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Sets theories �A�wm�m�� �A§r\�

Exercise series N° 1 ��C �§CAmt�� TlslF 1.1

Exercise N°− 1 − ��C �§rm�

:Ty�At�� �A�wm�m�� (r}An� �� ºAW��� ©�) �yOft�A� 	t��

Write in detail (i.e., by providing all elements) the following sets:

A = {integers between 2π ¤
√
2 �y� T�y�}  �d��}. (1

B =
{
x ∈ Q; ∃(n, p) ∈ N✕N, x = p

n
and 1 ≤ p ≤ 2n ≤ 7

}
. (2

Solution : �þþ���

An§d�

A = {2, 3, 4, 5, 6} .

 � ^�®� , B T�Atk�

1/2 ≤ n ≤ 7/2 ⇒ n = 1, 2 ¤� 3.

:Yl� �O��¤ , p þ� Tlmt�m�� �yq�� 	tk� , n þ� Tlmt�� Tmy� �k�

B =

{
1, 2,

1

2
,
3

2
,
1

3
,
2

3
,
4

3
,
5

3

}
.
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1 Sets theories �A�wm�m�� �A§r\�

,2 ��r� d� ¯¤ , 3/3 ¤ 2/2 þ� AS§� Ahyl� �wO��� �� ¨t��¤ , 1 ��r� d� 	tk� �� ¢�� ^�®�

.6/3 ¤ 4/2 ¤ 2/1 þ� Ahyl� AnlO� ¨t��¤

Exercise N°− 2 − ��C �§rm�

? C ⊂ B ¤� C ⊂ A  ± : �h� C ⊂ A ∪B An§d�  A� �Ð�

If we have C ⊂ A ∪B does that mean C ⊂ A or C ⊂ B ?

Solution : �þþ���

.C = {2, 3} ¤ B = {3, 4} ,A = {1, 2} ®�� @��� !¯

Exercise N°− 3 − ��C �§rm�

�� A,B,C Ty¶z� �A�wm�� T�®� Yl� ©wt�§ ©@�� , ¨�At�� �y� XW�� CAbt�¯� ¨� @���

.E �� a, b, c, d, e, f, g, h r}An`�� ¤ E T�wm�m��

We consider the following Venn diagram, which contains three partial sets A, B, and C of

the set E, and the elements a, b, c, d, e, f, g, h from E.

E

A

B

C

h

c

g

f

a e

d

b

:T·VA� �� T�y�} Ty�At�� ��CAb`�� �A� �Ð� A�  d�
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Sets theories �A�wm�m�� �A§r\� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

Determine whether the following statements are true or false:

1) g ∈ A ∩ B̄ 2) g ∈ Ā ∩ B̄. 3) g ∈ Ā ∪ B̄.

4) f ∈ Ā. 5) e ∈ Ā ∩ B̄ ∩ C̄. 6) {h, b} ⊂ Ā ∩ B̄.

7) {a, f} ⊂ A ∪ C.

Solution : �þþ���

.g /∈ B ¨�At�A�¤ g ∈ B  ± �W� (1

.	bs�� Hfn� �W� (2

.g ∈ A  ± �y�} (3

.f ∈ A  ± �W� (4

.e ∈ A  ± �W� (5

.�W� �@¡ ¤ : b ∈ A ∩B ¤ h /∈ A ∩B  � �Ab�� Y�� �@¡ ��r§ (6

.�y�} �@¡ ¤ :f ∈ A ∪ C ¤ a ∈ A ∪ C  � �Ab�� Y�� �@¡ ��r§ (7

Exercise N°− 4 − ��C �§rm�

.A ∪B = B ∩ C �y� �A�wm�� �®� C ¤ B,A �kt�

Let B,A and C be three sets where A ∪B = B ∩ C.

.A ⊂ B ⊂ C  � b��

Prove that A ⊂ B ⊂ C.

Solution : �þþ���

.A ⊂ B ¨�At�A�¤ , x ∈ B , � ©� ,x ∈ B ∩ C ¨�At�A�¤ , x ∈ A ∪B ¢n�¤ .x ∈ A �ky�

.B ⊂ C ¨�At�A�¤ , x ∈ C ,  � ©� ,x ∈ B ∩ C ¨�At�A�¤ , x ∈ A ∪B ¢n�¤ .x ∈ B @���  µ�

Exercise N°− 5 − ��C �§rm�

Y�� Xc z�r�A� z�r� , X ⊂ E ��� �� .E T�wm�m�� �� Ty¶z� �A�wm�� T�®� C ¤ B,A �kt�

.E ¨� X Tmmt�
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1 Sets theories �A�wm�m�� �A§r\�

Let B,A and C be three subsets of the set E. For X ⊂ E, we denote by Xc the complement

of X in E.

Prove the following Morgan’s laws: :Ty�At��  A�Cw� �y��w� b��

1. (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C) 2. (Ac)c = A

3. (A ∩B)c = Ac ∪Bc 4. (A ∪B)c = Ac ∩Bc.

Solution : �þþ���

.�¤ zm�� º�wt�³A� �¡rbnF r� �� ¨�

 �� , x ∈ B ¤ x ∈ A  A� �Ð� .x ∈ C ¤� x ∈ B ¤ x ∈ A ¢n�¤ ,x ∈ (A ∩ B) ∪ C �ky� (1

£@¡ ¨�¤ , Xq� x ∈ C  wk§ , ��Ð �®�� .º�wt�³� �Ab�� �t§¤ , x ∈ B ∪ C ¤ x ∈ A ∪ C

.x ∈ B ∪ C ¤ x ∈ A ∪ C AS§� An§d� T�A���

, x ∈ C  A� �Ð� :�yt�A� �y� zym� An��� , x ∈ B ∪ C ¤ x ∈ A ∪ C  A� �Ð� , ��Aqm�A�

Am� , �k�¤ .x /∈ C , ��Ð �®� .x ∈ (A ∩ B) ∪ C ¨�At�A�¤ x ∈ C ¤� x ∈ (A ∩ B) ¢n�¤

 � b�§ �@¡ .x ∈ B  �� ,x ∈ B ∪ C  � Am� ,��m�A�¤ .x ∈ A An§d� �bO§ ,x ∈ A ∪ C  �

.x ∈ (A ∩B) ∪ C ¨�At�A�¤ x ∈ A ∩B

x /∈ Ac
 �� , x ∈ A  A� �Ð� , ��Aqm�A� .x ∈ A ¨�At�A�¤ , x /∈ Ac

¢n�¤ .x ∈ (Ac)c �ky� (2

.x ∈ (Ac)c ¨�At�A�¤

.x ∈ Bc
¤� x ∈ Ac

 � ©� , x /∈ B ¤� x /∈ A An§d�  Ð� .x /∈ A ∩ B �� .x ∈ (A ∩ B)c �ky� (3

x /∈ A ,  � ©� , x ∈ Bc
¤� x ∈ Ac

 Ð� .x ∈ Ac ∪Bc
�ky� , ��Aqm�A� .x ∈ Ac ∪Bc

 � �tnts�

.x ∈ (A ∩B)c ¨�At�A�¤ x /∈ A ∩B , QwO��� ¢�¤ Yl� .x /∈ B ¤�

¥�Akt�� �Ðwm� ¨� ��As�� �Wnm�� �§dq� A¾AS§� Annkm§ (4

x ∈ (A ∪B)c ⇐⇒ x /∈ A ∪B

⇐⇒ x /∈ A ¤ x /∈ B

⇐⇒ x ∈ Ac
¤ x ∈ Bc

⇐⇒ x ∈ Ac ∩Bc.

Exercise N°− 6 − ��C �§rm�

: � b�� .P(E) �� r}An� T�®� C ¤ B , A ,T�wm�� E �kt�

Let E be a set, A , B and C three elements of P(E). Prove that:
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Sets theories �A�wm�m�� �A§r\� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

If A ∩B = A ∪B , then A = B . .A = B  �� , A ∩B = A ∪B  A� �Ð� (1

?�yVrK�� d�� ¨fk§ �¡ .B = C  �� , A ∪B = A ∪ C ¤ A ∩B = A ∩ C  A� �Ð� (2

If A ∩B = A ∩ C and A ∪B = A ∪ C , then B = C . Is one of the two conditions

sufficient?

Solution : �þþ���

.A ⊂ B  � �Ab�� ¨fk§ ,B ¤ A ¨� TySq�� rZAn� �®� �� (1

 �� ¨�At�A�¤ x /∈ A ∩ B �k�¤ x ∈ A ∪ B  �� ¢n�¤ .x /∈ B  � |rf�¤ x ∈ A �ky�

.x ∈ B  �� ��@� .{�An� �@¡¤ ,  Atflt�� A ∪B ¤ A ∩B �yt�wm�m��

.B ⊂ C  � �Ab�� ¨fk§ , C ¤ B ¨� TySq�� rZAn� �®� �� (2

:�yt�A� An¡ zym� .x ∈ B �ky�

.x ∈ C ¨�At�A�¤ , x ∈ A ∩B = A ∩ C , T�A��� £@¡ ¨� ,x ∈ A A�� (A

An�± A¾r\� .x ∈ C ¤� x ∈ A ¨�At�A�¤ x ∈ A ∪ B = A ∪ C , T�A��� £@¡ ¨� ,x /∈ A ¤� (B

.x ∈ C  � �tnts� An��� , x /∈ A T�A��� ¨�

.¨�A� ry� d��¤ ªrJ .B ⊂ C ¨�At�A�¤ , x ∈ C Antb�� , �¯A��� �ym� ¨�

C¤rR �¡rb� ¨k� ¨�At�� �A�m�� @���  � Xq� Anyl� , A∪B ⊂ A∪C  � Xq� AnRrt�� �Ð�

.A`� �yVrK��

.C = {2} ¤ B = {1} , A = {1, 2} �ky�

.B ⊂ C An§d� Hy� �k� , A ∪B ⊂ A ∪ C An§d�

B = {1, 2}. ¤ A = C = {1} �A�m� Xq� @���  � Anyl� , A∩B ⊂ A∩C  � Xq� AnRrt�� �Ð�

Exercise N°− 7 − ��C �§rm�

Find the set of parts of the set T�wm�m�� º�z�� T�wm�� d�¤�

E = {a, b, c, d} .

Solution : �þþ���
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1 Sets theories �A�wm�m�� �A§r\�

Tnkmm�� Ty¶z��� �A�w�m�� �ym� Yl� ©wt�� E = a, b, c, d T�wm�� º�z�± P (E) T�wm�m��

�A�wm�m�� �ym� �y�� .Ahsf� T�wm�m��¤ Ty�A��� T�wm�m�� ��Ð ¨� Am� ,E T�wm�ml�

:Ty¶z���

The set P (E) of parts of the set E = {a, b, c, d} includes all possible subsets of E, including

the empty set and the set itself. Here are all the subsets:

P (E) = {ϕ,

{a}, {b}, {c}, {d},

{a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c, d},

{a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},

E}

Exercise N°− 8 − ��C �§rm�

. F �� �yty¶z� �yt�wm�� D, B ¤ E �� �yty¶z� �yt�wm�� C ¤ A �kt� ¤ �yt�wm�� F ¤ E �kt�

Let E and F be two sets, and let A and C be two subsets of E and B , D be two subsets of

F .

Prove that  � b��

(A✕B) ∩ (C✕D) = (A ∩ C)✕(B ∩D).

Solution : �þþ���

.�¤ zm�� º�wt�³� �¡rbnF

.y ∈ B , x ∈ A ¨�At�A�¤ (x, y) ∈ A✕B ¢n�¤ (x, y) ∈ (A✕B) ∩ (C✕D). �kt�

.y ∈ B ∩D ¤ x ∈ A ∩ C , �@� .y ∈ D ¤ x ∈ C ¨�At�A�¤ ,(x, y) ∈ (C✕D) AS§� An§d�

.(x, y) ∈ (A ∩ C)✕(B ∩D)  � b�§ �@¡

.x ∈ C ¤ x ∈ A ¨�At�A�¤ x ∈ A ∩ C  � ¨n`§ (x, y) ∈ (A ∩ C)✕(B ∩D) �kt� , ��Aqm�A�

.(x, y) ∈ C✕D ¤ (x, y) ∈ A✕B ,  Ð� .y ∈ D ¤ y ∈ B �@� , y ∈ B ∩D ,��m�A�¤

.(x, y) ∈ (A✕B) ∩ (C✕D)  � �tnts�
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Exercise N°− 9 − ��C �§rm�

.E �� �yty¶z� �yt�wm�� B ¤ A ¤ T�wm�� E �kt�

Let E be a set, and A and B be two subsets of E.

.A = ∅ �A� �Ð� Xq�¤ �Ð� (©rZAnt�� �rf��) A∆B = B  � b��

Prove that A∆B = B (symmetric difference) if and only if A = ∅.

