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Ty��@�� T`J±�¤ Ty��@�� �yq�� .1.8T�wfO� ryWq� .��A��� �Of��

Ty��@�� T`J±�¤ Ty��@�� �yq�� 1.8

.¨W� �ybWt� Ty��@�� T`J±�¤ Ty��@�� �yq�� d§d�t� �dbn�

�þ§CA`� 1.1.8

.¢sf� ¨� E �� ¨W� �ybW� f  A� �Ð� endomorphisme ¨l�� ��AK� f : E → E :ry�@�

: α ∈ K �� ¤ u, v ∈ E �� ��� �� ,AS§� ¤ f(v) ∈ E  �� v ∈ E �� ��� �� ,«r�� CAb`�

f(u+ v) = f(u) + f(v) ¤ f(αv) = αf(v)

.¨l�� ��AK� f : E → E �ky� : 1.1.8 �§r`�

�y� v ∈ E �¤d`� ry� �A`J d�¤ �Ð� f ¨l�� ��AKtl� Ty��Ð Tmy� λ ∈ K Yms� (1

f(v) = λv.

.λ Ty��@�� Tmyql� ���rm�� f ¨W��� �ybWtl� ¨��@�� �A`K�� A¡dn� v �A`K�� ¨ms� (2

: z�r�A� ¢� z�r�¤ .f ¨W��� �ybWtl� Ty��@�� �yq�� T�wm�� w¡ f �ybWt�� (spectre) �yV (3

.(¨�A`K�� ºASf�� ¢yl� �r`m�� �q��� AnOO� �Ð� SpK(f) ¤�) Sp(f)

.¨��Ð �A`J AS§� w¡ αv  �� α ∈ K∗ �� ��� ��  �� ¨��Ð �A`J v  A� �Ð� : 1 T\�®�

.�A�wfOm�A� T}A��� �§CA`t�� �� �Af§r`t�� £@¡ ���wt�

¨l§ Am� �r`� ¨W� �ybW� f : Kn → Kn �ky�¤ .A ∈Mn(K) �kt� : 2.1.8 �§r`�

f(v) = Av

.A T�wfOml� ���rm�� Ahsf� ¨¡ f ¨W��� �ybWtl� Ty��@�� T`J±� ¤ Ty��@�� �yq��  ��

:Ty��@�� T`J±�  d�� ¨t�� Tl��dtm�� TyW��� T�®`l� «r�� T�At� �� ��bn�
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T�wfO� ryWq� .��A��� �Of�� Ty��@�� T`J±�¤ Ty��@�� �yq�� .1.8

f(v) = λv ⇐⇒ f(v)− λv = 0

⇐⇒ (f − λidE)(v) = 0

⇐⇒ v ∈ Ker(f − λidE)

.¨��@�� ¨�A`K�� ºASf�� ¨��§ An¡ ��¤

¨��@�� ¨�A`K�� ºASf�� 2.1.8

���r� ¨��Ð ¨¶z� ¨�A`J ºAS� ¨ms� .λ ∈ K �ky�¤ .E �� ¨��Ð ��AK� f �kt� : 3.1.8 �§r`�

: þ� �r`m�� Eλ z�r�A� ¢� z�r� ©@�� ¨¶z��� ¨�A`K�� ºASf�� λ Ty��@�� �yql�

Eλ = Ker(f − λidE).

:©� .f ¨W��� �ybWt�� �� ¢W��r� CAhZ� T�A� ¨� Eλ(f) z�r�A� ¢� z�r�  � �km§ ¤

Eλ =
{
v ∈ E | f(v) = λv

}
.

: Ty�wfOm�� T�yO�A� ¤�

Eλ =
{
v ∈ E | Av = λv

}
.

.¢tn� d`� ¤Ð ¨�A`J ºAS� E �ky� : 2 T\�®�

.≥ 1 d`� ¤Ð Eλ ¨��@�� ¨¶z��� ¨�A`K�� ºASf��  �� f þ� Ty��Ð Tmy� λ �A� �Ð� (1

:�R¤� CwO� .f(Eλ) ⊂ Eλ :¨n`§ f þ� Tbsn�A� rqts� Eλ ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� (2

v ∈ Ker(f − λidE) =⇒ f(f(v)) = f(λv) = λf(v) =⇒ f(v) ∈ Ker(f − λidE)

Tl��� 3.1.8
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Ty��@�� T`J±�¤ Ty��@�� �yq�� .1.8 T�wfO� ryWq� .��A��� �Of��

þ� �r`m�� f : R3 → R3 �ky� : 1 �A��

f(x, y, z) =
(
− 2x− 2y + 2z, −3x− y + 3z, −x+ y + z

)
.

