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TyW��� �AqybWt�� .1.3 TyW��� �AqybWt�� . ��A��� �Of��

TyW��� �AqybWt�� 1.3

�§CA`� 1.1.3

rkf�� £@¡ �m`� �wF f : Rp −→ Rn
�ybWt�� ¨� ¨W��� �ybWt�� �whf� Aq�AF Anh��¤ dq�

.Ty�A`K�� ��ºASf�� �ym� Yl�

w¡ F w�� E �� f �ybWt��  � �wq� .K �q��� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 1.1.3 �§r`�

:�yy�At�� �yVrK�� �q�§  A� �Ð� ¨W� �ybW�

f(u+ v) = f(u) + f(v) An§d� u, v ∈ E �� ��� �� .(0)

.f(λ · u) = λ · f(u) An§d� λ ∈ K ¤ u ∈ E �� ��� �� .(0)

�r`m�� f �ybWt�� : 1 �A��

f : Rr3 → R2

(x, y, z) 7→ (−2x, y + 3z)

¨qyq�  d� λ ¤ R3 �� �§rOn� v = (x′, y′, z′) ¤ u = (x, y, z) An§d� , ���w�� ¨� .¨W� �ybW� w¡

.�y�

f(u+ v) = f(x+ x′, y + y′, z + z′)

=
(
− 2(x+ x′), y + y′ + 3(z + z′)

)
= (−2x, y + 3z) + (−2x′, y′ + 3z′)

= f(u) + f(v)
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TyW��� �AqybWt�� . ��A��� �Of�� TyW��� �AqybWt�� .1.3

¤

f(λ · u) = f(λx, λy, λz)

= (−2λx, λy + 3λz)

= λ · (−2x, y + 3z)

= λ · f(u)

Q�w� 2.1.3

F w�� E �� ¨W� �ybW� f  A� �Ð� K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 1 TþyS�

: ��

,f(0E) = 0F •

.u ∈ E �� ��� �� f(−u) = −f(u) •

:AS§� Ty�At�� Q�w��� An§d�

�ybWt�� : �� F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 2 TþyS�

,K �� µ ¤ λ ¨mlF �� ��� ��¤ E �� v ¤ u �� ��� ��  A� �Ð� Xq�¤ �Ð� ¨W� f

f(λu+ µv) = λf(u) + µf(v).

K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

. : 2.1.3 �§r`�

ºASfl� �zy�Cw�w�¤� ¤� �zy�Cw�¤E� AS§� ¢�� F w�� E �� �r`m�� ¨W��� �ybWt��  � �wq� •
.¨�A`K��

.L(E,F ) z�r�A� Ah� z�r§ F ¨� E �� TyW��� �AqybWt�� T�wm��
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TyW��� �AqybWt�� .1.3 TyW��� �AqybWt�� . ��A��� �Of��

E �� TyW��� �AqybWt�� T�wm�� �zy�w� ¤d��� Ew�� E �� �r`m�� ¨W��� �ybWt�� ¨ms� •
.L(E) z�r�A� Ah� z�r§ F ¨�

¨W� �ybW� �w�¤ Cw} 3.1.3

T�wm�� A �kt� .F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

.E �� Ty¶z�

Ah� z�r� A T�wm�ml� rJAb� Cw} ¨¡ A T�wm�m�� r}An`� f TWF�w� CwO�� �ym�

:T�r`m�� .F �� Ty¶z� T�wm�� ¨¡¤ .f(A) z�r�A�

f(A) =
{
f(x) | x ∈ A

}
.