Solution : �þþ���

�kK�� Yl� AS§� ¢t�At� �km§ ©rZAnt�� �rf��  � ¯¤� r�@�

A∆B = (A ∩ B̄) ∪
(
Ā ∩B

)
.E ¨� A T�wm�m�� �mt� ��m� Ā �y�

:�hF º�wt�� �An¡

.Ā ∩B = B ¤ A = ϕ  ± ¤ A ∩B = B An§d� ,©rZAnt�� �rf�� �§r`� dn`� , A = ϕ  A� �Ð�

.A = ϕ  � b��  � 	�§ , A ∩B = B  A� �Ð� , ��Aqm�A�

:�yms� Y�� �Ab�³� �sqnF

.A ∩B = ϕ  � b�� :¯¤�

.x ∈ Ā ∩B ¤� x ∈ A ∩ B̄  � Amt� ¨n`§ ¤ , x ∈ A ∩B QwO��� ¢�¤ Yl� ¤ ,x ∈ B �ky�

.x ∈ Ā ∩ B �y�O�� w¡ ¨�A��� �Amt�³� An§d� ¨�At�A�¤ (x ∈ B  ±) �y�ts� �¤±� �Amt�¯�

.A ∩B = ϕ ¨�At�A�¤ , Ā ¨� AS§�  w�w� B T�wm�m�� �� r}An� �� rOn� ��  �� , ¨�At�A�¤

.A ∩ B̄ = ϕ  � AS§� b�nF

, A ∩B = B ¨� AS§� rOn`�� �@¡  wkyF .A ∩ B̄ ¨� rOn�  A�§� Annkm§ ¢�� |rfn� , ���w�� ¨�

.B̄ ¤ B ¨� ¢sf� �w�� ¨�  wkyF ¢�± �y�ts� r�� w¡¤

.A = ϕ  � ¨n`§ �ytq�As�� �yty}A��� �y� Th��wm�� ,ry�±� ¨�

Exercise N°− 10 − ��C �§rm�

:T§d`t� ¤� T§rZAn� dR , T§rZAn� , TyFAk`�� Ty�At�� �A�®`�� �A� �Ð� A�  d�

Determine whether the following relations are reflexive, symmetric, anti-symmetric, or

transitive:

E = Z and xRy ⇐⇒ x = −y (1)
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E = R and xRy ⇐⇒ cos2 x+ sin2 y = 1 (2)

E = N and xRy ⇐⇒ ∃p, q ≥ 1, y = pxq (3)

where p and q are natural numbers. .Ty`ybV  �d�� q ¤ p �y�

Solution : �þþ���

.1 ̸= −1 , ���w�� ¨� .Ahsfn� T�®� Ah� Hy� 1  ± , TyFAk`�� sy� T�®`�� (1)

.x = −y ⇐⇒ y = −x  ± , T§rZAn� T�®`��

1 ̸= −1. Amny� , (−1)R1 ¤ 1R(−1)  ± , T§rZAn� dR sy� T�®`��

rZAnt�  wktF Ah��� ¯�¤ , T§d`t� sy� T�®`��

.	y�r� T�®� ¯¤ , ¥�Ak� T�®� sy� T�®`�� £@¡ ¢n�¤

Exercise N°− 11 − ��C �§rm�

In R2 we define the relationship R as follows: :¨l§ Am� R T�®`�� R2 ¨� �r`�

(x, y)R(x′, y′) ⇐⇒ x = x′.

Prove that R is an equivalence relation. .¥�Ak� T�®� R  � b�� (1)

.(x0, y0) ∈ R2 rOn`�� ¥�Ak� �n} d�¤� (2)

Find the equivalence class of the element (x0, y0) ∈ R2.

Solution : �þþ���

:Ah�± ¥�Ak� T�®� ¨¡ R T�®`��

(x, y)R(x, y) ¢n�¤ x �k§ Amh� x = x  ± TyFAk`�� (1)

¸�Ak§ ©@�� x′ = x AS§� ¢t�At� �km§ ©@�� x = x′
 �� (x, y)R(x′, y′)  A� �Ð� :T§rZAn� (2)

.(x′, y′)R(x, y)

Th� �� x′ = x′′
¤ Th� �� x = x′

 �� (x′, y′)R(x′′, y′′) ¤ (x, y)R(x′, y′)  A� �Ð� :T§d`t� (3)

.(x, y)R(x′′, y′′) An� �tn§ ©@�� x = x′′
¨n`§ ,«r��
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.(x, y)R(x0, y0) �q�� ¨t�� (x, y) �Ay¶An��� d§d�� ©� (x0, y0) rOn`�� ¥�Ak� �n} ��  µ� ��b�

An§d�

(x, y)R(x0, y0) =⇒ x = x0.

.Tmy� ©�  wk§ y A�� x0 ©¤As§  � 	�§ x  � AS§� �wq�  � �yWts�¤

T�wm�m�� w¡ (x0, y0) rOn`�� ¥�Ak� �n}  � �tnts�

{(x0, y); y ∈ R}.

Exercise N°− 12 − ��C �§rm�

We define the following relation on the set R Ty�At�� T�®`�� R T�wm�m�� Yl� �r`�

xRy ⇐⇒ x2 − y2 = x− y.

Prove that R is an equivalence relation. .¥þþ�Ak� T�®� R  � b�� (1)

Find the equivalence class of the element x of R. .R �� x rOn`�� ¥þþ�Ak� �n} d�¤� (2)

How many elements are there in this category? ?T·f�� £@¡ ¨� rOn� �� d�w§ �� (3)

Solution : �þþ���

 � ^�®� (1)

xRy ⇐⇒ x2 − x = y2 − y ⇐⇒ f(x) = f(y)

T�®� ¨¡ R  � �ybWt�� �@¡ �®� �� �q�t�� ��Ð d`� �hs�� �� , f : x 7→ x2 − x �y�

.T§d`t�¤ T§rZAn�¤ TyFAk`�� Ah�� ©� , ¥�Ak�

.xRy �y� R �� y r}An`�� �� ��b� .x ∈ R �ky� (2)

(y ¨�) T� A`m�� �� Anyl� 	�§ ��@�

x2 − y2 = x− y.

�Am`tFA�

(x− y)(x+ y)− (x− y) = 0 ⇐⇒ (x− y)(x+ y − 1) = 0.
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.{x, 1− x} T�wm�m�� w¡ x ¥�Ak� �n}  �� ¨�At�A�¤ .y = 1− x ¤ y = x ¨¡ T� A`m�� �wl� (3)

.�§rOn� �� T�wk� ¨¡¤

T�wm�m�� w¡ x rOn`�� ¥�Ak� �n} , T�A��� £@¡ ¨� x = 1 − x =⇒ x = 1/2.  A� �Ð�

.{1/2}

Let’s prove each of these properties:

(a) Reflexivity: For any x ∈ R, we have:

x2 − x = x− x (Subtracting x from both sides) x2 − x = 0.

This shows that xRx since x2 − x = 0.

(b) Symmetry: Let x, y ∈ R such that xRy. This means:

x2 − y2 = x− y.

We can rearrange this equation by adding y to both sides:

x2 − y2 + y = x− y + y

x2 − y2 + y = x.

Now, we have shown that xRy implies x = x2 − y2 + y. Similarly, if we start with yRx,

we will arrive at the same conclusion: y = x2 − y2 + y. Therefore, R is symmetric.

(c) Transitivity: Let x, y, z ∈ R such that xRy and yRz. This means:

x2 − y2 = x− y and y2 − z2 = y − z.

We can add these two equations together:

(x2 − y2) + (y2 − z2) = (x− y) + (y − z).

Now, we can simplify each side of the equation:

x2 − y2 + y2 − z2 = x− y + y − z x2 − z2 = x− z.
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This shows that xRz, and therefore, R is transitive.

Since R satisfies all three properties (reflexivity, symmetry, and transitivity), it is indeed

an equivalence relation.

(2) To find the equivalence class of the element x ∈ R, we need to determine all elements

y ∈ R such that xRy.

From the definition of R, we have:

xRy ⇐⇒ x2 − y2 = x− y.

Let’s simplify this equation:

x2 − y2 = x− y (x− y)(x+ y) = x− y.

Now, we have two cases:

Case 1: x− y = 0. This implies x = y.

Case 2: x− y ̸= 0. In this case, we can divide both sides by (x− y):

x+ y = 1.

Now, we have two equations:

(i) x = y from Case 1.

(ii) x+ y = 1 from Case 2.

Therefore, the equivalence class of x consists of all real numbers y such that y = x or

y + x = 1.

(3) To determine how many elements are in this equivalence class, let’s analyze the

possibilities:

(a) If y = x, then there is only one element in the equivalence class, which is x = 1/2

(b) If y ̸= x, then there is only two elements in the equivalence class, which is {x, 1− x}
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Exercise N°− 13 − ��C �§rm�

:d�¤� .A = [−1, 4] �kt� ¤ x 7→ x2 �y� f : R → R �kt� (1

Let f : R → R where x 7→ x2 and let A = [−1, 4]. Find:

f �ybWt�� TWF�w� A T�wm�ml� rJAbm�� CwO�� (A

The direct image of the set A by application f .

.f �ybWt�� TWF�w� A T�wm�ml� Tysk`�� CwO�� (B

The inverse image of the set A by the application f .

Let the function be sin : R → R sin : R → R T��d�� �kt� (2

?[0, π/2] ¤ ?[0, 2π] ¤ ?R T�wm�ml� sin TWF�w� rJAbm�� CwO�� ¨¡A� (A

What is the direct image by sin of the set R? And [0, 2π]? And [0, π/2]?

?[1, 2] ¤ ?[3, 4] ¤ ?[0, 1] T�wm�ml� sin TWF�w� Tysk`�� CwO�� ¨¡A� (B

What is the inverse image by sin of the set [0, 1]? And [3, 4]? And [1, 2]?

Solution : �þþ���

@�� �t§ , 0 ¤ −1 �yb� x ∈ [−1, 4] A�dn� x2
TWF�w� Ðw��m�� �yq�� �ym� �� ��b� (A (1

.f(A) = [0, 16] , ��@� 16 ¤ 0 �y� �yq�� �ym� , 4 ¤ 0 �y�¤ , 1 Y�� 0 �� �yq�� �ym�

We are looking for all the values taken by x2 when x∈ [−1, 4]. Between −1 and 0,

all values are taken from 0 to −1, and between 0 and 4, all values are taken from 0

to 16. Therefore, f(A) = [0, 16].

Tb�As�� �yq��  A`btF� �� �bW�A� x2 ∈ [−1, 4] �A� �Ð� Xq�¤ �Ð� x ∈ f−1(A) An§d� (B

An§d�  Ð� x ∈ [−2, 2]  � ¨�Ak��¤ ©C¤rS�� �m� , [0, 4] ¨� x2
 wk� ¨k�¤ ,

.f−1(A) = [−2, 2]

We have x ∈ f−1(A) if and only if x2 ∈ [−1, 4], of course, excluding negative values.

To have x2 in [0, 4], it is necessary and sufficient for x to be in [−2, 2]. So, we have

f−1(A) = [−2, 2].

.[−1, 1]¨¡ [0, 2π] �� �CAbt�� R þ� rJAbm�� CwO�� (2

.[0, 1] ¨¡[0, π/2] þ� rJAbm�� CwO��
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,¢n� ¤ .sin(x) ∈ [0, 1] ��� x Tyqyq���  �d�±� �� ��b� ,[0, 1] þ� T�wlqm�� CwO�� d§d�t�

T�At� An�Ak��� . k ∈ Z ¤ u ∈ [0, π] �� u + k2π ¨¡ Aht�At� �km§ ¨t�� Tyqyq��� �yq��

T�wm�m��⋃
k∈Z

[2kπ, (2k + 1)π].

T�wm�m�� ¨¡ [3, 4] þ� Tysk`�� CwO��  �� ¨�At�A�¤ [3, 4] ¨� ¢b� ¨qyq�  d� d�w§ ¯

.T�CAf��

©¤As� ¨¡¤ , {1} þ� Tysk`�� CwOl� Tq�AW� [1, 2] þ� Tysk`�� CwO�� ,�ry��

.{π/2 + 2kπ; k ∈ Z}

Exercise N°− 14 − ��C �§rm�

¤ f(x) = 2x ¨l§ Am� T�r`m�� N w�� N �� T�r`m�� ��¤d�� g ¤ f �kt�

Let f and g be the functions defined from N towards N defined as follows f(x) = 2x and

g(x) =

{
x
2

if x an even number

0 if x an odd number

Find g ◦ f and f ◦ g. . f ◦ g ¤ g ◦ f d�¤�

?Tyl�Aq� ?r�A� ?Tn§Abt� g ¤ f ��¤d�� �¡

Are the functions f and g Injectionts? surjections? bijections?

