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��C �§CAmt�� TlslF 3.1

. : 1 �§rm�

:¨l§ Am� �r`m�� F ¨l��d�� 	y�rt��  w�Aq� R T�wm�m��  ¤z� (1

∀x, y ∈ R : xFy = xy +
(
x2 − 1

) (
y2 − 1

)
.© Ay��� rOn`�� w¡ 1  �¤ ¨`ym�� Hy�¤ ¨l§db� F  � b��

:¨l§ Am� �r`m�� F ¨l��d�� 	y�rt��  w�Aq� R∗+ T�wm�m��  ¤z� (2

∀x, y ∈ R∗+ : xFy =
√
x2 + y2

.© Ay��� rOn`�� w¡ 0  �¤ ¨`ym�� ¤ ¨l§db� F  � b�� (A

.F Tylm`l� Tbsn�A� ry\� rOn� ©� R∗+ ¨� d�w§¯ ¢�� b�� (B

�þþ���

 � ^�®� (1

xFy = xy + (x2 − 1)(y2 − 1) = yx+ (y2 − 1)(x2 − 1) = yFx

¨l§db� F  w�Aq�� ¢n�¤

:�y�� z ¤ y ¤ x Yl� Cw�`�� ¨fk§ ,Ay`ym�� Hy�  w�Aq��  � �Ab�³

xF(yFz) 6= (xFy)Fz

r}An`�� CAyt�� ¨� 1 @��� ¯  � 	�§ ¢n�¤ ,© Ay��� rOn`�� w¡ 1  � £A� � «rnF Am�

z = 3 ¤ y = 2 , x = 0 :�A�m�� �ybF Yl� @��� .z ¤ y ¤ x
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xF(yFz) = 0F(2F3)

= 0F(2F3 + (22 − 1)(32 − 1))

= 0F(6 + 358)

= 0F30

= 0F30 + (02 − 1)(302 − 1) = −899

(xFy)Fz = (0F2)F3

= (052 + (02 − 1)(22 − 1))F3

= (−3)F3

= −353 + ((−3)2 − 1)(32 − 1)

= −9 + 82

= 55

.Ay`ym�� Hy� F  w�Aq��

1Fx = 1x+ (12 − 1)(x2 − 1) = x

: �� ¨l§db�  w�Aq��  ± , ��@� T�AR³A�

xF1 = 1Fx

.© Ay��� rOn`�� w¡ 1 ,xF1 = 1Fx = x An§d�

An§d� (A (2

xFy =
√
x2 + y2 =

√
y2 + x2 = yFx

rks� rSy� dm�� T`�A�29�y¡�r�� ¨my¡�r� :ÐAtF±�
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.¨l§db� F  w�Aq��

(xFy)Fz =
√
x2 + y2Fz =

√
(
√
x2 + y2) + z2 =

√
x2 + y2 + z2

: d�� (y, z, x) þ� (x, y, z) ryy�� �§rV �� £®�� 
As���  A���

(yFz)Fx =
√
y2 + z2 + x2

.¨`ym�� F  w�Aq�� : ¢n�¤ ,¨l§db� F  ±

(yFz)Fx = xF(yFz)(xFy)Fz = xF(yFz)

.© Ay��� rOn`�� w¡ 0  �� ¨l§db� F  ± xF(yFz) rJAb� 
As��� An�Ak���  A�

0Fx =
√

02 + x2 = |x| = x,  ± x ≥ 0

0Fx = xF0

0Fx = xF0 = x

y ry\� �bq§ x  � |rtfn� (B

xFy = 0⇔
√
x2 + y2 = 0⇔ x2 + y2 = 0⇔ x = y = 0

¢� Hy� x ©� x > 0 �� ��� �� �y�ts� xFy = 0 ¢n�¤ y > 0 ¤ x > 0 �y� ¨�

.ry\�

:¨l§ Am� G ¨� �r`m��  w�Aq�� F ¤ G = R∗5R �ky� : 2 �§rm�

(x, y)F (x′, y′) = (xx′, xy′ + y)
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.Tyl§db� sy� r�E (G,F)  � b�� (1

. (G,F) �� Ty¶z� r�E (]0,+∞[ 5R,F)  � b�� (2

�þþ���

xx′ 6= 0 ¢��� x′ 6= 0 ¤ x 6= 0  A� �Ð� (A− 1

(x, y)F(x′, y′) = (xx′, xy′ + y) ∈ R∗R.