: a f(X) = AX :©� ¨�wfOm�� �kK�� Yl� f ¨W��� �ybWt�� 	tkn� (1

X =


x

y

z

 ¤ A =


−2 −2 2

−3 −1 3

−1 1 1


AS§� T�At� �km§ ¤ f(1, 1, 0) = (−4,−4, 0)  �� v1 = (1, 1, 0)  A� �Ð�  � ^�®� (2

.λ1 = −4 Ty��@�� Tmyql� ���r� ¨��Ð �A`J w¡ v1 ¨�At�A� ¤ .f(v1) = −4v1

 wm� �A`K� v1 rbt`� An��� , �A�wfOm�� ��d�tFA� Ty�As��� �Aylm`�� º�r�� AnlS� �Ð�

.Av1 = −4v1 	s��¤

.Ty��Ð Tmy� λ2 = 2 (3

�@h� .λ2 = 2 ��� �� Ker(f − λ2IdR3) ¨� �¤d`� ry� �A`J  A�§� Anyl� , ��Ð �Ab�³

: A− λ2I3 	s��

A− 2I3 =


−4 −2 2

−3 −3 3

−1 1 −1


CAb`�¤ .�¤d`m�� �A`K�� w¡ (A − 2I3)v2 ©� A − 2I3 �wn�� Y�� ¨mtn§ v2 = (0, 1, 1) d��

v2 :ry�±� ¨� .f(v2) = 2v2 ¢n�¤ f(v2) − 2v2 = 0 ©� ,v2 ∈ Ker(f − λ2IdR3) ,«r��

.λ2 = 2 Ty��@�� Tmyql� ���r� ¨��Ð �A`J

.Ty��Ð Tmy� λ3 = 0 (3

¨�At�A�¤ .f(v3) = (0, 0, 0) �q�� v3 = (1, 0, 1)  � d��¤ £®��  C¤ A� ��� �`f�  � Annkm§

.λ3 = 0 Ty��@�� Tmyql� ���r� ¨��Ð �A`J v3 : ry�±� ¨� .f(v3) = 0 · v3

:�tnts� .3 Tb�r�� �� A T�wfOm��  ± ���Ð �� r���  A�§� �yWts� ¯¤ ,Ty��Ð �y� �®� A�d�¤ (4

.Sp(f) = {−4, 0, 2}
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T�wfO� ryWq� .��A��� �Of�� zymm��  ¤d��� ry�� .2.8

f þ� Tflt�� Ty��Ð �y� λ1, . . . , λk �kt�¤ .n ¢tn� d`� ¤Ð E þ� ¨��Ð ��AK� f �ky� : 1.1.8 T§r\�

Eλ1 , . . . , Eλk Ty��@�� �yql� ���rm�� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf�� �wm�� ¢n�¤ .k ≤ n�y�

�rJAb� A�wm��  wkt§

:�A�wfOm�� T�A� ¨� Ty�At�� T�ytn�� d��

vi �ky� 1 ≤ i ≤ k ��� �� ¤ f ¨W��� �ybWtl� Tflt�� Ty��Ð �y� λ1, . . . , λk �kt� : 1.1.8 T�yt�

.AyW� Tlqts� vi T`J±�  �� .λi Tmyql� ���r� ¨��Ð �A`J

.E ºASf�� d`� �� ���  wk§ Ty��@�� �yq��  d�  � ¨n`§ �@¡

þ� �r`m�� f : R3 → R3 @��� ��As�� �A�m�� �� : 2 �A��

f(x, y, z) =
(
− 2x− 2y + 2z, −3x− y + 3z, −x+ y + z

)
.

:Ty�At�� Ah� Tq��rm�� Ty��@�� T`J±�¤ Ty��@�� �yq�� A�d�¤ dq�

λ1 = −4 v1 = (1, 1, 0) λ2 = 0 v2 = (1, 0, 1) λ3 = 2 v3 = (0, 1, 1)

�� AyW� Tlqts� T`J� �®� �k� R3 þ� Tlqts� Tlm� �kK� (v1, v2, v3) T`J±� :1.1.8 T�ytn�� ��

.R3 þ� ¨��@�� xAF±� Yms§ xAF� �kK� (v1, v2, v3) :¢n�¤ .xAF� �kK� Amt� ¨h� R3

: AS§� 	tk�  � �yWts�

R3 = E−4 ⊕ E0 ⊕ E2.

zymm��  ¤d��� ry�� 2.8

.Ty��@�� �yq�� Yl� Cw�`�� ¨� zymm��  ¤d��� ry�� d�As§

zymm��  ¤d��� ry�� 1.2.8
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zymm��  ¤d��� ry�� .2.8 T�wfO� ryWq� .��A��� �Of��

A ∈Mn(K) �kt� .n ¢tnm�� d`b�� ¤Ð E ºASf�� Yl� ¨��Ð ��AK� f : E → E �ky� : 1.2.8 �§r`�

.B xAF±� ¨� f ¨W��� �ybWt�� T�wfO�

: 	tk�¤ A T�wfOml� zymm��  ¤d��� ry�� ¢sf� w¡ f þ� zymm��  ¤d��� ry�� ¨ms�

Pf (X) = PA(X) = det(A−XIn).