Solution : �þþ���

:f ◦ g ¤ g ◦ f 	y�rt�� ¾¯¤� d�n� (1

Let’s first find the compositions g ◦ f and f ◦ g:

(g ◦ f)(x) = g(f(x)) = g(2x) = x.

On the other hand: :«r�� Th� ��

f ◦ g(x) =

{
f(x/2) = x if x an even number

f(0) = 0 if x an odd number

In particular, we have: :An§d� ,T}A� TfO�

f ◦ g ̸= g ◦ f
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because  ±

f ◦ g(1) = 0 ̸= g ◦ f(1) = 1.

:��¤d�� P¶AO� �l�� A�w�  µ� (2

Now, let’s analyze the properties of the functions:

For the function : :T��d�� ��� ��

f(x) = 2x

 wk§ ,x2¤ x1 �yfl�� �yy`ybV �§ d� �� ��� �� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

.�yflt�� f(x2) = 2x2¤ f(x1) = 2x1

Injection: Yes, it’s injective because for any two different natural numbers x1 and x2,

f(x1) = 2x1 and f(x2) = 2x2 are different.

.Cw} Ah� Hy� T§ rf��  �d�±�  ± r�A� sy� Ah�� :Cwm���

Surjection: No, it’s not surjective because the odd numbers don’t have images.

.��Aq� sy� ¨h� r�A� sy� Ah�± �r\� :��Aqt��

Bijection: No, it’s not bijection because it’s not surjective.

For the function : :T��d�� ��� ��

g(x) =

{
x
2

if x an even number

0 if x an odd number

g(3) = g(7) = 0  ± Tn§Abt� sy� T��d�� £@¡ :�§Abt��

Injection: No, it’s not injective because it maps different even numbers to the same

value (e.g., g(3) = g(7) = 1).

Hy� N T�wm�m�� ¨� (y = 1) rOn� ��±� Yl� d�w§ ¢�± r�A� sy� T��d�� £@¡ :Cwm���

.�r�A� Hy� g  � ¨n`§ A� �@¡¤ N T�wm�m�� ¨� Tq�AF Ah�

Surjection: No, it’s not surjective because there exists at least one element (y = 1)

in the domain N which is not the image of an element in the domain N under g, which

means that g is not surjective.
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.��Aq� sy� ¨h� Tn§Abt� sy� ¤ r�A� sy� Ah�± �r\� :��Aqt��

Bijection: No, it’s not a bijection because it’s neither injective nor surjective.

.��Aq� Asy� g ¤ f �yt��d�� ®� �bF A� �®� ��

From the above, both functions f and g are not bijective.

Exercise N°− 15 − ��C �§rm�

?Tyl�Aq� ?r�A� ?Tn§Abt� Ty�At�� ��¤d�� �¡

Are the following functions Injectionts? surjections? bijections?

f1 : Z → Z, n 7→ 2n, f2 : Z → Z, n 7→ −n

f3 : R → R, x 7→ x2, f4 : R → R+, x 7→ x2

f5 : C → C, z 7→ z2.

Solution : �þþ���

Let’s analyze each of the functions: :«d� Yl� T�� �� �l�n�

The function :T��d�� (1

f1 : Z → Z, n 7→ 2n,

2n = 2m  A� �Ð� (n,m) T�y�O��  �d�±� �� �¤E �k� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

n = m  ��

Injection: This function is injective because for every distinct pair of integers (n,m) if

2n = 2m, then n = m.

∀n,m ∈ Z : f1 (n) = f1 (m) =⇒ 2n = 2m =⇒ n = m

Yl� .�A�m�� ¨� T�y�O��  �d�±� �ym� ¨W�� ¯ Ah�± r�A� sy� T��d�� £@¡ :Cwm���

.2n = 1 �y� n �y�}  d� d�w§ ¯ ,�A�m�� �ybF
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Surjection: This function is not surjective because it does not cover all integers in the

domain. For example, there is no integer n such that 2n = 1.

.��Aq� sy� ¨h� r�A� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not surjective, it’s not a bijection.

The function :T��d�� (2

f2 : Z → Z, n 7→ −n,

−n = −m  A� �Ð� (n,m) T�y�O��  �d�±� �� �¤E �k� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

n = m  ��

Injection: This function is injective because for every distinct pair of integers (n,m) ,

if −n = −m , then n = m.

∀n,m ∈ Z : f2 (n) = f2 (m) =⇒ −n = −m =⇒ n = m

��� �� .Z T�wm�m�� ¨� T�y�O��  �d�±� �ym� ¨W�� Ah�± r�A� T��d�� £@¡ :Cwm���

.−n = −m �y� n �y�}  d� d�w§ ,Z ¨� m �y�}  d� ��

Surjection : This function is surjective because it covers all integers in the domain Z.
For any integer m in Z, there exists an integer n such that −n = −m.

.��Aq� ¨h� r�A� ¤ Tn§Abt� Ah�± �r\� :��Aqt��

Bijection: Since it’s both injective and surjective, it is a bijection.

The function :T��d�� (3

f3 : R → R, x 7→ x2,

¨h� �@� ,f3(2) = 4¤ f3(−2) = 4 ,�A�m�� �ybF Yl� ¤ ¢�± Tn§Abt� sy� T��d�� £@¡ :�§Abt��

.Tn§Abt� sy�

Brahim Brahimi-Jihane Abdelli 20 University of Mohamed Kheidar, Biskra



Sets theories �A�wm�m�� �A§r\� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

Injection : This function is not injective because for example, f3(−2) = 4 and f3(2) = 4,

so it’s not injective.

�� ��� �� .R T�wm�m�� ¨� Tyqyq���  �d�±� T�A� ¨W�� Ah�± r�A� T��d�� £@h:Cwm���

.x2 = y �y� x ¨qyq�  d� d�w§ ,y ¨qyq�  d�

Surjection : This function is surjective because it covers all real numbers in the domain

R. For any real number y, there exists a real number x such that x2 = y.

.��Aq� sy� ¨h� Tn§Abt� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not injective, it’s not a bijection.

The function :T��d�� (4

f4 : R → R+, x 7→ x2,

�y� Tyqyq�  �d�� x2¤ x1 �ky� .f3 ��� 	bs�� Hfn� Tn§Abt� sy� T��d�� £@¡ :�§Abt��

.Tn§Abt� sy� ¨¡ �@h� Tb�wm�� CwO�� Hf� Amh� .x1 = −x2

Injection : This function is not injective for the same reason as f3. It maps distinct real

numbers x1 and x2 to the same positive value if x1 = −x2. So, it’s not injective.

��� �� .R T�wm�m�� ¨� Tyqyq���  �d�±� T�A� ¨W�� Ah�± r�A� T��d�� £@¡ :Cwm���

.x2 = y �y� x ¨qyq�  d� d�w§ ,y ¨qyq�  d� ��

Surjection: This function is surjective because it covers all positive real numbers in

the domain R+. For any positive real number y, there exists a real number x such that

x2 = y.

.��Aq� sy� ¨h� Tn§Abt� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not injective, it’s not a bijection.

The function :T��d�� (5

f4 : C → C, z 7→ z2,
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Injection: This function is not injective because it maps distinct complex numbers z1

and z2 to the same value if z1 = z2. For example, f5(−2i) = −4 and f5(2i) = −4, so it’s

not injective.

�ybF Yl� .C T�wm�m�� ¨�  �d�±� T�A� ¨W�� ¯ Ah�± r�A� sy� T��d�� £@¡ :Cwm���

.Tb�As�� Tyqyq���  �d�°� ���wF  A�§� �km§ ¯ ,�A�m��

Surjection: This function is not surjective because it doesn’t cover all complex numbers

in the domain C. For example, it cannot map to negative real numbers.

.��Aq� sy� ¨h� r�A� sy�¤ Tn§Abt� sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s neither injective nor surjective, it’s not a bijection.

Exercise N°− 16 − ��C �§rm�

Show that 5 divides n5 − n. .n5 − n �sq§ 5  � �y�

Solution : �þþ���

,���rt�A� �¯dtF³� ��d�tFA� n Ty`ybW��  �d�±� �� ��� �� n5 − n �sq§ 5  d`��  � b�n�

: Ty�At�� ��wW��� �btnF

To prove that 5 divides n5−n for all natural numbers n using mathematical induction, we will

follow these steps:

 wk� A�  A� ¨t��¤ ,TyFAF±� T�A�l� A¾A�y�}  Ayb��  A� �Ð� Am� �q�tnF ,¾¯¤� :TyFAF±� T�A���

:An§d� ,n = 1 þ� Tbsn�A� .n = 1

Base Case: First, we’ll check if the statement holds for the base case, which is typically n = 1.

For n = 1, we have:

15 − 1 = 0.

.T�y�} TyFAF±� T�A���  �� ,5 ��Ð ¨� Am� ,�y�}  d� ©� Yl� Tmsql� ��A� rfO��  ± �r\�
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Since 0 is divisible by any integer, including 5, the base case is true.

©� ,k ¨`ybW��  d`�� ��� �� T�y�} Ty`��rt�� Ty}A���  � |rtf� :Ty¶�rqtF¯� TyRrf��

.k5 − k �sq� 5  � |rtf�

Inductive Hypothesis: We assume that the statement is true for some positive integer k,

i.e., we assume that 5 divides k5 − k.

©@�� |�rt�¯� Y�� A¾ AntF� k + 1 þ� T�y�} Ty}A���  � b��  � Anyl� :Ty¶�rqtF¯� wW���

.Ty¶�rqtF¯� TyRrf�� ¨� ¢� Anm�

Inductive Step: We need to prove that the statement is true for k+1 based on the assumption

made in the inductive hypothesis.

.�y�}  d� m �y� k5 − k = 5m An§d� ,|�rt�¯� �� �ºd�

Starting with the assumption, we have: k5 − k = 5m, where m is an integer.

Now, we’ll consider: : Y�� r\nnF , µ�

(k + 1)5 − (k + 1) :

(k + 1)5 − (k + 1) = k5 + 5k4 + 10k3 + 10k2 + 5k + 1− (k + 1)

= k5 − k + 5k4 + 10k3 + 10k2 + 5k

= 5m+ 5
(
k4 + 2k3 + 2k2 + k

)
= 5 +

(
m+ k4 + 2k3 + 2k2 + k

)
= 5m′,m′ ∈ Z.

.5 Yl� Tmsql� ��A� (k + 1)5 − (k + 1)  � Antb�� d� ,¾�Ð�

So, we’ve shown that (k + 1)5 − (k + 1) is divisible by 5.

.n5 − n �sq§ 5 ,n Ty`ybW��  �d�±� �ym�� Tbsn�A� ¢�� Antb� d� ,¨RA§r�� �¯dtF¯� �db� 	�wm�

By the principle of mathematical induction, we have established that for all natural numbers

n, 5 divides n5 − n.
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Real functions Tyqyq��� ��¤d��

Exercise series N° 2 ��C �§CAmt�� TlslF 1.2

Exercise N°− 1 − ��C �§rm�

Calculate the following limits if they exist. . w�w� �A� �Ð� Ty�At�� �A§Ahn�� 	s��

1. lim
x→5+

x2 − 11x+ 28

x2 − 25
2. lim

x→5−

x2 − 11x+ 28

x2 − 25

3. lim
x→5+

x2 − 9x+ 20

x2 − 25
4. lim

x→5−

x2 − 9x+ 20

x2 − 25

Solution : �þþ���

�� .�Aqm�� CAJ� Y�� £Abt�¯� Anyl� . limx→5x
2 − 25 = 0 ¤ limx→5 x

2 − 11x+ 28 = −2 An§d� (1

: �tnts� .limx→5+ x2 − 25 = 0+ ¢n�¤ x2 > 25 An§d� x > 5 ���

lim
x→5+

x2 − 11x+ 28

x2 − 25
= −∞.

:An§d� T�A��� £@¡ ¨� .limx→5− x2 − 25 = 0− : � ^�®� �k� ,Tq§rW�� Hfn� rys� (2

lim
x→5−

x2 − 11x+ 28

x2 − 25
= +∞.

25
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�yl�� �§rV �� Ahl§znF .0/0 �yy`� �d� T�A� ¨¡ ¨�At�A�¤ ,limx→5 x
2 − 9x+20 = 0 An§d� (3

:An� �tn§ ¨�At�A�¤ .�rtKm�� C@��� Y�� �Aqm��¤ Xsb��

x2 − 25 = (x− 5)(x+ 5)

«r�� Ty�A� ��

x2 − 9x+ 20 = (x− 5)(x− 4).

:	tk�  � �yWts�

x2 − 9x+ 16

x2 − 25
=

(x− 5)(x− 4)

(x− 5)(x+ 5)
=

x− 4

x+ 5
.

:¢yl�¤ ,�yy`t�� �d� T�A� d�w�¯ An¡

lim
x→5

x− 4 = 1 ¤ lim
x→5

x+ 5 = 10.

