@� Ah� zymm�� T� A`m��

The characteristic equation has two complex roots r1 = −1
2
+ i and r2 = r1. The solutions to the

homogeneous equation are:

y(x) = e−x/2(c1 cosx+ c2 sinx) where c1, c2 ∈ R

An§d�

sinxe−
x
2 = Im(e(−

1
2
+i)x),

T� A`m�� C@� w¡ −1
2
+ i  ± .e(−1/2+i)x

d§d��� ¨�A��� �rW�� �� T� A`m�� �� zp �� �� ��b�A� �db�

:�� ��b� , zymm��

we’ve got

sinxe−
x
2 = Im(e(−

1
2
+i)x),

We start by finding the solution to the zp of the equation with the new second side e(−1/2+i)x.

Because −1
2
+ i is the root of the characteristic equation, we look for:

zp(x) = P (x)e(−
1
2
+i)x

: P Yl� (∗) ªrK�� ¨�At�A�¤ .1 T�Cd�� �� P �y�

Where P is of degree 1. Hence the condition (∗) on P :

4P ′′ + f ′(−1/2 + i)P ′ + f(−1/2 + i)P = 1

Writes : 	tk§

8iP ′ = 1(P ′′ = 0 f(−1

2
+ i) = 0 ¤ f ′(−1

2
+ i) = 8i)
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Exercise series N° 5 ��C �§CAmt�� TlslF .3.5Differential equations TylRAft�� �¯ A`m��

:¨ly�t�� ºz��� An¡ ��¤ zp(x) = − i
8
xe(−

1
2
+i)x

¤ P (x) = −i/8x @���  � Annkm§ ��@�

So we can take P (x) = −i/8x and zp(x) = − i
8
xe(−

1
2
+i)x Hence the imaginary part is:

yp(x) = Im(− i

8
xe(−

1
2
+i)x) =

1

8
x sinxe−

x
2

: �kK�� �� ��¤d�� �ym� ¨¡ �wl���  �� ��@� .Ant� A`� �� w¡

is the solution to our equation. So the solutions are all functions of the form:

y(x) = e−
x
2 (c1 cosx+ (c2 +

1

8
x) sinx) where c1, c2 ∈ R.
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