¨¡ B �A� �Ð� ¨�At�A�¤ .(B xAF±� CAyt��¤) A T�wfOm�� �� �qts� zymm��  ¤d��� ry��

�y� TFwk� P ∈Mn(K) d�w§ ¢��� ,B′ r�� xAF� ¨� �k�¤ f ¨l��d�� ¢�AKt�� Hf� T�wfO�

: 	tk�¤ .B = P−1AP

B −XIn = P−1(A−XIn)P.

¢n�¤

PB(X) = det(B −XIn) =
1

det(P )
· det(A−XIn) · det(P ) = det(A−XIn) = PA(X).

©�

PB(X) = PA(X).

Ty��@�� �yq�� �yy`� 2.2.8

:	tk�¤ ,¢� Ty��@�� �yq�� ��m� zymm��  ¤d��� ry�� C¤@� : 1 TþyS�

f þ� Ty��Ð Tmy� λ ⇐⇒ Pf (λ) = 0

: ¢n�¤ .λ ∈ K ¤ .B xAF±� ¨� ¢t�wfO� A ∈Mn(K) �kt�¤ .f : E → E �kt� :«r�� T�yO�

f þ� Ty��Ð Tmy� λ ⇐⇒ det(A− λIn) = 0

�y� T§rW� T�wfO� D �A� �Ð� : 1 �A��

D =


λ1 0 · · · 0

0 λ2
. . .

...

...
. . .

. . . 0

0 · · · 0 λn
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T�wfO� ryWq� .��A��� �Of�� ©rWq�� �kK�� Yl� CAOt�¯� .3.8

 ��

PD(X) = (λ1 −X) · · · (λn −X)

.D T�wfOml� Ty��@�� �yq�� AS§� ¨¡¤ PD(X)  ¤d��� ry�� C¤@� ¨¡ λi �yq�� ¢n�¤

©rWq�� �kK�� Yl� CAOt�¯� 3.8

��AK�) ¨W� �ybW� f ¤ K ¨l§dbt�� �q��� Yl� ,¢tn� d`� ¤Ð ¨�A`J ºAS� E rbt`� ¨l§ Amy�

.A ¨¡ Tq��rm�� ¢t�wfO� (¨��Ð

¢y�� Tbsn�A� f T�wfO�  wk� �y�� E þ� xAF�  A�§� w¡ ©rW� �kJ Yl� A CAOt�A� dOq�

�y�� Cwb`�� T�wfO� Yms� P 	lql� Tl�A� T`�r� T�wfO� d�w� @·ny� .T§rW� T�wfO�

. Ah�AK� D ¤ A  � ©� D = P−1AP

f : E −→ E �ky�¤ ,K ¨l§dbt�� �q��� Yl� ,¢tn� d`� ¤Ð ¨�A`J ºAS� E �ky� : 1.3.8 T§r\�

.f þ� Tflt�� Ty��Ð Tmy� m ,K �� λ1, λ2, · · · , λm ¤ ¨W� �ybW�

�wm�� E  A� �Ð� T§rW� T�wfOm� Th�AK� ¢� Tq��rm�� T�wfOm�� ¤� ryWqtl� ��A� ¢�� f �� �wq�

:©� Ty��@�� Ty¶z��� ¢��ºASf� rJAb�

E = Eλ1 ⊕ Eλ2 ⊕ · · · ⊕ Eλm

d`�  �� zymm��  ¤d��� ry�� ¨� r ��AS� Tb�C ��Ð λ Ty��@�� Tmyq�� �A� �Ð� : 1 T\�®�

:¨�At�A�¤ .m r��±� Yl� λ Ty��@�� Tmyql� ���rm�� Eλ ¨��@�� ºASf��

1 ≤ dim (Eλ) ≤ r.

Amt�  �� T§rW� T�wfOm� Th�AK� ¢� Tq��rm�� T�wfOm�� ¤� ryWqtl� ��A� f  A� �Ð� ¤

dim (Eλ) = r.
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©rWq�� �kK�� Yl� CAOt�¯� .3.8 T�wfO� ryWq� .��A��� �Of��

�kt� : 1 �A��

A =


1 0 0

0 1 0

1 −1 2

 .