: � �tnts� ](4[

lim
x→5

x2 − 9x+ 16

x2 − 25
=

1

10
.

.�CAs§ ¤ Anym§ T§Ahn�� TF�Cd� T�A�� Ans�¤

Exercise N°− 2 − ��C �§rm�

Calculate the following limits. : Ty�At�� �A§Ahn�� 	s��

1. limx→+∞
√
x+ 4−

√
x− 4 2. limx→+∞

√
x2 − 1− x

Solution : �þþ���

:���rm�� ¨� 
rSnF , T�A� �� ¨�

(1

√
x+ 4−

√
x− 4 =

(
√
x+ 4−

√
x− 4)(

√
x+ 4 +

√
x− 4)√

x+ 4 +
√
x− 4

=
(x+ 4)− (x− 4)√
x+ 4 +

√
x− 4

=
8√

x+ 4 +
√
x− 4

.

:An§d� �tn§ ¢n�¤ (�yy`� �d� T�A� sy�) +∞ Y�� �Aqm�� �¤¥§

lim
x→+∞

√
x+ 4−

√
x− 4 = 0.
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(2

√
x2 − 1− x =

(
√
x2 − 1− x)(

√
x2 − 1 + x)√

x2 − 1 + x

=
x2 − 1− x2

√
x2 − 1 + x

=
−1√

x2 − 1 + x
.

:An§d� �tn§ ¢n�¤ +∞ Y�� �Aqm�� �¤¥§

lim
x→+∞

√
x2 − 1− x = 0.

Exercise N°− 3 − ��C �§rm�

Calculate the following limits. : Ty�At�� �A§Ahn�� 	s��

1. lim
x→+∞

e2x − ex 2. lim
x→+∞

e2x + 1

x+ 3

3. lim
x→+∞

xex + 2ex − 5

ex − 3
4. lim

x→+∞

x2 + x sinx

x2 + x cosx
.

Solution : �þþ���

: d�� .�rtK� ��A`� e2x �r�� (1

e2x − ex = e2x
(
1− ex

e2x

)
= e2x(1− e−x).

:¢n�¤ limx→+∞ 1− e−x = 1 ¤ limx→+∞ e2x = +∞ �y� ¨�

lim
x→+∞

e2x − ex = +∞.

:d�� �Aqm�� ¨� x ¤ Xsb�� ¨� �rtK� ��A`� e2x �r�� (2

e2x + 1

x+ 3
=

e2x

x
· 1 + e−2x

1 + 3
x

.

:An§d� �y� ¨�

lim
x→+∞

1 + e−2x = 1, lim
x→+∞

1 +
3

x
= 1 =⇒ lim

x→+∞

1 + e−2x

1 + 3
x

= 1.
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An§d� ,d§�zt�� �®� �� ,«r�� Ty�A� ��

lim
x→+∞

e2x

x
= +∞.

:w¡ �A§Ahn�� 
rR �}A�� �tnts� ,�ry��

lim
x→+∞

e2x + 1

x+ 3
= +∞.

: d�� �Aqm�� �� ex ¤ Xsb�� �� �rtK� ��A� xex �r�� (3

xex + 2ex − 5

ex − 3
=

xex

ex
·
1 + 2

x
− 5

xex

1− 3e−x
= x ·

1 + 2
x
− 5

xex

1− 3e−x
.

:AnyW`§ limx→+∞ e−x = 0  ± ,(�yy`� �d� T�A� sy�) limx→+∞ xex = +∞  ±¤

lim
x→+∞

1 +
2

x
− 5

xex
= 1, lim

x→+∞
1− 3e−x = 1 =⇒ lim

x→+∞

1 + 2
x
− 5

xex

1− 3e−x
= 1.

:  � �yt§Ahn�� 
rR �}A�� �tnts�

lim
x→+∞

xex + 2ex − 5

ex − 3
= +∞.

:d�� �Aqm��¤ Xsb�� �� �rtK� ��A`� x2
�r�� (4

x2 + x sinx

x2 + x cosx
=

x2

x2
·
1 + sinx

x

1 + cosx
x

=
1 + sinx

x

1 + cosx
x

.

:x > 0 �� ��� �� An§d� −1 ≤ sinx ≤ 1  ±

−1

x
≤ sinx

x
≤ 1

x

: d�� .limx→+∞
cosx
x

= 0  � Tq§rW�� Hfn� �¡rb� .limx→+∞
sinx
x

= 0 T§r\n�� 	s� ¢n�¤

lim
x→+∞

x2 + x sinx

x2 + x cosx
=

1

1
= 1.

Exercise N°− 4 − ��C �§rm�

.1 dn� x3 T��d�� T§Ah� TF�Cd� ,(ϵ, δ) d�¤� ,�A§Ahn�� �§r`� �Am`tF��

Using the definition of limits, find (ϵ, δ) to study the limit of the function x3 at 1.
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Solution : �þþ���

�yWts� .(1 ¨¡ T§Ahn��  ±) |x3− 1| < ϵ  �� |x− 1| < δ  A� �Ð� ,�y�δ > 0 �� ��b� .ϵ > 0 @���

.ϵ ≥ 1 ���w§ δ þ�� Hf� ,ϵ = 1 ��� �� δ d�¤ �Ð�� ϵ ≤ 1  � |rf�  �

d§�zt� x3
	`k� T��d��  ±¤ ,��rV±� 	y`kt� 1− δ ≤ x ≤ 1+ δ  �� .|x− 1| < δ �y� δ > 0 �k�

: ��

1− 3δ + 3δ2 − δ3 ≤ x3 ≤ 1 + 3δ + 3δ2 + δ3.

:¸�Ak§ �@¡

−3δ + 3δ2 − δ3 ≤ x3 − 1 ≤ 3δ + 3δ2 + δ3.

: �y� δ ∈]0, 1] @���  � ¨fk§

−3δ + 3δ2 − δ3 ≥ −ϵ

¤

3δ + 3δ2 + δ3 ≤ ϵ.

:¢n�¤ �A� c > 0 ¤ δ ≤ cϵ  � |rf�

3δ + 3δ2 + δ3 = 3cϵ+ 9c2ϵ2 + c3ϵ3 ≤ (3c+ 9c2 + c3)ϵ

¤ ϵ ≤ 1  ±

−3δ + 3δ2 − δ3 ≥ −3δ − 3δ2 − δ2 ≥ −(3c+ 9c2 + c3)ϵ

�ybF Yl� .3c + 9c2 + c3 ≤ 1 �y� c > 0 ¨qyq���  d`�� d��  � ¨fk§ ,�A�As��� Hf� �Ab�A� ¤

 �� δ = ϵ/2  A� �Ð� ¢�� �¡rb� ϵ ∈]0, 1] ��� �� .c = 1/2 �A�m��

|x− 1| ≤ δ =⇒ |x3 − 1| ≤ ϵ.

.1 ©¤As� 1 dn� x3
T§Ah�  � b�§ �@¡

Exercise N°− 5 − ��C �§rm�

Let f be the function defined by: : þ� T�r`m�� T��d�� f �kt�

f(x) =

√
1 + x−

√
1 + x2

x

.f T��dl� Df �§r`t�� T�wm�� d�¤� (1

Find the definition set Df of the function f .

? R Yl�C�rmtF³A� d§dmtl� Tl�A� ¨¡ �¡ ,lim
x→0

f(x) 	s�� (2
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Calculate lim
x→0

f(x), is it extendable continuously over R?

Solution : �þþ���

f(x) =

√
1 + x−

√
1 + x2

x

Df �§r`t�� T�wm�� •

Df = {x ̸= 0} ,

Df =
{
1 + x > 0, 1 + x2 > 0

}
=⇒ Df = {x > −1} =⇒ Df = ]−1, 0[ ∪ ]0,+∞[ .

rsk�� Xsb�¤ ���rm�� ¨� 
rS� T§Ahn�� 
As�� •

√
1 + x−

√
1 + x2

x
=

√
1 + x−

√
1 + x2

x
∗
√
1 + x+

√
1 + x2

√
1 + x+

√
1 + x2

=
1 + x− (1 + x2)

x
(√

1 + x+
√
1 + x2

)
=

x− x2

x
(√

1 + x+
√
1 + x2

)
=

1− x(√
1 + x+

√
1 + x2

) =⇒ lim
x→0

f(x) =
1

2

: ¨¡  dmm�� T��d��¤ R Yl� C�rmtF³A� d§dmtl� Tl�A� f

f̃ =

{ √
1+x−

√
1+x2

x
, x ̸= 0,

1
2
, x = 0.

Exercise N°− 6 − ��C �§rm�

Let the function g defined on R be as follows: : ¨l§Am� R Yl� T�r`m�� g T��d�� �kt�

g(x) =

{
1

ln |x| if x /∈ {0,−1, 1}
0 if x = 0,−1, 1
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At which points is the function g continuous? ?rmts�  wk� g T��d�� ªAqn�� ©� ¨�

Solution : �þþ���

.Ah�Aq� �d`n§ ¯ rmts� T�� 
wlq� A¡CAbt�A� R\{−1, 0, 1} Yl� rmts� T�� ¨¡ g T��d��

 ± .0 dn� g T��d�� T§C�rmtF� xCdn�

lim
x→0

ln |x| = −∞

:An§d�

lim
x→0

g(x) = lim
X→−∞

1

X
= 0 = g(0).

 ±¤ �� .0 dn� rmts� g T��d��

lim
x→1+

ln |x| = 0+

 ��

lim
x→1+

g(x) = lim
X→0+

1

X
= +∞ ≠ g(1).

.−1 dn� rmts� sy� g  � �¡rb� Tq§rW�� Hfn� .1 dn� rmts� sy� g T��d��

Exercise N°− 7 − ��C �§rm�

¨l§ Am� T�r`m�� f : R → R T��d�� �kt� (1

Let the function f : R → R be defined as follows

f(x) =

(ax)2 if x ≤ 1,

a sin(π
2
x) if x > 1

?rmts� f T��d��  wk� Yt� a �y� ¨¡A� .¨qyq� �A� a ∈ R �y�

where a ∈ R is a real constant. What are the values of a for the function f to be

continuous?

: rmts� Ty�At�� g : R → R T��d��  wk� Yt� α, β, γ ∈ R �A��� �y� �� d�¤� (2

Find all values of the constant α, β, γ ∈ R such that the following function g : R → R
is continuous:

g(x) =


1 if x ≤ 0,

αe−x + βex + γx(ex − e−x) if 0 < x < 1,

e2−x if x ≥ 1.
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Solution : �þþ���

f  A� �Ð� Xq�¤ �Ð� rmts� f  ± .] −∞; 1[ Yl�¤ ]1; +∞[ �A�m�� Yl� rmts� T��d�� (1

�k� ,Tyt§Ahn�� «¤Ast�  � 	�§ ¤ xtimi� x u� � 1 dn� CAsy�� ��¤ �ymy�� �� T§Ah� �bq§

:An§d�

lim
x→1+

f(x) = a sin(π/2) = a ¤ lim
x→1−

f(x) = a2.

.a = 0 ¤� a = 1  A� �Ð� Xq�¤ �Ð� ¨n`§ a2 = a  A� �Ð� Xq�¤ �Ð� 1 dn� rmts� f T��d��

dn� CAsy�� Yl� ¤ �ymy�� Yl� T§C�rmtF¯� TF�C Anyl� rm�� £@¡ �k� ,º¨K�� Hf� �`f� (2

Yl�¤ ]0; 1[ �A�m�� ¤ ]−∞; 0[ �A�m�� Yl� A¡C�rmtF� �R�w�� �� g T��dl� ,1 ¤ 0 �ytWqn��

:Th� �� An§d�¤ .]1; +∞[

lim
x→0−

g(x) = 1 ¤ lim
x→0+

g(x) = α + β.

:An§d� «r�� Th� ��¤

lim
x→1−

g(x) = αe−1 + βe1 + γ(e1 − e−1) ¤ lim
x→1+

g(x) = e1.

:Ty�At�� Tlm��� �q�� (α, β, γ) Ty�®��� �A� �Ð� Xq�¤ �Ð� rmts� g T��d��{
α + β = 1

e−1α + e1β + (e1 − e−1)γ = e1.

: T·�Akm�� Tlm��� d�� .L2 �� e−1L1 �rW� �A�m�� �ybF Yl�¤ Tlm��� ���{
α + β = 1

(e1 − e−1)β + (e1 − e−1)γ = e1 − e−1.

:d�n� Ty�A��� T� A`m�� �� e1 − e−1
Tmyq�� ��zt�� �yWts�

{
α + β = 1

β + γ = 1.
⇐⇒


α = γ

β = 1− γ

γ = γ

.{(0, 1, 0) + γ(1,−1, 1) : γ ∈ R} :¨¡ rmts� g T��d�� Ahl�� �� ¨t�� �Ay�®��� T�wm��
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Exercise N°− 8 − ��C �§rm�

: ¨l§Am� R\{−1} Yl� T�r`m�� f T��d�� �kt�

Let the function f defined on R\{−1} as follows:

f(x) =
1 + x

x3 + 1
.