:z�r�A� Ah� z�r�¤ ¨W��� �ybWt�� Cw} Yms� f(E)  �� ¨W� �ybW� f : E → F  A� �Ð�

.Im(f)

. : 3 TþyS�

.F �� ¨¶z� ¨�A`J ºAS� ¨¡ f(E ′)  �� E �� ¨¶z� ¨�A`J ºAS� E ′ �A� �Ð� (1

.F �� ¨¶z� ¨�A`J ºAS� ¨¡ Im(f) T}A� TfO� (2

.Im(f) = F �Ð� Xq�¤ �Ð� r�A� f : f(E) rJAbm�� CwO�� �§r`� �®� �� An§d� : 1 T\�®�

.F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 3.1.3 �§r`�

: 0F �� A¡Cw} ¨t�� E �� r}An`�� T�wm�� Ker(f) z�r�A� f �ybWt�� �wn� z�r�

Ker(f) =
{
x ∈ E | f(x) = 0F

}

�y¡�r�� ¨my¡�r� :ÐAtF±� 62 rks� rSy� dm�� T`�A�
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TyW��� �AqybWt�� . ��A��� �Of�� TyW��� �AqybWt�� .1.3

:�w}w�� ºASf� ©rfO�� �A`Kl� T� Abtm�� CwO�� ¨¡ �wn�� , r�� Yn`m�

Ker(f) = f−1{0F}.

�w� .F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 4 TþyS�

.E �� ¨¶z� ¨�A`J ºAS� ¨¡ f �ybWt��

�r`m�� ¨W��� �ybWt�� f �ky� : 2 �A��

f : R3 → R2

(x, y, z) 7→ (−2x, y + 3z)

�ky� .Ker(f) �wn�� 
As� •

(x, y, z) ∈ Ker(f) ⇐⇒ f(x, y, z) = (0, 0)

⇐⇒ (−2x, y + 3z) = (0, 0)

⇐⇒

 −2x = 0

y + 3z = 0

⇐⇒ (x, y, z) = (0,−3z, z), z ∈ R

¨¡ : Ker(f) = V ect
{

(0,−3, 1)
}
«r�� T�yO� .Ker(f) =

{
(0,−3z, z) | z ∈ R

}
¢n�¤

.�yqts� �kK�

.(x′, y′) ∈ R2 @��� .f Cw} 
As� •

(x′, y′) = f(x, y, z) ⇐⇒ (−2x, y + 3z) = (x′, y′)

⇐⇒

 −2x = x′

y + 3z = y′

rks� rSy� dm�� T`�A� 63 �y¡�r�� ¨my¡�r� :ÐAtF±�
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¨W� �ybWt� ¨�wfOm�� �kK�� .2.3TyW��� �AqybWt�� . ��A��� �Of��

An§d� (x′, y′) ∈ R2 ©� ��� �� ,T}®��� ¨� .z = 0 ,y′ = y ,x = −x′

2
�A�m�� @�� �yWts�

.r�A� �ybW� f  �� Im(f) = R2 ¢n�¤ .f(−x′

2
, y′, 0) = (x′, y′)

.f(X) = AX ¨l§ Am� �r`m�� f : Rp −→ Rn ¨W��� �ybWt�� �ky�¤ .A ∈Mn,p(R) �kt� : 3 �A��

: Ker(f) =
{
X ∈ Rp | AX = 0

}
¢n�¤

.AX = 0 Ts�A�tm�� TyW��� Tlm�l� �wl��� T�wm�� ¨¡ X ∈ Rp  �� ¨�At�A�¤

.A T�wfOm�� dm�� �� d�wm�� ¨�A`K�� ºASf�� ¨¡ Im(f)  � � Aq�� Cw�m�� ¨� «r� �wF

¨W� �ybWt� ¨�wfOm�� �kK�� 2.3

E �� ºASf�� d`� p �ky� ¤ K �q��� Yl� ,¢tnm�� d`b�� ��¤Ð �yy�A`J �y¶AS� F ¤ E �ky�

¤ .F þ� xAF� B′ = (f1, . . . , fn) ¤ F ºASf�� d`� n �ky� .E þ� xAF� B = (e1, e2, . . . , ep) ¤

.¨W� �ybW� f : E → F �ky�

:¨l§ A� r�@�  � Tyhtn�  A`�� ��Ð �y¶AS� �y� TyW��� �AqybWt�� P¶AO� An� �ms�

TWF�w� �� ��¤ , E xAF±� Cw} �®� �� d§r� �kK� f TyW��� �ybWt�� d§d�� �t§ •
.f(e1), f(e2), . . . , f(ep) T`J±�

¨� ¨W� �zm� d§r� �kK� 
wtk� F �� �A`J w¡ f(ej) ,j ∈ {1, . . . , p} �� ��� �� •
.F  B′ = (f1, f2, . . . , fn) xAF±� T`J�

AS§� Ah� z�r§ d�¤) a1,j, a2,j, . . . , an,j dy�w�� �Aymls�� �� n  d� d�w§ ¢n� ¤
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TyW��� �AqybWt�� . ��A��� �Of�� ¨W� �ybWt� ¨�wfOm�� �kK�� .2.3

:�y� (a1j, a2j, . . . , anj

f(ej) = a1jf1 + a2jf2 + · · ·+ anjfn =


a1j

a2j
.
.
.

anj


B′

.

.(aij)(i,j)∈{1,...,n}5{1,...,p} �®�A`m�� TWF�w� ��Ak�A� £d§d�� �t§ f ¨W��� �ybWt��  �� ,¨�At�A�¤

:¨�At�� �§r`t�� �A� � ¨`ybW�� �� ��@�

(ai,j) ∈Mn,p(K) T�wfOm�� ¨¡B′ ¤BxAF°�Tbsn�A� f TyW��� �ybWt�� T�wfO� : 1.2.3 �§r`�

: B′ = (f1, f2, . . . , fn) xAF±� ¨� f(ej) �A`K�� �Ay��d�� �� j  wm`��  wkt§ �y�



f(e1) . . . f(ej) . . . f(ep)

f1 a11 a1j . . . a1p

f2 a21 a2j . . . a2p
...

...
...

...
...

fn an1 anj . . . anp



T`J± f Cw} ¨¡ Ah�dm�� ¨t�� T�wfOm�� ¨¡ ¨W� �ybW� T�wfO� :Xs�� ��CAb`�

T�wfOm�� ¢th� z�r� .B′ �w}w�� ºAS� xAF� T`J� ¨� Ahn� A¾rb`� , B ºdb�� ºAS� xAF�

.MatB,B′(f) z�r�A�

. : 1 T\�®�

.F ºASf�� d`�¤ E ºASf�� d`b� Xq� �l`t§ MatB,B′(f) T�wfOm�� Tb�r� •

B′ xAF±� Y��¤ E �� B xAF±� CAyt�� Yl� T�wfOm�� �®�A`� dmt`� , «r�� Ty�A� �� •
.F ��
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¨W� �ybWt� ¨�wfOm�� �kK�� .2.3 TyW��� �AqybWt�� . ��A��� �Of��

:¨l§ Am� �r`� R2 ¨� R3  ¨W� �ybW� f �ky� : 1 �A��

f : R3 −→ R2

(x1, x2, x3) 7−→ (x1 − x2 − 2x3, x1 + 2x2 + 3x3)

�ybWt�� T�A�m� f CAbt�� �km§ ¨�At�A�¤ ,dm�±� T`J�¤ rWF±� T`J� d§d�� �s�tsm�� ��

f :


x1

x2

x3

 7→
 x1 − x2 − 2x3

x1 + 2x2 + 3x3


: ©� .R2 þ� ¨�w�Aq�� xAF±� B′ = (f1, f2) ¤ R3 þ� ¨�w�Aq�� xAF±� B = (e1, e2, e3) �ky�

e1 =


1

0

0

 e2 =


0

1

0

 e3 =


0

0

1

 ¤ f1 =

1

0

 f2 =

0

1



B′ ¤ B xAF±� ¨� f ¨W��� �ybWt�� T�wfO�  A�§� (1

.MatB,B′(f) T�wfOm�� ¨�  wm� �¤� w¡¤ ,f(e1) = f(1, 0, 0) = (1, 1) = f1 +f2 An§d� (A