.¨l�� 	y�r�  w�A� w¡ F  w�Aq��

(x, y)F((x′, y′) ∗ (x′′, y′′)) = (x, y) ∗ (x′x′′, x′y′′ + y′)

= (xx′x′′, x(x′y′′ + y′) + y)

= (xx′x′′, xx′y′′ + xy′ + y)

¤

((x, y)F(x′, y′))F(x′′, y′′) = (xx′, xy′ + y) ∗ (x′′, y′′)

= (xx′x′′, xx′y′′ + xy′ + y)

.¨`ym�� F  w�Aq�� ¢n�¤

:(x, y) ∈ R∗5R �� ��� �� �y� (a, b) �kt� (B − 1

(a, b)F(x, y) = (x, y) = (x, y)F(a, b)

:þ� T·�Ak� ��¤Asm�� £@¡

(ax, ay + b) = (x, y) = (xa, xb+ y)⇔

 ax = x

ay + b = y
⇔

 a = 1

b = 0

.© Ay��� rOn`�� w¡ (1, 0) ¢n�¤
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�y� (x′, y′) �� ��b� (x, y) ∈ R∗5R �ky� (C − 1

(x, y)F(x′, y′) = (1, 0) = (x′, y′)F(x, y)

:þ� T·�Ak� ��¤Asm�� £@¡

(xx′, xy′ + y) = (1, 0) = (x′x, x′y + y′)⇔

 xx′ = 1

x′y + y′ = 0
⇔

 x′ = 1
x

y′ = −y
x

.r�E �kK� (R∗5R,F) ¢n�¤ .

(
1
x
, −y
x

)
w¡ (x, y) þ� ry\n�� rOn`��

sy� r�z��  � �d� �R�w�� �m� (2, 0)F(1, 2) = (2, 4) ¤ (1, 2)F(2, 0) = (2, 2)  � Am� (D − 1

.Tyl§db�

.(1, 0) ∈]0,+∞[5R w¡ (R∗5R,F) þ� © Ay��� rOn`�� (2

¢n�¤ .(x′, y′) ∈]0,+∞[5R ¤ (x, y) ∈]0,+∞[5R �ky�

(x, y)F

(
1

x′
,
−y′

x′

)
=

(
x

x′
, x

(
−y′

x′

)
+ y

)
=

(
x

x′
,
−y′x+ x′y

x′

)
�� Ty¶z� r�E (∈]0,+∞[5R,F) ¢n�¤ .

(
x
x′
, −y

′x+x′y
x′

)
∈]0,+∞[5R  �� x > 0  � Am�

.(R∗5R,F)

:¨l§ Am� �y�r`m�� �y�w�Aq�A� A = R5R T�wm�m��  ¤z� : 3 �§rm�

(x, y) + (x′, y′) = (x+ x′, y + y′)

¤

(x, y) ∗ (x′, y′) = (xx′, xy′ + x′y)

.Tyl§db� r�E (A, ∗)  � b�� (1

 � b�� (2

.¨l§db� ∗  w�Aq�� (A
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.¨`ym�� ∗  w�Aq�� (B

.∗  w�Aql� Tbsn�A� © Ay��� rOn`�� d�¤� (C

.Tyl§db� Tql� �kK� (A,+, ∗)  � b�� (D

�þþ���

(1

(x, y) + (x′, y′) = (x+ x′, y + y′) ∈ A

.¨l��  w�Aq�� ¢n�¤

(x, y) + [(x′, y′) + (x′′, y′′)] = (x, y) + (x′ + x′′, y′ + y′′)

= (x+ (x′ + x′′), y + (y′ + y′′))

= ((x+ x′) + x′′, (y + y′) + y′′)

= [(x, y) + (x′, y′)] + (x′′, y′′)