T�wfO�  wk� Yt� P−1AP �y� P T�wfOm�� �� ��b� �� R Yl� ryWqtl� Tl�A� A  � b�n�

.T§rW�

: A þ� zymm��  ¤d��� ry�� 
As�� �db� (1

PA(X) = det(A−XI3) =

∣∣∣∣∣∣∣∣
1−X 0 0

0 1−X 0

1 −1 2−X

∣∣∣∣∣∣∣∣ = (1−X)2(2−X)

T�C 2 ¤ m(1) = 2 ��AS� T�Cd� 1 Tyqyq���  �d�±� ¨¡ zymm��  ¤d��� ry�� C¤@� (2

.m(2) = 1 ��ASt��

Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  d�n� (3

: 1 Tf�ASm�� Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E1 �ky� (1.1

E1 = Ker(A− I3) = {X ∈ R3 | A ·X = X}

An`R¤ �Ð� .

X =
(
x
y
z

)
: ¢n�¤

X ∈ E1 ⇐⇒ AX = X ⇐⇒


x = x

y = y

x− y + z = 0

⇐⇒ x− y + z = 0

E1 =
{(

x, y, y − x
)
| x ∈ R, y ∈ R

}
.xAF� �kK� X2 =

(
0
1
1

)
¤ X1 =

(
1
0
−1

)
T`J±� �� �A�m�� �ybF Yl� d�wm�� ©wtsm��
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T�wfO� ryWq� .��A��� �Of��©rWq�� �kK�� Yl� CAOt�¯� .3.8

: 2 TWysb�� Ty��@�� Tmyql� ���rm�� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E2 �ky� (2.1

E2 = Ker(A− 2I3) = {X ∈ R3 | A ·X = 2X}.

: ¢n�¤

X ∈ E2 ⇐⇒ A ·X = 2X ⇐⇒


x = 2x

y = 2y

x− y + 2z = 2z

⇐⇒ x = 0 ¤ y = 0

.¢� xAF� �kK§ ¤ X3 =
(

0
0
1

)
¢hy�w� �A`J �yqts� w¡ E2 =

{(
0
0
z

)
| z ∈ R

}
Tq��rm�� Ty��@�� �yq�� ��AS� T�Cd� T§¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`�� (3

.ryWqtl� Tl�A� A T�wfOm�� ¢n�¤ .dimE2 = 1 = m(2) ,dimE1 = 2 = m(1) :Ah�

¢� (¨�w�Aq�� xAF±� ¨�) A T�wfOm�A� ��mm�� ¨��@�� ��AKt�� ,(X1, X2, X3) xAF±� ¨� (4

:T�wfOm��

D =


1 0 0

0 1 0

0 0 2

 .

:©� 	y�rt�� Yl� X3 ¤ X2 ,X1 Ah�dm�� T`J� ¨t�� Cwb`�� T�wfO� P �S� ,«r�� TfO�

P =


1 0 0

0 1 0

−1 1 1

 ,

.P−1AP = D ¢n�¤
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8 ��C �§CAmt�� TlslF 4.8

: ¨l§Am� T�r`m�� M3(R) �� T�wfO� A �kt� : 1 �§rm�

A =


0 1 0

−4 4 0

−2 1 2

 .

? ryWqtl� Tl�A� A T�wfOm�� �¡ (1

.An �tntF� .n ∈ N �� ��� �� (A− 2I3)
n �� (A− 2I3)

2 	s�� (2

�þþ���

.A T�wfOml� zymm��  ¤d��� ry�� 
As� (1

PA(X) =

∣∣∣∣∣∣∣∣
−X 1 0

−4 4−X 0

−2 1 2−X

∣∣∣∣∣∣∣∣ = (2−X)(X2 − 4X + 4) = (2−X)3.

T�wfOml� Th�AK�  wkts� ,T§rW�  A� �Ð� 2 ¨¡ d��¤ Ty��Ð Tmy� �bq� A T�wfOm��

Tl�A�  wk�  � �km§ ¯ ��@� , �A��� w¡ Hy� �@¡¤ 2I3 þ� T§¤As�  wktF ��@� ,2.I3

.ryWqtl�

:An§d� (2

(A− 2I3)
2 =


−2 1 0

−4 2 0

−2 1 0



−2 1 0

−4 2 0

−2 1 0

 =


0 0 0

0 0 0

0 0 0

 ,

,(A− 2I3)
0 = I ¨�At�A�¤

(A− 2I3)
1 =


−2 1 0

−4 2 0

−2 1 0


.(A− 2I3)

n = 0 An§d� n ≥ 2 ��� �� ¤
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T�wfO� ryWq� .��A��� �Of�� 8 ��C �§CAmt�� TlslF .4.8