.−1 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Annkm§ ¢�� b�� (1

Prove that we can extend the function f by continuing at the point −1.

.d§dmt�� �@h� −1 dn� Ðw��m�� Tmyq��  d� (2

Find the value taken at −1 for this extension.

Solution : �þþ���

T§Ah� 
As� dn� �yy`� �d� T�A� An§d� ��@� ,−1 Tmyq�� dn� �Aqm��¤ Xsb�� �� �� �d`n§

:d�� ,�rtKm�� ��A`�� ��r�tF�� rsk�� Xsb� ,�@¡ �yy`t�� �d� T��E³ .−1 dn� f T��d��

x3 + 1 = (x+ 1)(x2 − x+ 1)

: T��d�� �bO� ¢n�¤

f(x) =
1

x2 − x+ 1
.

¨�At�A�¤

lim
x→−1

f(x) = 1/3

:�kK�� Yl� 	tk�  dmm�� T��d��¤ C�rmtF³A� d§dmtl� Tl�A� T��d��  � �tnts�

f̃(x) =


1 + x

x3 + 1
 A� �Ð� x ̸= −1,

1/3  A� �Ð� x = −1.

Exercise N°− 9 − ��C �§rm�

? 0¨� �AqtJ®� Tl�A� Ty�At�� ��¤d�� �¡

Are the following functions differentiable at 0?

f(x) =
x

1 + |x|
, g(x) =

{
x sin(x) sin(1/x) if x ̸= 0

0 if x = 0.
, h(x) = |x| sinx.
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Solution : �þþ���

.0 Tmyq�� dn� T§Ah� �bq� �A� �Ð� Amy� ��b�¤ T��dl� d§�zt�� Tbs� 	s�� �§r`t�� 	s�

f(x)− f(0)

x
=

x
1+|x|

x
=

1

1 + |x|
→ 1

:An§d� g T��dl� Tbsn�A� .1 AhqtK�¤ 0 dn� �AqtJ²� Tl�A� T��d�� .x → 0 A�dn�

g(x)− g(0)

x
= sin(x) sin(1/x).

: � �tnts� | sin(1/x)| ≤ 1 ¤ | sinx| ≤ |x| �m`ts�∣∣∣∣g(x)− g(0)

x

∣∣∣∣ ≤ |x|.

.0 Y�� �¤¥§ x Am� 0 þ� �¤¥� d§�zt�� Tbs� ,T�CAqm�� T§r\� �Am`tFA�

:An§d� h ��� �� .g′(0) = 0 �� 0 dn� �AqtJ²� Tl�A� g T��d��

h(x)− h(0)

x
= |x| · sinx

x
.

d§�zt�� Tbs� ¢n�¤ 0 Y�� �¤¥§ x Am� 0 Y�� �¤¥§ |x| ¤ 0 Y�� �¤¥§ x Am� 1 þl� �¤¥§ sinx/x  ±

.h′(0) = 0 �y� 0 dn� �AqtJ²� Tl�A� h ¢n�¤ 0 Y�� �¤¥§ x Am� 0 þ� �¤¥�

Exercise N°− 10 − ��C �§rm�

:¨l§ Am� R+ Yl� T�r`m�� f T��d��  wk� �y�� a, b ∈ R d�¤�

Find a, b ∈ R such that the function f defined on R+ is as follows:

f(x) =

{ √
x if 0 ≤ x ≤ 1,

ax2 + bx+ 1 if x > 1,

differentiable at 1. .1 dn� �AqtJ²� Tl�A�

Solution : �þþ���

.1 dn� rmts� f T��d��  wkt�� 	�§ ,¯¤�

: An§d�

lim
x

<→1

f (x) = lim
x

<→1

(√
x
)
= 1 = lim

x
>→1

f (x) = a+ b+ 1.
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:¢n�¤

a+ b+ 1 = 1 =⇒ b = −a.

.1 dn� �AqtJ³� Tyl�A� xCdn�

.[0, 1] �A�m�� Yl� x 7→
√
x T��d�� �� ��AWt� f T��d��

.1/2 ¢tmy� ©@��¤ 1  d`�� CAs§ �� �tK� �bq§ f ,x 7→ 1
2
√
x
w¡ x 7→

√
x T��d�� �tK�

w¡ AhqtK� ¢n�¤ x 7→ ax2 + bx+1 T��d�� �� [1,+∞[ �A�m�� Yl� ��AWt�f T��d�� «r�� Th� ��

.x 7→ 2ax+ b

.2a+ b ©¤As§ AhqtK�¤ ,1 dn� �AqtJ²� Tl�A� �Ð� f T��d��

: A� �Ð� Xq�¤ �Ð� 1 dn� �AqtJ²� Tl�A� f T��d�� ,�ry��

lim
x

<→1

f (x)− f (1)

x− 1
= f ′

g (1) = lim
x

>→1

f (x)− f (1)

x− 1
= f ′

d (1)

⇐⇒ 1

2
= 2a+ b

⇐⇒

{
a = 1

2

b = −1
2

Exercise N°− 11 − ��C �§rm�

: R Yl� Ty�At�� ��¤d�� �AqtJ� Tyl�A� xC �

Study the differentiability of the following functions on R :

f(x) =

{
x2 sin

(
1
x

)
x ̸= 0

0 x = 0
g(x) =

{
x3 sin

(
1
x

)
x ̸= 0

0 x = 0.

Solution : �þþ���

: ± ,0 dn� rmts� f  � ^�®�

lim
x→0

f (x) = 0 = f (0)

.R∗
Yl� Yl� C1

�nO�� �� ¨¡ f T��d�� «r�� Th� ��

: d§�zt�� Tbs� T§Ah� xCd� �§r`tl� �w�r�A�¤ 0 dn� �AqtJ³� Tyl�A� xCdn�

f(x)− f(0)

x
= x sin

(
1

x

)
−→ 0, x → 0
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.|x sin
(
1
x

)
| ≤ |x| d�� ¨lfF¤ ©wl� d�  w�¤ ¨� Ty�l�m�� ��¤d�� Q�w� �Sf�

�nO�� �� f T��d�� �A� �Ð� A�  d�� ¨k� .f ′(0) = 0 �� ,0 dn� �AqtJ²� Tl�A� f T��d�� ¨�At�A�¤

.0 dn� �tKm�� T§C�rmtF� TF�C 	�§ ,0 dn� C1

:An§d� x ̸= 0 ��� �� ,¢yl�¤

f ′(x) = 2x sin

(
1

x

)
− cos

(
1

x

)
.

:¤ 0 Y�� �¤¥§ xn ¢n�¤ xn = 1
2nπ

�S�

f ′(xn) =
1

nπ
sin(2nπ)− cos(2nπ) = −1 ̸= f ′(0).

.C1
�nO�� �� sy� f T��d��  � ©� ,0 dn� rmts� Hy� f ′

:¨�At�A�¤

�y� 0 dn� �AqtJ²� Tl�A� R∗
Yl� C1

�nO�� �� Ah�� �¡rb� ¨k� g T��d�� ��A`� �§rW�� Hfn�

:x ̸= 0 ��� �� ,��Ð Yl� T�AR� .g′(0) = 0

g′ (x) = 3x2 sin

(
1

x

)
− x cos

(
1

x

)
:�y�

|g′(x)− g′(x)| ≤ 3 |x|2 + |x|.

.C1
�nO�� �� g ¢n�¤ ,0 dn� rmts� g′  � �d§ �@¡

Exercise N°− 12 − ��C �§rm�

:AhqtK� �� T��d�� �§r`� T�wm�� T�A� �� ¨� d�¤�

In each case, find the definition set of the function and then its derivative:

1) f(x) = 4x3 − 5x2 + x− 1, 6) f(x) = −x+ 2 +
2

3x
,

2) f(x) = 5x3 − 1

x
+ 3

√
x, 7) f(x) =

1

x+ x2
,

3) f(x) = (x2 + 1)(x3 − 2x), 8) f(x) = (2x+ 1)2,

4) f(x) =
2x2 − 3

x2 + 7
, 9) f(x) =

√
x(5x− 3).

5) f(x) =
2x− 1

x+ 1
,
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Solution : �þþ���

:AhqtK�¤ R Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = 4✕3x2 − 5✕2x+ 1 = 12x2 − 10x+ 1

Tl�A� 
wlq� T��d�� .Df =]0;+∞[ ¢n�¤ .x ≥ 0 ¤ x ̸= 0  wk§  � 	�§ T�r`� f  wk� ¨k�

Yl� �AqtJ²� Tl�A� ¨`y�rt�� C@��� T��d��  � T�AR³A� .]0; +∞[ Yl� ¤ ]−∞; 0[ Yl� �AqtJ²�

:AhqtK� ¤ ]0; +∞[ Yl� �AqtJ²� Tl�A� f ¢n�¤ .]0; +∞[

f ′(x) = 15x2 − −1

x2
+ 3✕

1

2
√
x
= 15x2 +

1

x2
+

3

2
√
x

.R Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = 2x
(
x3 − 2x

)
+
(
x2 + 1

) (
3x2 − 2

)
= 2x4 − 4x2 + 3x4− 2x2 + 3x2 − 2

= 5x4 − 3x2 − 2

.x �� ��� �� x2 + 7 > 0  ± R Yl� �AqtJ²� Tl�A� ¤ T�r`� f

f ′(x) =
4x (x2 + 7)− 2x (2x2 − 3)

(x2 + 7)2

=
4x3 + 28x− 4x3 + 6x

(x2 + 7)2

=
34x

(x2 + 7)2

.]−∞;−1[∪]− 1;+∞[ Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) =
2(x+ 1)− (2x− 1)

(x+ 1)2

=
2x+ 2− 2x+ 1

(x+ 1)2

=
3

(x+ 1)2

.]−∞; 0[∪]0; +∞[ Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = −1 +
2

3
✕
−1

x2

= −1− 2

3x2
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T�r`� f ¢n�¤ .x+ x2 = x(x+ 1) ©� .x+ x2 ̸= 0  A� �Ð� �AqtJ²� Tl�A�¤ T�r`� f T��d��  wk�

.R \ {−1; 0} Yl� �AqtJ²� Tl�A� ¤

f ′(x) = − 1 + 2x

(x+ x2)2

f(x) = (2x+ 1)(2x+ 1) .R Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = 2(2x+ 1) + (2x+ 1)✕2

= 4(2x+ 1)

= 8x+ 4

.]0; +∞[ Yl� �AqtJ²� Tl�A� [0; +∞[ Yl� T�r`� f T��d��

f ′(x) =
1

2
√
x
(5x− 3) + 5

√
x

=
5x− 3 + 10x

2
√
x

=
15x− 3

2
√
x

Exercise N°− 13 − ��C �§rm�

: Ty�At�� ��¤dl� n T�Cd�� �� �tKm�� 	s��

Calculate the derivative of degree n for the following functions:

1).x 7→ xex 2).x 7→ xn−1 ln(1 + x).

Solution : �þþ���

T�®� �m`ts� �wF .h(x) = ex ¤ g(x) = x �y� f(x) = g(x)h(x) 	tk� ¤ f(x) = xex �S� (1

ztynby�

f (n)(x) =
n∑

k=0

Ck
ng

(k)(x)h(n−k) (x) .

,g(k)(x) = 0 ,g′(x) = 1 ,g(x) = x An§d� , ���w�� ¨� .Xq� �§d� �� �wm�m�� �@¡ ���t§

: �� k ≥ 0 �� ��� �� h(k)(x) = ex AS§� An§d� ¢�±¤ .k ≥ 2

f (n)(x) = xex + nex = (x+ n)ex.
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:T��dl� n T�Cd�� �� �tKm�� (2

xn−1 ln(1 + x)

¤ ,R �yt�wm�m�� Yl� C∞
�nO�� �� �¡ �§@l�� h(x) = ln(1 + x) ¤ g(x) = xn−1

�S�

:���rt�A�  Ð� �¡rb� .	y�rt�� Yl� ]− 1,+∞[

g(k)(x) = (n− 1) . . . (n− k)xn−1−k =
(n− 1)!

(n− 1− k)!
xn−1−k,

: ±

h(k)(x) =
(−1)k−1(k − 1)!

(1 + x)k

�m`ts� .f(x) = g(x)h(x) :we write: 	tk�¤ f(x) = xn−1 ln(1 + x) �S� .k > 0 ��� ��

:d�� g(n) = 0 �y� ztynby� T�®�

f (n)(x) = (n− 1)!
n∑

k=1

(−1)k−1

(
n

k

)
xk−1

(1 + x)k
.