.MatB,B′(f) T�wfOm�� ¨�  wm� ¨�A� ,f(e2) = f(0, 1, 0) = (−1, 2) = −f1 + 2f2 ¤ (B

T�wfOm�� ¨�  wm� r��¤ ��A� .f(e3) = f(0, 0, 1) = (−2, 3) = −2f1 + 3f2 �ry�� ¤ (C

,MatB,B′(f)

:¨�At�A� ¤

MatB,B′(f) =

1 −1 −2

1 2 3


,�y¶ASf�� �� �k� d§d� xAF�� �w}w�� ºAS� xAF� ¤ �db�� ºAS� xAF� ryy�t�  µ� �wqnF (2
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TyW��� �AqybWt�� . ��A��� �Of��HF±� ryy�� .3.3

:¨l§A� 	s�

ε1 =


1

1

0

 ε2 =


1

0

1

 ε3 =


0

1

1

 φ1 =

1

0

 φ2 =

1

1



R3 �� B0 = (ε1, ε2, ε3) xAF±� ¨� ©� d§d��� ¨W��� �ybWt�� T�wfO� 
As��  µ� �wq�

R2 �� B′0 = (φ1, φ2) ¤

f(ε1) = f(1, 1, 0) = (0, 3) = −3φ2,

f(ε2) = f(1, 0, 1) = (−1, 4) = −φ1 − 5φ2,

f(ε3) = f(0, 1, 1) = (−3, 5) = −3φ1 + 2φ2,

¢n� ¤

MatB0,B′0(f) =

 0 −1 −3

−3 −5 2

 .

.�AFAF±� CAyt�� Yl� ®`� dmt`� ¨W��� �ybWt�� T�wfO�  � Tqyq� �Rw§ �A�m�� �@¡

HF±� ryy�� 3.3

x ∈ E �� ��� �� .E þ� xAF� B = (e1, e2, . . . , ep) �ky�¤ ¢tn� d`� ¤Ð ¨�A`J ºAS� E �kt�

:�y� K �� dy�¤ (x1, x2, . . . , xp) Tf�ASm-p d�w§

x = x1e1 + x2e2 + · · ·+ xpep.

:z�r�A� ¢� z�r§ ,  wm� �A`J w¡ x �Ay��d�� T�wfO�

MatB(x) ¤�

( x1
x2
.
.
.
xp

)
B

.

rks� rSy� dm�� T`�A�67�y¡�r�� ¨my¡�r� :ÐAtF±�
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HF±� ryy�� .3.3 TyW��� �AqybWt�� . ��A��� �Of��

Xysb�� �kK�� �@¡ Yl� �A`K�� 	tkn� ¨�w�Aq�� xAF±� w¡ B  A� �Ð� Rp
T�wm�m�� ¨�( x1

x2
.
.
.
xp

)
.xAF±� CAhZ�  ¤ 

�ybW� f : E → F �ky� ¤ K �q��� Yl� ,¢tnm�� d`b�� ��¤Ð �yy�A`J �y¶AS� F ¤ E �ky�

.F þ� xAF� B′ ¤ E þ� xAF� B �kt�¤ .¨W�

. : 1 TþyS�

.A = MatB,B′(f) �kt� •

.X = MatB(x) =

( x1
x2
...
xp

)
B

�S� x ∈ E �� ��� �� •

.Y = MatB′(y) =

( y1
y2
...
yn

)
B′

�S� y ∈ F �� ��� �� •

T�At� �km§ ¢��� y = f(x) An§d�  A� �Ð� ¢n�¤

Y = AX

: «r�� TfO�

MatB′
(
f(x)

)
= MatB,B′(f)5MatB(x)

.E þ� xAF� B = (e1, e2, e3) ¤ R �q��� Yl� ,3 ¢tnm�� d`b�� ¤Ð ¨�A`J ºAS� E �ky� : 1 �A��

:¨¡ B xAF±� ¨� ¢t�wfO� �y� E �� f (�zy�Cw�¤d�±�) ¨��@�� ��Amt�� �ky�¤

A = MatB(f) =


1 2 1

2 3 1

1 1 0

 .
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TyW��� �AqybWt�� . ��A��� �Of�� HF±� ryy�� .3.3

(e1, e2, e3) ¨W� �z� ¨¡ E �� x r}An`�� ��  � �l`� .f Cw}¤ �w� d§d�� ¯¤� �rtq�

x = x1e1 + x2e2 + x3e3

An§d� .

x ∈ Ker(f) ⇐⇒ f(x) = 0E ⇐⇒ MatB
(
f(x)

)
=


0

0

0



⇐⇒ AX =


0

0

0

 ⇐⇒ A


x1

x2

x3

 =


0

0

0



⇐⇒


x1 + 2x2 + x3 = 0

2x1 + 3x2 + x3 = 0

x1 + x2 = 0

:d�� Tlm��� �� d`�

Ker(f) =
{
x1e1 + x2e2 + x3e3 ∈ E | x1 + 2x2 + x3 = 0 ¤ x2 + x3 = 0

}
=
{(

t
−t
t

)
| t ∈ R

}
= Vect

((
1
−1
1

)
B

)
�y�A`J �¤� @��� .2 w¡ Im(f) d`� d�� CwO��¤ �wn�� T§r\� �Am`tFA� .1 d`b�� Ah� �wn��  �� ��@�

: Im(f) ºASf�� dy�wt� AyW� �ylqts� A T�wfOm�� ¨�

Im(f) = Vect
((

1
2
1

)
B
,
(

2
3
1

)
B

)
.

r�� Y�� xAF� �� Cwb`�� T�wfO� 1.3.3

E ºASf�� �AFAF� �ym�  � �l`� �bF A� 	s� .n ¢tn� d`� ¤Ð ¨�A`J ºAS� E  � |rfn�

.rOn� n Yl� ©wt��
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HF±� ryy�� .3.3 TyW��� �AqybWt�� . ��A��� �Of��

.E þ� r�� xAF� B′ �ky�¤ .E þ� xAF� B �kt� : 1.3.3 �§r`�

��Ð T`�rm�� T�wfOm�� PassB,B′ :	tk�¤ B′ xAF±� Y�� B xAF±� �� Cwb� T�wfO� ¨ms�

.B xAF°� Tbsn�A� ,B′ xAF°� j �A`K�� �� ®kK�  wm`�� j �y� n5n Tb�r��

.MatB(B′) z�r�A� PassB,B′ T�wfOml� A�Ay�� z�r� d� ¤

�ky�¤ .R2 ¨qyq��� ¨�A`K�� ºASf�� �ky� : 2 �A��

e1 =

1

0

 e2 =

1

1

 ε1 =

1

2

 ε2 =

5

4

 .

.B′ = (ε1, ε2) xAF±� ¤ B = (e1, e2) xAF±� rbt`�

.B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO�  A�§�

:d�� .(e1, e2) T�¯d� ε2 � ε1 �� rb`�  � 	�§

ε1 = −e1 + 2e2 =

−1

2


B

ε2 = e1 + 4e2 =

1

4


B

: �Ð� ¨¡ Cwb`�� T�wfO�

PassB,B′ =

−1 1

2 4



IE d§A�m�� ¨W��� �bWtl� Tq��rm�� T�wfOm�� Ah�� Yl� Cwb`�� T�wfO� rbt`�  � �km§

.E Yl� �r`m��

Tq��rm�� T�wfOm�� ¨¡ B′ xAF±� Y�� B xAF±� �� PassB,B′ Cwb`�� T�wfO� : 2 TþyS�

ºAS� E ¤ ,B′ xAF±A�  ¤zm�� �dbm�� ºAS� ¨¡ E �y� IE : (E,B′) → (E,B) d§A�m�� �ybWtl�
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TyW��� �AqybWt�� . ��A��� �Of�� HF±� ryy�� .3.3