2 Tmyql� ¨��@�� ¨�A`K�� ºASf��  � ^�®�

Eλ=2 =
{

(x, y, z) ∈ R3 : 2x− y = 0
}

=
{

(x, 2x, z) : x, y ∈ R3
}

= 〈(1, 2, 0) , (0, 0, 1)〉

: R3
ºASf�� d`� �� �l�§ d`� ¤Ð

dim (Eλ=2) = 2 6= 3

.ryWqtl� Tl�A� ry� A T�wfOm��  � AS§� d�¥§ A� �@¡¤

.n ≥ 2 ��� �� Bn = 0 �y� A = A − 2I3 + 2I3 = B + 2I3 An§d�¤ B = A − 2I3 �S�

��@� ,T� Abt� 2I3 ¤ B �A�wfOm�� , ��Ð Yl� ¤®�

An = (B + 2I3)
n =

n∑
k=0

Ck
nB

k(2I3)
n−k

: �§d��� ��Ð ��wy� �®�A`� ¨¡ Ck
n �y�

Ck
n =

n!

k!(n− k)!
.

,n ≥ 2 �y� �� Bk = 0 An§d� k ≥ 2 ��� �� , ��Ð ��¤

An = C0
nB

0(2I3)
n + C1

nB
1(2I3)

n−1

= 2nI3 + 2n−1nB

= 2nI3 + 2n−1n(A− 2I3)

= 2n(1− n)I3 + 2n−1nA.

¢n�¤

An = 2n(1− n)I3 + n2n−1A.

= 2n(1− n)


1 0 0

0 1 0

0 0 1

+ n2n−1


0 1 0

−4 4 0

−2 1 2



=


− (n− 1) 2n n2n−1 0

−n2n+1 (n+ 1) 2n 0

−n2n n2n−1 2n
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T�wfOm�� �kt� : 2 �§rm�

A =


3 0 −1

2 4 2

−1 0 3


.A T�wfOml� zymm��  ¤d��� ry�� d�¤� (1

P Cwb`�� T�wfO�¤ T§rWq�� D T�wfOm�� d�¤� �� ryWqtl� Tl�A� A T�wfOm��  � b�� (2

.A = PDP−1 �y� TFwk`��

.n ∈ N ��� �� An 	s�� (3

�þþ���

.A T�wfOml� PA zymm��  ¤d��� ry�� 
As� (1

PA(X) =

∣∣∣∣∣∣∣∣
3−X 0 −1

2 4−X 2

−1 0 3−X

∣∣∣∣∣∣∣∣ = (4−X)

∣∣∣∣∣3−X −1

−1 3−X

∣∣∣∣∣
= (4−X)(X2 − 6X + 8)

= (4−X)(X − 4)(X − 2)

= (2−X)(4−X)2

λ1 = 2 �yty��Ð �ytmy� �lm� A T�wfOm�� ¢n�¤ �§C@� �bq§ PA zymm��  ¤d��� ry�� (2

. Tf�AS� Ty��Ð Tmy� λ2 = 4 ¤ TWys� Ty��Ð Tmy�

�ky� .Tq��rm�� Ty��@�� Ty�A`K�� ��ºASf��  d�n�

E1 = {V = (x, y, z) : AV = 2V }

:Tlm��� ��� �wq�
3x− z = 2x

2x+ 4y + 2z = 2y

−x+ 3z = 2z

⇐⇒

{
z = x

y = −2x

w¡ ¢hy�w� �A`J �yqts� w¡ 2 Ty��@�� Tmyql� ���rm�� E1 ¨��@�� ¨�A`K��ºASf��

.e1 = (1,−2, 1)
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�ky�

E2 = {v = (x, y, z) : Av = 4v}

:Tlm��� ��� �wq�
3x− z = 4x

2x+ 4y + 2z = 4y

−x+ 3z = 4z

⇐⇒ z = −x

z = −x :T� A`m�� ¤Ð ©wtsm�� w¡ 4 Ty��@�� Tmyql� ���rm�� E2 ¨��@�� ¨�A`K��ºASf��

.e3 = (1, 0,−1) ¤ e2 = (0, 1, 0) T`J±� �b� �� �A�m�� �ybF Yl� , AhFAF� ºAW�� �t§ ¨t��

¨��Ð �A`J w¡ ~e2 �A`K��  � Tqyq� ,A T�wfOm�� �� rJAb� º�rq�� Annkm§ ¢�� ^�¯

.4 Ty��@�� Tmyq�A� TWb�r�

,¨y�At�A�¤ Tq��rm�� Ty��@�� �yq��  d`� ©¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`��

.ryWqtl� Tl�A� A T�wfOm��¤ Ty��@�� T`J±� xAF� �bq§ R3
ºASf��

:¢n�¤ ,Cwb`�� T�wfO� P �S�

P =


1 0 1

−2 1 0

1 0 −1


Ah� Tq��rm�� D T§rWq�� T�wfOm�� ¤

D =


2 0 0

0 4 0

0 0 4

 ,

:T�®`�� An§d�

A = PDP−1 =


1 0 1

−2 1 0

1 0 −1




2 0 0

0 4 0

0 0 4




1
2

0 1
2

1 1 1
1
2

0 −1
2

 .