.¨`ym�� +  w�Aq�� ¢n�¤

(x, y) + (x′, y′) = (x+ x′, y + y′) = (x′ + x, y′ + y)

= (x′, y′) + (x, y)

.¨l§db� +  w�Aq�� ¢n�¤

dy�w�� rOn`�� w¡ (a, b) = (0, 0)  � �R�w�� �� ,(x, y) + (a, b) = (x, y) �y� (a, b) �ky�

. © Ay���

�y� (x′, y′) �ky�

(x, y) + (x′, y′) = (0, 0)

¸�Ak§ �@¡

(x+ x′, y + y′) = (0, 0)⇐⇒

 x+ x′ = 0

y + y′ = 0
⇔

 x′ = −x
y′ = −y

.Tyl§db� r�E (A,+)  � �tnts� .(−x,−y) w¡ (x, y) ry\n�� rOn`�� ¢n�¤
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(A− 2

(x, y) ∗ (x′, y′) = (xx′, xy′ + x′y) = (x′x, x′y + xy′) = (x′, y′) ∗ (x, y)

.¨l§db� ∗ ¢n�¤

(B − 2

[(x, y) ∗ (x′, y′)] ∗ (x′′, y′′) = (xx′, xy′ + x′y) ∗ (x′′, y′′)

= (xx′x′′, xx′y′′ + x′′(xy′ + x′y))

= (xx′x′′, xx′y′′ + x′′xy′ + x′′x′y)

(x, y) ∗ [(x′, y′) ∗ (x′′, y′′)] = (x, y) ∗ (x′x′′, x′y′′ + x′′y′)

= (xx′x′′, x(x′y′′ + x′′y′) + x′x′′y)

= (xx′x′′, xx′y′′ + xx′′y′ + x′x′′y)

¢n�¤

[(x, y) ∗ (x′, y′)] ∗ (x′′, y′′) = (x, y) ∗ [(x′, y′) ∗ (x′′, y′′)]

.¨`ym�� ∗  w�Aq��

,(x, y) ∈ A �� ��� �� �y� (e, f) �ky� (C − 2

(x, y) ∗ (e, f) = (x, y)

: �q�� f ¤ e xe = x

xf + ye = y
⇔

 e = 1

f = 0

.∗  w�Aql� Tbsn�A� A þ� © Ay��� rOn`�� (1, 0) ∈ A
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�m��� Yl� º�d��� Ty`§Ew� (D − 2

(x, y) ∗ [(x′, y′) + (x′′ + y′′)] = (x, y) ∗ (x′ + x′′, y′ + y′′)

= (x(x′ + x′′), x(y′ + y′′) + (x′ + x′′)y)

= (xx′ + xx′′, xy′ + xy′′ + x′y + x′′y)

= (xx′ + xx′′, xy′ + x′y + xy′′ + x′′y)

= (xx′, xy′ + x′y) + (xx′′, xy′′ + x′′y)

= (x, y) ∗ (x′, y′) + (x, y) ∗ (x′′, y′′)

.Tbl�db� Tql� (A,+, ∗) ry�±� ¨�

:Ty�At�� T`J±� TWF�w� A¡¦AK�� �� ¨t�� Ty�A`K�� ��ºASf�� �¯ A`� d�¤� : 4 �§rm�

,u1 = (1, 2, 3) •

,u2 = (−1, 0, 1) ¤ u1 = (1, 2, 3) •

.u3 = (1, 0, 1) ¤ u2 = (2, 1, 0) ,u1 = (1, 2, 0) •

�þþ���

¢n�¤ .u1 �A`K�A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� F �S�

(x, y, z) ∈ F ⇐⇒ ∃a ∈ R,


x = a

y = 2a

z = 3a

⇐⇒ ∃a ∈ R,


a = x

y − 2x = 0

z − 3x = 0

⇐⇒

 y − 2x = 0

z − 3x = 0
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.u2 ¤ u1 T`J±A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� G �S� .F þ� �¯ A`� �`f�A� A�d�¤ dq�

:¢n�¤

(x, y, z) ∈ G ⇐⇒ ∃(a, b) ∈ R2,


x = a− b
y = 2a

z = 3a+ b

⇐⇒ ∃(a, b) ∈ R2,


a = y/2

b = z − 3y/2

0 = x− 2y + z

⇐⇒ x− 2y + z = 0.

u2 ,u1 T`J±A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� H �S� .G T� A`� ¨¡ ry�±� T� A`m�� £@¡

: ¢n�¤ .u3 ¤

(x, y, z) ∈ H ⇐⇒ ∃(a, b, c) ∈ R3,


x = a+ 2b+ c

y = 2a+ b

z = c

⇐⇒ ∃(a, b, c) ∈ R3,


a+ 2b+ c = x

−3b− 2c = y − 2x

c = z

.H = R3
¨�At�A� ¤ .z ¤ y ,x �y� �A� Amh� ®� �bq� Tlm���

:R3 �� Ty�At�� Ty¶z��� ��ºASfl� d�wm�� T`J±� d�¤� : 5 �§rm�

,F = {(x, y, z) ∈ R3; x+ 2y − z = 0} •

.G = {(x, y, z) ∈ R3; x− y + z = 0 ¤ 2x− y − z = 0} •

�þþ���
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An§d� •

(x, y, z) ∈ F ⇐⇒ x = −2y + z ⇐⇒


x = −2y + z

y ∈ R

z ∈ R
⇐⇒ (x, y, z) = (−2y + z, y, z), y ∈ R, z ∈ R,

= y(−2, 1, 0) + z(1, 0, 1), y ∈ R, z ∈ R.

.F = vect(u1, u2) d�� ¢n�¤ u2 = (1, 0, 1) ¤ u1 = (−2, 1, 0) �S�

An§d� •

(x, y, z) ∈ G ⇐⇒

 x− y + z = 0

2x− y − z = 0
⇐⇒

 x− y + z = 0

y − 3z = 0

⇐⇒ (x, y, z) = z (2, 3, 1)

u = (2, 3, 1) �y� G = vect(u) d�� ¢n�¤

.v2 = (1,−2, 3,−4) ¤ v1 = (1, 2, 3, 4) T`J±� R4 ¨� �ky� : 6 �§rm�

? (x, 1, y, 1) ∈ V ect{v1, v2}�y� y ¤ x  A�§� �yWts� �¡ •

? (x, 1, 1, y) ∈ V ect{v1, v2}�y� y ¤ x  A�§� �yWts� �¡ •

�þþ���

rks� rSy� dm�� T`�A�37�y¡�r�� ¨my¡�r� :ÐAtF±�

4



��C �§CAmt�� TlslF .3.1 Ty�A`K�� ��ºASf�� . �¤±� �Of��

:An� •

(x, 1, y, 1) ∈ V ect{v1, v2}

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = λ(1, 2, 3, 4) + µ(1,−2, 3,−4)

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = (λ, 2λ, 3λ, 4λ) + (µ,−2µ, 3µ,−4µ)

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = (λ+ µ, 2λ− 2µ, 3λ+ 3µ, 4λ− 4µ)

=⇒ ∃λ, µ ∈ R 1 = 2(λ− µ) ¤ 1 = 4(λ− µ)

=⇒ ∃λ, µ ∈ R λ− µ =
1

2
¤ λ− µ =

1

4

.x, y ��� Yl� Cw�`�� Annkm§ ¯ ��@� .(x, y  A� A§�) �y�ts� w¡¤

: �Wnm�� Hfn� •

(x, 1, 1, y) ∈ V ect{v1, v2}

iff ∃λ, µ ∈ R (x, 1, 1, y) = (λ+ µ, 2λ− 2µ, 3λ+ 3µ, 4λ− 4µ)

⇐⇒ ∃λ, µ ∈ R



x = λ+ µ

1 = 2λ− 2µ

1 = 3λ+ 3µ

y = 4λ− 4µ

⇐⇒ ∃λ, µ ∈ R



λ = 5
12

µ = − 1
12

x = 1
3

y = 2.

.(1
3
, 1, 1, 2) 	FAn§ ©@�� (x, 1, 1, y) dy�w�� �A`K��  �� �@�
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