,Xsb� �wm�� ¢l`�� x Yl� �sq� ,x ̸= 0  A� �Ð� .f (n)(0) = n!  � d�� x = 0  A� �Ð�

:d�� d��� ¨¶An� T�®� �Am`tFA�¤

f (n)(x) =
(n− 1)!

x

(
1−

n∑
k=0

(
n

k

)(
−x

1 + x

)k
)

=
(n− 1)!

x

(
1−

(
1 +

−x

1 + x

)n)
=

(n− 1)!

x

(
1− 1

(1 + x)n

)
.

Exercise N°− 14 − ��C �§rm�

w¡ xne1/x T��dl� n+ 1 T�Cd�� �� �tKm��  � b�� .n ∈ N �kt�

Let n ∈ eN . Prove that the derivative of degree n+ 1 of the function xne1/x is

(−1)n+1

xn+2
e1/x.

Solution : �þþ���

.n Yl� ���rt�A� T�wlWm�� T�®`�� b�n� .R∗
Yl� C∞

�nO�� �� T��d��
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.n = 0 ��� �� T�y�} Ty}A��� ¢n�¤ .
−1
x2 e

1/x
w¡ e1/x T��d�� �tK� ,n = 0 ��� �� ,An§d�

: ©� n ��� �� T�y�} T�®`��  � |rf�

(
xn−1e1/x

)(n)
=

(−1)n e1/x

xn+1

T�y} �m`ts� �� x ·xn−1e1/x �kK�� Yl� xne1/x T��d�� 	tk� �@h� .n+1 ��� �� Aht�} �¡rbn�¤

: �¡rb� ¨k� zynby�(
xne1/x

)(n+1)
=

(−1)n+1

xn+2
e

1
x

:d��

(
xne1/x

)(n+1)
=

(
x
(
xn−1e1/x

))(n+1)
=

n+1∑
k=0

Ck
n · x(k) ·

(
xn−1e1/x

)(n+1−k)

= C0
n · x(0) ·

(
xn−1e1/x

)(n+1−0)
+ C1

n · x(1) ·
(
xn−1e1/x

)(n+1−1)

= 1 · x ·
(
xn−1e1/x

)(n)
+ (n+ 1) ·

(
xn−1e1/x

)(n)
= x ·

(
(−1)n e1/x

xn+1

)′

+ (n+ 1) · (−1)n e1/x

xn+1

= x · (−1)n+1

xn+3
e

1
x (x+ nx+ 1) + (n+ 1) · (−1)n e1/x

xn+1

=
(−1)n+1

xn+2
e

1
x

Exercise N°− 15 − ��C �§rm�

:Ty�At�� ��¤dl� n Tb�r�� �� a TWqn�� ¨�  ¤d�m�� rKn�� d�¤�

Find the finite diffusion at point a of order n for the following functions:

1) ln(cos(x)) n = 6, a = 0.

2)
arctan(x)− x

sin(x)− x
n = 2, a = 0.

3) ln
(
tan
(x
2
+

π

4

))
n = 3, a = 0.

4) ln(sin(x)) n = 3, a = π
4
.

5) (1 + x)
1
x n = 3, a = 0.

Solution : �þþ���
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.ln(cosx) = −1

2
x2 − 1

12
x4 − 1

45
x6 + o

(
x7
)

•

.
arctan(x)− x

sin(x)− x
= 2− 11

10
x2 + o

(
x3
)

•

.ln(tan(1/2x+ 1/4π)) = x+
1

6
x3 + o

(
x4
)

•

.ln(sinx) = ln(1/2
√
2) + x− π

4
−
(
x− π

4

)2
+

2

3

(
x− π

4

)3
+ o

((
x− π

4

)3)
•

.(1 + x)
1
x = e

ln(1+x)
x = e− 1/2 ex+

11

24
ex2 − 7

16
ex3 + o

(
x3
)

•

Exercise N°− 16 − ��C �§rm�

.3 Tb�r�� �� 0 dn� h(x) = cos
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� d�¤�

Find the limited expansion of the function h(x) = cos
(
ln(1 + x)

)
at 0 up to the order 3.

Solution : �þþ���

�S� •
f(u) = cos(u) and g(x) = ln(1 + x)

: ¢n�¤

f ◦ g(x) = cos
(
ln(1 + x)

)
and g(0) = 0

.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •

f(u) = cos u = 1− u2

2!
+ u3ϵ1(u)

.0 C�w� ¨� u ��� ��

�S� •

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

.0 C�w� ¨� x ��� ��
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:u2
	s�� •

u2 =

(
x− x2

2
+

x3

3
+ x3ϵ2(x)

)2

= x2 − x3 + x3ϵ3(x)

: u3
¤

u3 = x3 + x3ϵ4(x)

.

:¢n�¤ •

h(x) = f ◦ g(x) = f(u)

= 1− u2

2!
+ u3ϵ1(u)

= 1− x2 − x3

2!
+ x3ϵ(x)

= 1− 1

2
x2 + x3ϵ(x).
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��A��� �Of��

V ector Spaces Ty�A`K�� ��ºASf��

Exercise series N° 3 ��C �§CAmt�� TlslF 1.3

Exercise N°− 1 − ��C �§rm�

:¨l§ Am� �r`m�� ⋆ ¨l��d�� 	y�rt��  w�Aq� R T�wm�m��  ¤z� (1

We provide the set R with the internal composition law ⋆ defined as follows:

∀x, y ∈ R : x⋆y = xy +
(
x2 − 1

) (
y2 − 1

)
.© Ay��� rOn`�� w¡ 1  �¤ ¨`ym�� Hy�¤ ¨l§db� ⋆  � b��

Prove that ⋆ is commutative, not additive, and that 1 is the neutral element.

:¨l§ Am� �r`m�� ⋆ ¨l��d�� 	y�rt��  w�Aq� R∗
+ T�wm�m��  ¤z� (2

We provide the set R∗
+ with the internal composition law ⋆ defined as follows:

∀x, y ∈ R∗
+ : x⋆y =

√
x2 + y2

.© Ay��� rOn`�� w¡ 0  �¤ ¨`ym�� ¤ ¨l§db� ⋆  � b�� (A

Prove that ⋆ is commutative and additive and that 0 is the neutral element.

.⋆ Tylm`l� Tbsn�A� ry\� rOn� ©� R∗
+ ¨� d�w§¯ ¢�� b�� (B

45



Exercise series N° 3 ��C �§CAmt�� TlslF .1.3V ector Spaces Ty�A`K�� ��ºASf��

Prove that there is no element in R∗
+ that is an opposite with respect to the

operation ⋆.

Solution : �þþ���

 � ^�®� (1

x⋆y = xy + (x2 − 1)(y2 − 1) = yx+ (y2 − 1)(x2 − 1) = y⋆x

¨l§db� ⋆  w�Aq�� ¢n�¤

:�y�� z ¤ y ¤ x Yl� Cw�`�� ¨fk§ ,Ay`ym�� Hy�  w�Aq��  � �Ab�³

x⋆(y⋆z) ̸= (x⋆y)⋆z

x r}An`�� CAyt�� ¨� 1 @��� ¯  � 	�§ ¢n�¤ ,© Ay��� rOn`�� w¡ 1  � £A� � «rnF Am�

z = 3 ¤ y = 2 , x = 0 :�A�m�� �ybF Yl� @��� .z ¤ y ¤

x⋆(y⋆z) = 0⋆(2⋆3)

= 0⋆(2⋆3 + (22 − 1)(32 − 1))

= 0⋆(6 + 3✕8)

= 0⋆30

= 0⋆30 + (02 − 1)(302 − 1) = −899

(x⋆y)⋆z = (0⋆2)⋆3

= (0✕2 + (02 − 1)(22 − 1))⋆3

= (−3)⋆3

= −3✕3 + ((−3)2 − 1)(32 − 1)

= −9 + 82

= 55

.Ay`ym�� Hy� ⋆  w�Aq��
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1⋆x = 1 · x+ (12 − 1)(x2 − 1) = x

: �� ¨l§db�  w�Aq��  ± , ��@� T�AR³A�

x⋆1 = 1⋆x

.© Ay��� rOn`�� w¡ 1 ,x⋆1 = 1⋆x = x An§d�

An§d� (A (2

x⋆y =
√
x2 + y2 =

√
y2 + x2 = y⋆x

.¨l§db� ⋆  w�Aq��

(x⋆y)⋆z =
√

x2 + y2⋆z =

√
(
√
x2 + y2) + z2 =

√
x2 + y2 + z2

: d�� (y, z, x) þ� (x, y, z) ryy�� �§rV �� £®�� 
As���  A���

(y⋆z)⋆x =
√

y2 + z2 + x2

.¨`ym�� ⋆  w�Aq�� : ¢n�¤ ,¨l§db� ⋆  ±

(y⋆z)⋆x = x⋆(y⋆z)(x⋆y)⋆z = x⋆(y⋆z)

.© Ay��� rOn`�� w¡ 0  �� ¨l§db� ⋆  ± x⋆(y⋆z) rJAb� 
As��� An�Ak���  A�

0⋆x =
√
02 + x2 = |x| = x,  ± x ≥ 0

0⋆x = x⋆0

0⋆x = x⋆0 = x

y ry\� �bq§ x  � |rtfn� (B

x⋆y = 0 ⇔
√

x2 + y2 = 0 ⇔ x2 + y2 = 0 ⇔ x = y = 0

¢� Hy� x ©� x > 0 �� ��� �� �y�ts� x⋆y = 0 ¢n�¤ y > 0 ¤ x > 0 �y� ¨�

.ry\�
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Exercise N°− 2 − ��C �§rm�

:¨l§ Am� G ¨� �r`m��  w�Aq�� ⋆ ¤ G = R∗✕R �ky�

Let G = R∗✕R and ⋆ be the law defined in G as follows:

(x, y)⋆ (x′, y′) = (xx′, xy′ + y)

.Tyl§db� sy� r�E (G,⋆)  � b�� (1

Prove that (G,⋆) is a non-commutative group.

. (G,⋆) �� Ty¶z� r�E (]0,+∞[✕R,⋆)  � b�� (2

Prove that (]0,+∞[✕R,⋆) is a sub-group of (G,⋆).

Solution : �þþ���

xx′ ̸= 0 ¢��� x′ ̸= 0 ¤ x ̸= 0  A� �Ð� (A− 1

(x, y)⋆(x′, y′) = (xx′, xy′ + y) ∈ R∗ · R.

.¨l�� 	y�r�  w�A� w¡ ⋆  w�Aq��

(x, y)⋆((x′, y′) ∗ (x′′, y′′)) = (x, y) ∗ (x′x′′, x′y′′ + y′)

= (xx′x′′, x(x′y′′ + y′) + y)

= (xx′x′′, xx′y′′ + xy′ + y)

¤

((x, y)⋆(x′, y′))⋆(x′′, y′′) = (xx′, xy′ + y) ∗ (x′′, y′′)

= (xx′x′′, xx′y′′ + xy′ + y)

.¨`ym�� ⋆  w�Aq�� ¢n�¤

:(x, y) ∈ R∗✕R �� ��� �� �y� (a, b) �kt� (B − 1

(a, b)⋆(x, y) = (x, y) = (x, y)⋆(a, b)

:þ� T·�Ak� ��¤Asm�� £@¡

(ax, ay + b) = (x, y) = (xa, xb+ y) ⇔

{
ax = x

ay + b = y
⇔

{
a = 1

b = 0

.© Ay��� rOn`�� w¡ (1, 0) ¢n�¤
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�y� (x′, y′) �� ��b� (x, y) ∈ R∗✕R �ky� (C − 1

(x, y)⋆(x′, y′) = (1, 0) = (x′, y′)⋆(x, y)

:þ� T·�Ak� ��¤Asm�� £@¡

(xx′, xy′ + y) = (1, 0) = (x′x, x′y + y′) ⇔

{
xx′ = 1

x′y + y′ = 0
⇔

{
x′ = 1

x

y′ = −y
x

.r�E �kK� (R∗✕R,⋆) ¢n�¤ .

(
1
x
, −y

x

)
w¡ (x, y) þ� ry\n�� rOn`��

sy� r�z��  � �d� �R�w�� �m� (2, 0)⋆(1, 2) = (2, 4) ¤ (1, 2)⋆(2, 0) = (2, 2)  � Am� (D − 1

.Tyl§db�

.(1, 0) ∈]0,+∞[✕R w¡ (R∗✕R,⋆) þ� © Ay��� rOn`�� (2

¢n�¤ .(x′, y′) ∈]0,+∞[✕R ¤ (x, y) ∈]0,+∞[✕R �ky�

(x, y)⋆

(
1

x′ ,
−y′

x′

)
=

(
x

x′ , x

(
−y′

x′

)
+ y

)
=

(
x

x′ ,
−y′x+ x′y

x′

)
�� Ty¶z� r�E (∈]0,+∞[✕R,⋆) ¢n�¤ .