.n ∈ N ��� �� An 
As� (3

¤ An = P−1DnP ,n ∈ N ��� �� ¢n�¤ A = PDP−1 An§d� ��As�� ��¥s�� ��

Dn =


2n 0 0

0 4n 0

0 0 4n

 ,
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 � �l`�¤ .P−1 
As� Anyl� Yqb§

P−1 =
1

detP
(P ∗)T

�§�

detP = −2, P ∗ =


−1 −2 −1

0 −2 0

−1 −2 1

 ¤ P−1 = −1

2


−1 0 −1

−2 −2 −2

−1 0 1

 .

:An§d� ¢n�¤

An = −1

2


1 0 1

−2 1 0

1 0 −1




2n 0 0

0 4n 0

0 0 4n



−1 0 −1

−2 −2 −2

−1 0 1



= 2n−1


2n + 1 0 (1− 2n)

2n+1 − 2 2n+1 2n+1 − 2

(1− 2n) 0 2n + 1

 .

: A T�wfOm�� �kt� : 3 �§rm�

A =

(
0 1

1 0

)

.A T�wfOm�� rW�� (1

.Ah��CAs� �FC�¤ Ty��@�� T`J±� d�A� ¨� X ′ = AX TylRAft�� Tlm��� �wl� �� rb� (2

�þþ���

.A T�wfOm�� ryWq� (1

zymm��  ¤d��� ry��

PA(X) =

∣∣∣∣∣−X 1

1 −X

∣∣∣∣∣ = X2 − 1 = (X − 1)(X + 1).
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.ryWqtl� Tl�A� ¨h� ¢n�¤ �ytflt�� �yty��Ð �ytmy� �bq� A T�wfOm��

.A þ� ¨��@�� xAF±�  A�§�

,u = (x, y) ∈ R2
�ky�

Au = u ⇐⇒ x = y ¤ Au = −u ⇐⇒ x = −y.

1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u1 : �y� , u2 = (−1, 1) ¤ u1 = (1, 1)  � ^�®�

þ� AFAF�  ®kKy� �@� ,AyW�  ®qts� Am¡ −1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u2 ¤

�y� A = PDP−1 An§d� ¨�At�A�¤ R2

P =

(
1 −1

1 1

)
¤ D =

(
1 0

0 −1

)

 Ð� An§d� PY = X �y� Y �ky� (2

X ′ = AX ⇐⇒ PY ′ = APY ⇐⇒ Y ′ = P−1APY ⇐⇒ Y ′ = DY.

Tlm��� �wl� ¨¡ (u1, u2) Ty��@�� T`J±� xAF� ¨� X ′ = AX TylRAft�� Tlm��� �wl�

¨¡ Tlm��� �wl� ¨�At�A� y′(t) = −y(t) ¤ x′(t) = x(t) An§d� Y = (x, y)  A� �Ð� .Y ′ = DY

¨��@�� xAF±� ¨� Ah��CAs�  wk�¤ .Tyqyq� ��w� b ¤ a �y� y(t) = be−t ¤ x(t) = aet

.d¶�z�� �wWq�� �� �¤r� c ∈ R �� y = c/x T� A`m�� ��Ð �Ayn�n� �� CAb� (u1, u2)

: A T�wfOm�� �kt� : 4 �§rm�

A =


3 2 4

−1 3 −1

−2 −1 −3


.T�wfOml� Ty��@�� �yq�� d�¤� �� ���w� º�d� Y�� A þ� zymm��  ¤d��� ry�� �l� (1

.A þ� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf�� d�¤� (2

?ryWqtl� Tl�A� A T�wfOm�� �¡ (3

�þþ���
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An§d� :���w� º�d� �kJ Yl� A T�wfOml� zymm��  ¤d��� ry�� T�At� (1

PA(X) =

∣∣∣∣∣∣∣∣∣∣
C1 C2 C3

3−X 2 4

−1 3−X −1

−2 −1 −3−X

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
C1 ←− C1 − C3

−1−X 2 4

0 3−X −1

1 +X −1 −3−X

∣∣∣∣∣∣∣∣∣∣
L1

L2

L3

=

∣∣∣∣∣∣∣∣
−1−X 2 4

0 3−X −1

0 1 1−X

∣∣∣∣∣∣∣∣ L3 ←− L3 + L2

= (−1−X)(X2 − 4X + 4) = −(X + 1)(X − 2)2

.Tf�AS� Ty��Ð Tmy� λ2 = 2 ¤ TWys� Ty��Ð Tmy� λ1 = −1 ¨¡ A T�wfOml� Ty��@�� �yq��

.A T�wfOml� Ty¶z��� Ty��@�� Ty�A`K�� ��ºASf��  A�§� (2

�r`m�� E−1 ¨¶z��� ¨�A`K�� ºASf�� �ky� −1 Ty��@�� Tmyql� Tbsn�A�

E−1 = {u ∈ R3, Au = −u}.