: B xAF±A�  ¤zm�� �w}w��

PassB,B′ = MatB′,B(IE)

:¨l§A� d�� �wF �AFAF±� Ty`R¤ Ansk� w� �k�

. : 3 TþyS�

xAF±� �� Cwb`�� T�wfO� w¡ Ah�wlq�¤ TFwk� B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO� (1

: B xAF±� Y�� B′

PassB′,B =
(
PassB,B′

)−1
 �� �AFAF� �®� B′′ ¤ B′ ,B  A� Ð� (2

PassB,B′′ = PassB,B′5PassB′,B′′

�r`n�¤ .B ¨�w�Aq�� xAF±A�  ¤z� E = R3 �ky� : 3 �A��

B1 =




1

1

0

 ,


0

−1

0

 ,


3

2

−1


 ¤ B2 =




1

−1

0

 ,


0

1

0

 ,


0

0

−1


 .

.B2 xAF±� Y�� B1 xAF±� �� Cwb`�� T�wfO�  A�§�

:An§d�

PassB,B1 =


1 0 3

1 −1 2

0 0 −1

 ¤ PassB,B2 =


1 0 0

−1 1 0

0 0 −1

 .
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HF±� ryy�� .3.3 TyW��� �AqybWt�� . ��A��� �Of��

:¸�Ak� Tq�As�� TySq��

PassB,B2 = PassB,B15PassB1,B2

d�� ¢n�¤ .

PassB1,B2 = Pass−1B,B15PassB,B2

: d�� Pass−1B,B1 
wlqm�� 
As� d`� .

PassB1,B2 =


1 0 3

1 −1 2

0 0 −1


−1

5


1 0 0

−1 1 0

0 0 −1



=


1 0 3

1 −1 1

0 0 −1

5


1 0 0

−1 1 0

0 0 −1

 =


1 0 −3

2 −1 −1

0 0 1

 .

.T`J±� �Ab�r� Yl� HF±� ryy�� ry��� TF�Cd�  µ� �wqnF

.E ¨�A`K�� ºASf�� Hfn� �yFAF� B′ = (e′1, e
′
2, . . . , e

′
n) ¤ B = (e1, e2, . . . , en) �ky� •

.B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO� PassB,B′ �ky� •

xAF±� ¨� x =
∑n

i=1 xiei �kK�� �� TyW� Tlm�� ¢t�At� �km§ ¢��� x ∈ E ��� �� •
: 	tk�¤ B

X = MatB(x) =

( x1
x2
.
.
.
xn

)
B

.

¨� x =
∑n

i=1 x
′
ie
′
i �kK�� �� TyW� Tlm�� AS§� ¢t�At� �km§ x ∈ E rOn`�� Hf� •

: 	tk� ¤ B′ xAF±�

X ′ = MatB′(x) =

 x′1
x′2
.
.
.
x′n


B′

.
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TyW��� �AqybWt�� . ��A��� �Of�� HF±� ryy�� .3.3

: 4 TþyS�

X = PassB,B′X
′

xAF±� ryy�� T�y} 2.3.3

�� Cwb`�� T�wfO� P = PassB,B′ ¤ E þ� �yFAF� B′ ,B ,¨W� �ybW� f : E → E �ky� •
.B′ xAF±� Y�� B xAF±�

T�wfO� B = MatB′(f) ¤ BxAF±� ¨� f ¨W��� �bWt�� T�wfO� A = MatB(f) �kt� •
.B′ xAF±� ¨� f ¨W��� �bWt��

:¨�µA�  wk� xAF±� ryy�� T§r\�

: 1.3.3 T§r\�

B = P−1AP

n ≥ 1 �� ��� �� T�A� TfO� ¤

Bn = P−1AnP

: R3 ��  Ay�At��  AFAF±� �ky� : 4 �A��

B1 =




1

1

0

 ,


0

−1

0

 ,


3

2

−1


 ¤ B2 =




1

−1

0

 ,


0

1

0

 ,


0

0

−1


 .
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