(
x
x′ ,

−y′x+x′y
x′

)
∈]0,+∞[✕R  �� x > 0  � Am�

.(R∗✕R,⋆)

Exercise N°− 3 − ��C �§rm�

:¨l§ Am� �y�r`m�� �y�w�Aq�A� A = R✕R T�wm�m��  ¤z�

We provide the set A = R✕R with the two laws defined as follows:

(x, y) + (x′, y′) = (x+ x′, y + y′)

and ¤

(x, y) ∗ (x′, y′) = (xx′, xy′ + x′y)

.Tyl§db� r�E (A,+)  � b�� (1

Prove that (A,+) is a commutative group.

Prove that  � b�� (2

The law ∗ is commutative. .¨l§db� ∗  w�Aq�� (A

The law ∗ is associative. .¨`ym�� ∗  w�Aq�� (B
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.∗  w�Aql� Tbsn�A� © Ay��� rOn`�� d�¤� (C

Find the neutral element with respect to the law ∗.

.Tyl§db� Tql� �kK� (A,+, ∗)  � b�� (D

Prove that (A,+, ∗) forms a commutative ring.

Solution : �þþ���

(1

(x, y) + (x′, y′) = (x+ x′, y + y′) ∈ A

.¨l��  w�Aq�� ¢n�¤

(x, y) + [(x′, y′) + (x′′, y′′)] = (x, y) + (x′ + x′′, y′ + y′′)

= (x+ (x′ + x′′), y + (y′ + y′′))

= ((x+ x′) + x′′, (y + y′) + y′′)

= [(x, y) + (x′, y′)] + (x′′, y′′)

.¨`ym�� +  w�Aq�� ¢n�¤

(x, y) + (x′, y′) = (x+ x′, y + y′) = (x′ + x, y′ + y)

= (x′, y′) + (x, y)

.¨l§db� +  w�Aq�� ¢n�¤

dy�w�� rOn`�� w¡ (a, b) = (0, 0)  � �R�w�� �� ,(x, y) + (a, b) = (x, y) �y� (a, b) �ky�

. © Ay���

�y� (x′, y′) �ky�

(x, y) + (x′, y′) = (0, 0)

¸�Ak§ �@¡

(x+ x′, y + y′) = (0, 0) ⇐⇒

{
x+ x′ = 0

y + y′ = 0
⇔

{
x′ = −x

y′ = −y

.Tyl§db� r�E (A,+)  � �tnts� .(−x,−y) w¡ (x, y) ry\n�� rOn`�� ¢n�¤

(A− 2

(x, y) ∗ (x′, y′) = (xx′, xy′ + x′y) = (x′x, x′y + xy′) = (x′, y′) ∗ (x, y)

.¨l§db� ∗ ¢n�¤
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(B − 2

[(x, y) ∗ (x′, y′)] ∗ (x′′, y′′) = (xx′, xy′ + x′y) ∗ (x′′, y′′)

= (xx′x′′, xx′y′′ + x′′(xy′ + x′y))

= (xx′x′′, xx′y′′ + x′′xy′ + x′′x′y)

(x, y) ∗ [(x′, y′) ∗ (x′′, y′′)] = (x, y) ∗ (x′x′′, x′y′′ + x′′y′)

= (xx′x′′, x(x′y′′ + x′′y′) + x′x′′y)

= (xx′x′′, xx′y′′ + xx′′y′ + x′x′′y)

¢n�¤

[(x, y) ∗ (x′, y′)] ∗ (x′′, y′′) = (x, y) ∗ [(x′, y′) ∗ (x′′, y′′)]

.¨`ym�� ∗  w�Aq��

,(x, y) ∈ A �� ��� �� �y� (e, f) �ky� (C − 2

(x, y) ∗ (e, f) = (x, y)

: �q�� f ¤ e{
xe = x

xf + ye = y
⇔

{
e = 1

f = 0

.∗  w�Aql� Tbsn�A� A þ� © Ay��� rOn`�� (1, 0) ∈ A

�m��� Yl� º�d��� Ty`§Ew� (D − 2

(x, y) ∗ [(x′, y′) + (x′′ + y′′)] = (x, y) ∗ (x′ + x′′, y′ + y′′)

= (x(x′ + x′′), x(y′ + y′′) + (x′ + x′′)y)

= (xx′ + xx′′, xy′ + xy′′ + x′y + x′′y)

= (xx′ + xx′′, xy′ + x′y + xy′′ + x′′y)

= (xx′, xy′ + x′y) + (xx′′, xy′′ + x′′y)

= (x, y) ∗ (x′, y′) + (x, y) ∗ (x′′, y′′)

.Tbl�db� Tql� (A,+, ∗) ry�±� ¨�
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Exercise N°− 4 − ��C �§rm�

:Ty�At�� T`J±� TWF�w� A¡¦AK�� �� ¨t�� Ty�A`K�� ��ºASf�� �¯ A`� d�¤�

Find the equations of the victor spaces created by the following rays:

u1 = (1, 2, 3) •

u1 = (1, 2, 3) and u2 = (−1, 0, 1) •

u1 = (1, 2, 0) , u2 = (2, 1, 0) and u3 = (1, 0, 1) •

Solution : �þþ���

¢n�¤ .u1 �A`K�A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� F �S�

(x, y, z) ∈ F ⇐⇒ ∃a ∈ R,


x = a

y = 2a

z = 3a

⇐⇒ ∃a ∈ R,


a = x

y − 2x = 0

z − 3x = 0

⇐⇒

{
y − 2x = 0

z − 3x = 0

:¢n�¤ .u2 ¤ u1 T`J±A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� G �S� .F þ� �¯ A`� �`f�A� A�d�¤ dq�

(x, y, z) ∈ G ⇐⇒ ∃(a, b) ∈ R2,


x = a− b

y = 2a

z = 3a+ b

⇐⇒ ∃(a, b) ∈ R2,


a = y/2

b = z − 3y/2

0 = x− 2y + z

⇐⇒ x− 2y + z = 0.

.u3 ¤ u2 ,u1 T`J±A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� H �S� .G T� A`� ¨¡ ry�±� T� A`m�� £@¡

: ¢n�¤

(x, y, z) ∈ H ⇐⇒ ∃(a, b, c) ∈ R3,


x = a+ 2b+ c

y = 2a+ b

z = c
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⇐⇒ ∃(a, b, c) ∈ R3,


a+ 2b+ c = x

−3b− 2c = y − 2x

c = z

.H = R3
¨�At�A� ¤ .z ¤ y ,x �y� �A� Amh� ®� �bq� Tlm���

Exercise N°− 5 − ��C �§rm�

:R3 �� Ty�At�� Ty¶z��� ��ºASfl� d�wm�� T`J±� d�¤�

Find the generated rays of the following subspaces of R3:

F = {(x, y, z) ∈ R3; x+ 2y − z = 0} •

G = {(x, y, z) ∈ R3; x− y + z = 0 and 2x− y − z = 0} •

Solution : �þþ���

An§d� •

(x, y, z) ∈ F ⇐⇒ x = −2y + z ⇐⇒


x = −2y + z

y ∈ R
z ∈ R

⇐⇒ (x, y, z) = (−2y + z, y, z), y ∈ R, z ∈ R,

= y(−2, 1, 0) + z(1, 0, 1), y ∈ R, z ∈ R.

.F = vect(u1, u2) d�� ¢n�¤ u2 = (1, 0, 1) ¤ u1 = (−2, 1, 0) �S�

An§d� •

(x, y, z) ∈ G ⇐⇒

{
x− y + z = 0

2x− y − z = 0
⇐⇒

{
x− y + z = 0

y − 3z = 0

⇐⇒ (x, y, z) = z (2, 3, 1)

u = (2, 3, 1) �y� G = vect(u) d�� ¢n�¤

Exercise N°− 6 − ��C �§rm�
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Let be in R4 the vectors T`J±� R4 ¨� �ky�

v1 = (1, 2, 3, 4) and v2 = (1,−2, 3,−4).

? (x, 1, y, 1) ∈ V ect{v1, v2} �y� y ¤ x  A�§� �yWts� �¡ •
Can we find x and y where (x, 1, y, 1) ∈ V ect{v1, v2}?

? (x, 1, 1, y) ∈ V ect{v1, v2} �y� y ¤ x  A�§� �yWts� �¡ •
Can we find x and y where (x, 1, 1, y) ∈ V ect{v1, v2}?

Solution : �þþ���

:An� •

(x, 1, y, 1) ∈ V ect{v1, v2}

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = λ(1, 2, 3, 4) + µ(1,−2, 3,−4)

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = (λ, 2λ, 3λ, 4λ) + (µ,−2µ, 3µ,−4µ)

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = (λ+ µ, 2λ− 2µ, 3λ+ 3µ, 4λ− 4µ)

=⇒ ∃λ, µ ∈ R 1 = 2(λ− µ) ¤ 1 = 4(λ− µ)

=⇒ ∃λ, µ ∈ R λ− µ =
1

2
¤ λ− µ =

1

4

.x, y ��� Yl� Cw�`�� Annkm§ ¯ ��@� .(x, y  A� A§�) �y�ts� w¡¤
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: �Wnm�� Hfn� •

(x, 1, 1, y) ∈ V ect{v1, v2}

iff ∃λ, µ ∈ R (x, 1, 1, y) = (λ+ µ, 2λ− 2µ, 3λ+ 3µ, 4λ− 4µ)

⇐⇒ ∃λ, µ ∈ R



x = λ+ µ

1 = 2λ− 2µ

1 = 3λ+ 3µ

y = 4λ− 4µ

⇐⇒ ∃λ, µ ∈ R



λ = 5
12

µ = − 1
12

x = 1
3

y = 2.

.(1
3
, 1, 1, 2) 	FAn§ ©@�� (x, 1, 1, y) dy�w�� �A`K��  �� �@�
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Linear applications TyW��� �AqybWt��

Exercise series N° 4 ��C �§CAmt�� TlslF 1.4

Exercise N°− 1 − ��C �§rm�

:¯ �� TyW� �AqybW� �� CAb� Ty�At�� �AqybWt�� �A� �Ð�  d�

Determine whether the following applications are linear applications or not:

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 0) (1

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 1) (2

f : R2 → R, (x, y) 7→ x2 − y2 (3

Solution : �þþ���

¢n�¤ .λ ∈ R ¤ ,R2
¨� v = (x′, y′) ¤ u = (x, y) @��� .¨W� �ybW� f �ky� (1

f(u+ v) =
(
(x+ x′) + (y + y′), (x+ x′)− 2(y + y′), 0)

=
(
x+ y, x− 2y, 0) + (x′ + y′, x′ − 2y′, 0)

= f(u) + f(v).
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,��@�

f(λu) = (λx+ λy, λx− 2λy, 0)

= λ(x+ y, x− 2y, 0)

= λf(u).

f
(
(0, 0)

)
̸= (0, 0, 0)  ± ¨W� �ybW� sy� : f (2

, ± ¨W� �ybW� sy� f (3

f
(
(1, 0)

)
= 1, f

(
(−1, 0)

)
= 1 ¤ f

(
(0, 0)

)
= 0 ̸= f

(
(1, 0)

)
+ f
(
(−1, 0)

)
.

Exercise N°− 2 − ��C �§rm�

Let the linear application f : R2 → R3 be defined :�r`m�� f : R2 → R3 ¨W��� �ybWt�� �ky�

f(x, y) = (x+ y, x− y, x+ y).

?r�A� ?�§Abt� w¡ �¡ ¤ .¢�Cw} ¤ ,f ¨W��� �bWt�� �w� d�¤�

Find the kernel of the linear application f , and its image. And is it injective? surjective?

Solution : �þþ���

. f ¨W��� �ybWt�� �w�  A�§� (1

Ker(f) = {(x, y) ∈ R2 : f(x, y) = (0, 0, 0)}.

:¸�Ak§ �@¡
x+ y = 0

x− y = 0

x+ y = 0

⇐⇒

{
x+ y = 0

2x = 0

.Ker(f) = (0, 0)  � �tnts�

.�§Abt� f  �� T§r\n�� 	s� ,Ker(f) = (0, 0)  � Am� (2

T�wm�� �� (u, v, w)  � �wq� .R3
�� �A`J (u, v, w) �ky� .f ¨W��� �ybWt�� Cw}  A�§� (3

: A� �Ð� Xq�¤ �Ð� f ¨W��� �bWt�� Cw}
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∃(x, y) ∈ R2, (u, v, w) = f(x, y) ⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

v = x− y

w = x+ y

⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

u+ v = 2x

w − u = 0

⇐⇒ ∃(x, y) ∈ R2,


u−v
2

= y
u+v
2

= x

w − u = 0

 � �tnts�

Im(f) = {(u, v, w) ∈ R3; u− w = 0}.