,u = (x, y, z) ∈ R3
�ky�

u ∈ E−1 ⇐⇒


4x+ 2y + 4z = 0

−x+ 4y − z = 0

−2x− y − 2z = 0

⇐⇒

{
2x+ y + 2z = 0

x− 4y + z = 0

w¡ ¢hy�w� �A`J �yqts� w¡ E−1 ºASf��

u1 = (1, 0,−1).

�r`m�� E2 ¨�A`K�� ºASf�� 2 Tmyql� ���rm�� ¨¶z��� ¨�A`K�� ºASf��

E2 = {u ∈ R3, Au = 2u}.
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u = (x, y, z) ∈ R3
�ky�

u ∈ E2 ⇐⇒


x+ 2y + 4z = 0

−x+ y − z = 0

−2x− y − 5z = 0

⇐⇒

{
x+ 2y + 4z = 0

x− y + z = 0

¢hy�w� �A`J �yqts� w¡ E2 ºASf�� (3

u2 = (2, 1,−1).

.ryWqtl� Tl�A� sy� A T�wfOm�� ¢n�¤ ,1 d`� ¤Ð E2 ¨¶z��� ¨�A`K�� ºASf��

¤� Tb�w� Tyqyq�  �d�� Ah�®�A`� �A� �Ð� Ty¶�wK� A ∈Mn(R) T�wfO� ¨ms� : 5 �§rm�

.1 ©¤As§ A¡rWF� �� �� �®�A`� �wm��  A� �Ð�¤ T�¤d`�

.|λ| ≤ 1  �� A T�wfOml� Ty��Ð Tmy� λ ∈ C�A� �Ð� ¢�� b�� (1

.Ah� ���rm�� ¨��@�� �A`K�� d�¤� �� Ty��Ð Tmy� 1  � b�� (2

�þþ���

.Ty��@�� Tmyql� ���r� ¨��Ð �A`J z �ky�¤ A T�wfOml� Ty��Ð Tmy� λ ∈ C  � |rf� (1

T�wfOm�� �Ay��d�� �� i ��C  wm`�� |zi| = maxj=1,...,n |zj|. �y� i ∈ {1, . . . , n} �ky�

d�Aq�� ��d�tF�¤ TqlWm�� Tmyq�� @��� .λzi ©¤As§  � 	�§ �@¡¤
∑n

j=1 ai,jzj �q�� Az

Yl� �O�� Ty�®���

|λ||zi| ≤
n∑
j=1

ai,j|zj| ≤
n∑
j=1

ai,j|zi| ≤ |zi|

 ± |λ| |zi| ≤ |zi| . Yl� AnlO�� d� ¢n�¤ .
∑n

j=1 ai,j = 1 ¤ ai,j ≥ 0 AS§� �m`ts� �y�

.|λ| ≤ 1  � ¨n`§ �@¡ (�¤d`m�� �A`K��  wk§ z ¯�¤) |zi| 6= 0

@�� ¨fk§ (2

z =


1
.
.
.

1


.1 Ty��@�� Tmyql� ���r� ¨��Ð �A`J z  wk§ ¨�At�A�¤ .Az = z  � ^�®� ¨�
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: Ty�At�� T�wfOm�� ryWq� Ty�Ak�� �d� 	bF 
As�  ¤d� �rJ� : 6 �§rm�

A =


i 1 1

0 i 1

0 0 i

 .

�þþ���

�Ð� .i ¨¡ d��¤ Tmy� ¨� Tl�mtm�� A¡rW� r}An� ¨¡ Ty��@�� Ahmy� T§wl� Ty�l�� A T�wfOm��

:�q�� P ∈ GL3(C) TFwk� T�wfO�  A�§� �yWts� Amt�� ryWqtl� Tl�A� A T�wfOm�� �A�

A = P (iI3)P
−1.

: �� �A�wfOm�� �ym� �� Ty� Ab� I3 T�wfOm��  ±¤ �k�

A = iI3PP
−1 = iI3 =


i 0 0

0 i 0

0 0 i

 .