.r�A� Hy� f ¢n�¤ ,Im(f) T�wm�ml� ¨mtn§ ¯ (1, 1, 0) ,T}A� TfO�

Exercise N°− 3 − ��C �§rm�

Let the linear application f : R3 → R4 be defined :�r`m�� f : R3 → R4 ¨W��� �ybWt�� �ky�

f(x, y, z) = (x+ z, y − x, z + y, x+ y + 2z).

Find a basis for Im(f). .Im(f) þ� AFAF� d�¤� (1

Find a basis for Ker(f). .Ker(f) þ� AFAF� d�¤� (2

Is f injective? Surjective? Bijective? ?¨l�Aq� ?r�A� ?�§Abt� f �¡ (3

Solution : �þþ���

:d�� f ¨W��� �ybWt�� �§r`� �m`ts� (1

f(e1) = (1,−1, 0, 1)

f(e2) = (0, 1, 1, 1)

f(e3) = (1, 0, 1, 2)
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: � ^�®�  � �km§

f(e3) = f(e1) + f(e2)

f(e1), f(e2), f(e3) T`J±�  � �l`� Am� ,AyW� TWb�r� {f(e1), f(e2), f(e3)} T`J±�  � ©�

.Ah� xAF�  wk� ¨¡¤ {f(e1), f(e2)} �� d�w� Im(f) ¢n�¤ Im(f) þ� d�w�

An§d� (2

(x, y, z) ∈ ker(f) ⇐⇒


x+ z = 0

−x+ y = 0

y + z = 0

x+ y + 2z = 0

⇐⇒


x+ z = 0

y + z = 0

y + z = 0

y + z = 0

⇐⇒


x = −z

y = −z

z = z

¢n�¤ Ker(f) xAF� wh� ,�¤d`� ry� ¢�± A¾r\� Ker(f) d�w§ (−1,−1, 1) �A`K��  � �tnts�

dim(Ker(f)) = 1.

d`� �y� ¨� 1 d`b�� ��Ð �wn��  ± r�A� Hy� f �ybWt��  �� CwO��¤ �wn�� T§r\� 	s� (3

 ± 3 ©¤As§ ¯ Im(f)

Im(f) = V ect{f(e1), f(e2)} =⇒ dim(Im(f)) = 2.

Exercise N°− 4 − ��C �§rm�

: ¯ �� AyW� fi �ybWt��  A� �Ð� A�  d�

Determine whether the application fi is linear or not:

f1 : R2 → R2 f1(x, y) = (2x+ y, x− y)

f2 : R3 → R3 f2(x, y, z) = (xy, x, y)

f3 : R3 → R3 f3(x, y, z) = (2x+ y + z, y − z, x+ y)

f4 : R2 → R4 f4(x, y) = (y, 0, x− 7y, x+ y)

f5 : R3[X] → R3 f5(P ) =
(
P (−1), P (0), P (1)

)
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Solution : �þþ���

: (x′, y′) ∈ R2
¤ (x, y) ∈ R2

�ky� .¨W� �ybW� f1 (1

f1
(
(x, y) + (x′, y′)

)
= f1

(
x+ x′, y + y′

)
=
(
2(x+ x′) + (y + y′), (x+ x′)− (y + y′)

)
=
(
2x+ y + 2x′ + y′, x− y + x′ − y′

)
=
(
2x+ y, x− y

)
+
(
2x′ + y′, x′ − y′

)
= f1(x, y) + f1(x

′, y′)

: λ ∈ R ¤ (x, y) ∈ R2
�ky�

f1
(
λ · (x, y)

)
= f1

(
λx, λy

)
=
(
2λx+ λy, λx− λy

)
= λ ·

(
2x+ y, x− y

)
= λ · f1(x, y).

.f2(2, 2, 0) þ� T§¤As� sy� f2(1, 1, 0) + f2(1, 1, 0) �A�m�� �ybF Yl� ¨W� �ybW� Hy� f2 (2

 � (x′, y′, z′) ¤ (x, y, z) ��� �� �q�t� : ¨W� �ybW� f3 (3

f3
(
(x, y, z) + (x′, y′, z′)

)
= f3(x, y, z) + f3(x

′, y′, z′)

.f3
(
λ · (x, y, z)

)
= λ · f3(x, y, z) An§d� λ ¤ (x, y, z) ��� �� A¡d`� .

 � (x′, y′) ¤ (x, y) ��� �� �q�t� : ¨W� �ybW� f4 (4

f4
(
(x, y) + (x′, y′)

)
= f4(x, y) + f4(x

′, y′).

.f4
(
λ · (x, y)

)
= λ · f4(x, y) An§d� λ ¤ (x, y) ��� ��¤ ,A¡d`�

 �� P, P ′ ∈ R3[X] �kt� : ¨W� �ybW� f5 (5

f5
(
P + P ′) = ((P + P ′)(−1), (P + P ′)(0), (P + P ′)(1)

)
=
(
P (−1) + P ′(−1), P (0) + P ′(0), P (1) + P ′(1)

)
=
(
P (−1), P (0), P (1)

)
+
(
P ′(−1), P ′(0), P ′(1)

)
= f5(P ) + f5(P

′)
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: λ ∈ R ¤ P ∈ R3[X]  A� �Ð� ¤

f5
(
λ · P

)
=
(
(λP )(−1), (λP )(0), (λP )(1)

)
=
(
λ · P (−1), λ · P (0), λ · P (1)

)
= λ ·

(
P (−1), P (0), P (1)

)
= λ · f5(P )

Exercise N°− 5 − ��C �§rm�

:�r`m�� f : R3 → R3 ¨W��� �ybWt�� �ky�

Let the linear application be f : R3 → R3 defined as:

f(x, y, z) = (−3x− y + z, 8x+ 3y − 2z, −4x− y + 2z).

.A¡d`u� 	s��¤ f �ybWt�� �wn� xAF� d�¤� (1

Find a basis for the kernel of application f and calculate its dimension.

Is the application f injective? ?�§Abt� f �ybWt�� �¡ (2

Find the range of f . Is the application f surjective? ?r�A� f �ybWt�� �¡ .f Tb�C d�¤� (3

Find a basis for Im(f). .Im(f) þ� xAF� d�¤� (4

Solution : �þþ���

:  A� �Ð� Xq�¤ �Ð� (x, y, z) ∈ ker(f) An§d� .(x, y, z) ∈ R3
�ky� (1

−3x − y + z = 0

8x + 3y − 2z = 0

−4x − y + 2z = 0

=⇒


z − y − 3x = 0

−2z + 3y + 8x = 0

2z − y − 4x = 0

:d�� ,(��A��� ¨��wt�� Yl�) ¨�A��� Y�� �¤±� rWs�� �`R (¨��wt�� Yl� T��E�) T�AR�� , ��


z −y − 3x = 0

y + 2x = 0

y + 2x = 0

=⇒

{
z −x = 0

y +2x = 0
.
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:©� Tlm��� £@¡ �� (x, y, z)  A� �Ð� Xq�¤�Ð� (x, y, z) ∈ ker(f) ¨�At�A�¤

(x, y, z) = (x,−2x, x) = x(1,−2, 1).

d��¤ rOn� ��  wkt§ xAF±� ©� (1,−2, 1) �A`K�� f �bWt�� �wn� xAF�� @��� ¢n�¤

.dim(ker(f)) = 1 ¨n`§

.�§Abt� Hy� f ¢n�¤ {0} �¤d`m�� ºASf�� �� ��AWt� ¯ �wn�� (2

:An§d� Tb�r�� T§r\� 	s� (3

rg(f) = 3− dim(ker(f)) = 3− 1 = 2.

w¡ ©@�� �w}w�� ºAS� �� �lt�§ 2 ©¤As§ CwO�� ºAS� d`u�  ± : r�A� Hy� f �ybWt��

.3 d`ub�� ¤Ð R3

:An§d� .f �ybWtl� CwO�� ºAS�  A�§� (4

Im(f) = {x(−3, 8,−4) + y(−1, 3,−1) + z(1,−2, 2) : x, y, z ∈ R}

= vect(u1, u2, u3),

Tb�C  �� ��As�� ��¥s�� �� .u3 = (1,−2, 2) ¤ u2 = (−1, 3,−1) ,u1 = (−3, 8,−4) �S� �y�

.Im(f) þ� xAF� �kK� ¨h� AyW� Tlqts� (u1, u2) Tlm��� «r�� Th� �� .2 ¨¡ f �ybWt��

Exercise N°− 6 − ��C �§rm�

:¨l§ Am� T�r`� (e1, e2, e3) ¨�w�Aq�� xAF±� ¨� ¢t�wfO� �y� R3 �� f ¨��@�� ��AKt�� �ky�

Let the ondomorphism f of R3 whose matrix in the canonical basis (e1, e2, e3) is defined as

follows:

A =


15 −11 5

20 −15 8

8 −7 6

 .

Prove that the vectors T`J±�  � b��

e′1 = 2e1 + 3e2 + e3, e′2 = 3e1 + 4e2 + e3, e′3 = e1 + 2e2 + 2e3
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.xAF±� �@h� Tbsn�A� f T�wfO� d�¤� �� R3 ºASfl� xAF� �kK�

form a basis for the space R3, then find the matrix f with respect to this basis.

Solution : �þþ���

T�wfO� P �kt� .B′ = (e′1, e
′
2, e

′
3) þ� d§d��� xAF°� ¤ �§dq�� xAF°� B = (e1, e2, e3) þ� z�r�

d§d��� xAF±� T`J� �Ab�r� �� ryb`t�� �� �tn� ¨t�� T`J±� �Ab�r� ¨¡ Ah�dm�� ¨t�� Cwb`��

:d�� B �§dq�� xAF±� T�¯d� B′

P =


2 3 1

3 4 2

1 1 2


: ��Ð Y�� T�AR³A� ,xAF� �kK§ B′

 � d�� Ah�wlq� 
As��¤ ,TFwk� P  � �q�t�

P−1 =


−6 5 −2

4 −3 1

1 −1 1

 	s�� B = P−1AP =


1 0 0

0 2 0

0 0 3


.B′

xAF±� ¨� f �ybWt�� T�wfO� ¨¡ B

Exercise N°− 7 − ��C �§rm�

¢t�wfO� �y� R2 �� f ¨��@�� ��AKt�� �ky�

Let the ondomorphism f of R2 where its matrix

A =

(
2 2

3

−5
2

−2
3

)

on the canonical basis, so let �ky�¤ ,¨�w�Aq�� xAF±� ¨�

e1 =

(
−2

3

)
and e2 =

(
−2

5

)
.

.MatB′(f) T�wfOm�� d�¤� �� R2 ºASfl� xAF� B′ = (e1, e2)  � b�� (1

Prove that B′ = (e1, e2) is a basis for the space R2 and then find the matrix MatB′(f).

Calculate An for n ∈ N. .n ∈ N ��� �� An 	s�� (2

:�q�� ¨t�� Tyqyq��� �Ay�Attm�� T�wm��  d� (3
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Determine the set of real sequences that satisfy:

∀n ∈ N :


xn+1 = 2xn +

2

3
yn

yn+1 = −5

2
xn −

2

3
yn

Solution : �þþ���

.B′ = (e1, e2) xAF±� w�� B =
(
(1, 0), (0, 1)

)
¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �S� (1

: e2 ¤ e1 dm�±� T`J� �� T�wk�

P =

(
−2 −2

3 5

)
.xAF� B′

¨�At�A�¤ TFwk� P ¢n�¤ detP = −4 ̸= 0

: ¨¡ B′
xAF±� ¨� f T�wfO� ¢n�¤

B = P−1AP = −1

4

(
5 2

−3 −2

)(
2 2

3

−5
2

−2
3

)(
−2 −2

3 5

)
=

(
1 0

0 1
3

)

: T§rW� T�wfO� w� 
As� �d� �hs�� �� (2

Bn =

(
1 0

0
(
1
3

)n
)

: An
A¡d`� �tnts� A = PBP−1

 � Am�

An =
(
PBP−1

)n
= PBnP−1 =

1

4

(
10− 6

3n
4− 4

3n

−15 + 15
3n

−6 + 10
3n

)

�kK�� Yl� 	tk� �Ay�Attm�� ¢t¡ �q�� ¨t�� �¯ A`m�� ¢n�¤ Xn =

(
xn

yn

)
An`R¤ �Ð� (3

:¨l§ Am� ¨�wfOm��

Xn+1 = AXn.

: � �tnts�¤ .Xn = AnX0 : �� X0 =

(
x0

y0

)
∈ R2

¨¶�dt�³� ªrK�� An`R¤ �Ð�

 xn = 1
4

(
(10− 6

3n
)x0 + (4− 4

3n
)y0

)
yn = 1

4

(
(−15 + 15

3n
)x0 + (−6 + 10

3n
)y0

)
.
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MIAS/SM, Ediscience (Dunod pour la nouvelle édition) Paris 2002.
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