.ryWqtl� Tl�A� ry� A T�wfOm��  �� �@h� �A��� w¡ Hy�¤

¨�w�Aq�� xAF±� ¨� AW`m�� A T�wfOm�� ¤Ð R3 Yl� ¨��Ð ��AK� f ¨qyq�  d�m �ky� : 7 �§rm�

:¨l§ Am�

A =


1 0 1

−1 2 1

2−m m− 2 m

 .

? f �ybWtl� Ty��@�� �yq�� d�¤� (1

? ryWqtl� ��A� ¨W��� �bWt��  wk§ Yt� m �y� ¨¡A� (2

.k ∈ N �� ��� �� Ak 	s�� .m = 2  � |rf� (3

�þþ���
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.A T�wfOml� zymm��  ¤d��� ry��  A�§� (1

PA(X) =

∣∣∣∣∣∣∣∣
X − 1 0 −1

1 X − 2 −1

m− 2 2−m X −m

∣∣∣∣∣∣∣∣ =C1+C2→C1

∣∣∣∣∣∣∣∣
X − 1 0 −1

X − 1 X − 2 −1

0 2−m X −m

∣∣∣∣∣∣∣∣

=L2−L1→L2

∣∣∣∣∣∣∣∣
X − 1 0 −1

0 X − 2 0

0 2−m X −m

∣∣∣∣∣∣∣∣ = (X − 1)

∣∣∣∣∣ X − 2 0

2−m X −m

∣∣∣∣∣
= (X − 1)(X − 2)(X −m).

�ytmy� Xq� �bq§ f  �� 2 ¤� m = 1 A�@�� �Ð� QA� �kK� 2 ¤ 1 ¨¡ f þ� Ty��@�� �yq��

.�yty��Ð

Ty��Ð �y� �®� �bq§ ©@�� R3
�� ¨��@�� ��AKt�� f  �� m 6= 2 ¤ m 6= 1  A� �Ð� (2

f þ� zymm��  ¤d��� ry��  �� m = 1  A� �Ð� ¤ ryWqtl� ��A� f An¡  wk§ : Tflt��

¨¶z��� ¨�A`K�� ºASf�� d`�  A� �Ð� Xq� ryWqtl� ��A� f  wk§¤ .(1−X)2(2−X) w¡

 � r�@�) Ty¶z��� Ty�A`K�� ��ºASf�� ¢�A¡ �� ��bn� .2 ©¤As§ 1 Ty��@�� Tmyql� ¨��@��

:An§d� u = (x, y, z) ��� �� .(m = 1

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

x− y = 0

⇐⇒


x = x

y = x

z = 0

¢n�¤ : 1 6= 2 ¨��@�� ºASf�� d`u� .(1, 1, 0) �A`K�� Ker(f − I) ºASfl� xAF�� @���

.Ker(f − 2I) ºASf�� d`u� �� ��b� .m = 2  �  µ� |rf� .ryWqtl� Tl�A� ry� T�wfOm��

:u = (x, y, z) ��� �� An§d�

f(u) = 2u ⇐⇒


−x+ z = 0

−x+ z = 0

0 = 0

⇐⇒


x = x

y = y

z = x

ºASf�� d`u� QA� �kK� .(0, 1, 0) ¤ (1, 0, 1) �y�A`K�� Ker(f − 2I) ºASfl� xAF�� @���

.ryWqtl� ��A� An¡ f ¤ 2 w¡ Ker(f − 2I)
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1 Ty��@�� Tmyq�� ��� �� .2 Ty��@�� Tmyql� Tbsn�A� ¨��Ð xAF� Aq�AF A�d�¤ .f rWqn� (3

: u = (x, y, z) ��� �� An§d� (m = 2)

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

z = 0

⇐⇒


x = x

y = x

z = 0

¤ v = (0, 1, 0) ,u = (1, 1, 0) �ky� .(1, 1, 0) �A`K�� Ker(f − I) ºASfl� xAF�� @���

:¨¡ f T�wfO� xAF±� �@¡ ¨� f þ� ¨��Ð xAF� (u, v, w) ¢n�¤ .w = (1, 0, 1)

D =


1 0 0

0 2 0

0 0 2

 .

T�wfOm�� .(u, v, w) xAF±� Y�� R3
ºASfl� ¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �kt�

:þ� �AW`m�� P

P =


1 0 1

1 1 0

0 0 1


:d�� .P−1 	s��  � 	�§ .A = PDP−1 An§d�¤

P−1 =


1 0 −1

−1 1 1

0 0 1

 .

T§rW� D T�wfOm��  ± ¤ �k� .Ak = PDkP−1  � ���rt�A� �tnts� A = PDP−1 ��

:An§d�

Dk =


1 0 0

0 2k 0

0 0 2k

 .

ry�±� ¨� d�� �A�As��� d`�

Ak =


1 0 2k − 1

1− 2k 2k 2k − 1

0 0 2k

 .
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