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Matrices T�wfOm��

Exercise series N° 1 ��C �§CAmt�� TlslF 1.1

Exercise N°− 1 − ��C �§rm�

Let �kt�

A =


−7 2

0 −1
1 −4

 , B =


1 2 3

2 3 1

3 2 1

 , C =


2

0

−3

 , D =
1

2

(
1 0

1 1

)

and ¤

E =


1 2

−3 0

−8 6

 .

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� �� 	s�� (A

Calculate all possible sums of two of these matrices.

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ��º�d��� �� 	s�� (B

Calculate all possible products of two of these matrices.
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1Matrices T�wfOm��

.5B + 4EAT ¤ 3A+ 2E 	s�� (C

Calculate 3A+ 2E and 5B + 4EAT .

.T�¤d`m�� T�wfOm�� A− αE �y� α d�¤� (D

Find α where A− αE is the null matrix.

Solution - �þþ���

¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� (A

The possible sums of two of these matrices are

A+ E =


−6 4

−3 −1
−7 2


.Tnkm� ry� �y�A�m�� ¨�A�

Other combinations are not possible.

:¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ry� ��º�d��� (B

The non-possible products of two of these matrices are:

AB,AC,CA,DA,AE,EA,CB,BD,DB,EB,CD,DC,CE,EC,DE

:¨¡ Tnkmm�� ��º�d��� ¤

The possible products are:

BA =


1 2 3

2 3 1

3 2 1



−7 2

0 −1
1 −4

 =


−4 −12
−13 −3
−20 0



AD =
1

2


−7 2

0 −1
1 −4


(
1 0

1 1

)
=


−5

2
1

−1
2
−1

2

−3
2
−2
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Matrices T�wfOm�� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

BC =


1 2 3

2 3 1

3 2 1




2

0

−3

 =


−7
1

3



BE =


1 2 3

2 3 1

3 2 1




1 2

−3 0

−8 6

 =


−29 20

−15 10

−11 12



ED =
1

2


1 2

−3 0

−8 6


(
1 0

1 1

)
=


3
2

1

−3
2

0

−1 3


(C

3A+ 2E =


−19 10

−6 −3
−13 0

 .

5B + 4EAT =


−7 2 −13
94 15 −7
287 −14 −123

 .

�y� α d�w§ ¯ (D

There is no α where

A− αE =


−α− 7 2− 2α

3α −1
8α + 1 −6α− 4

 =


0 0

0 0

0 0


. 0 ̸= −1  ±

because 0 ̸= −1 .

Exercise N°− 2 − ��C �§rm�

.

:Ty�At�� �¯A��� �� �� ¨� ,�r`�  wk§ A�dn� BA ¤ AB �y¶�d��� 	s�� (1

Calculate the product AB and BA when is defined, in each of the following cases:
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1Matrices T�wfOm��

A =

(
1 0

2 0

)
, B =

(
0 0

0 3

)
(a

A =


0 3 6

−2 0 0

2 1 2

 , B =

(
1 −1 1

0 1 0

)
(b

A =


1 3

1 1

0 2

 , B =

(
1 −1 0 1

0 1 0 2

)
(c

.Tq�As�� �A�wfOm�� �wqn� 	s�� (2

Calculate the transpose of the previous matrices.

Solution : �þþ���

:Tnkmm�� ��º�d��� 
As� (1

Calculation of possible product:

¤ . Ankm� BA ¤ AB �y¶�d���  �� ,Tb�r�� Hf� ��  At`�r�  At�wfO� B ¤ A  ± �r\� •
:d��

Since A and B are square matrices of the same order, the product AB and BA are

possible and we find:

AB =

(
0 0

0 0

)
, BA =

(
0 0

0 0

)
.

.T�¤d`� B ¯¤ A T�wfOm�� ¯ Amny� AB = BA = 0 ,QwO��� ¢�¤ Yl�

In particular, AB = BA = 0 while neither the matrix A nor B is zero.

d�� �@� .�§rWF Yl� B ¤ dm�� T�®� Yl� ©wt�§ A  ± �r`� ry� AB º�d��� •

The product of AB is undefined because A has three columns and B has two rows. So

we find
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Matrices T�wfOm�� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

BA =

(
−1 2 1

−1 −5 −3

)
.

An§d� ,«r�� Ty�A� �� �k� �r`� ry� BA º�d��� •

The product BA is undefined but on the other hand, we have

AB =


3 3 0 1

1 2 0 1

6 3 0 0

 .

:Tq�As�� �A�wfOm�� �wqn� 
As� (2

Calculation of transpose of the past matrices:

AT =

(
1 2

0 0

)
, BT =

(
0 0

0 3

)
= B (a

AT =


0 −2 2

3 0 1

6 0 2

 , BT =


1 0

−1 1

1 0

 (b

.AT =

(
1 1 0

3 1 2

)
, BT =


1 0

−1 1

0 0

1 2

 (c

Exercise N°− 3 − ��C �§rm�

:þ� T�r`m�� T�wfOm�� A, B ∈M2(R) �kt�

Let A, B ∈M2(R) be the matrix defined by:

A =

(
3 −1
−2 0

)
¤ B =

(
0 1

3 2

)
.

.A2+AB+BA+B2 ¤ (A+B)2 �yt�wfOm�� �y�  CA� �� .A2+2AB+B2 ¤ (A+B)2 �yt�wfOm�� �y�  CA�
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1Matrices T�wfOm��

Compare the two matrices (A+B)2 with A2 + 2AB +B2. Then compare the two matrices

(A+B)2 with A2 + AB +BA+B2.

Solution : �þþ���

d�n� Tflt�m�� �A�As��� ©r��

We make various calculations and find out

(A+B)2 = A2 + AB +BA+B2 =

(
9 0

5 4

)
and ¤

A2 + 2AB +B2 =

(
8 1

0 5

)
.

�¤Asm�� ,«r�� Ty�A� �� .�A�wfOml� Tbsn�A� �W� (A+B)2 = A2+2AB+B2
 � ^�®� ,¨�At�A�¤

�A�wfOm�� �ym�� T�y�} ,�¤ zm�� �§Ewt�A� A¡Antb�� ¨t�� (A + B)2 = A2 + AB + BA + B2

.B ¤ A T`�rm��

So we can see that (A + B)2 = A2 + 2AB + B2 is false for matrices. On the other hand, the

equality (A + B)2 = A2 + AB + BA + B2, which we prove by double distribution, is true for all

square matrices A and B.

Exercise N°− 4 − ��C �§rm�

Let �kt�

A =

(
1 1

0 1

)
.

Find all matrices �A�wfOm�� �� d�¤�

B =

(
c d

e f

)
∈M2(R)

.AB = BA ¨n`§ ,A �� � Abt�  � Ahnkm§ ¨t��

which can be exchanged with A, i.e. AB = BA.
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Matrices T�wfOm�� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

Solution : �þþ���

We have An§d�

AB =

(
c+ e d+ f

e f

)
, BA =

(
c c+ d

e e+ f

)
.

because we assume AB = BA, we get the system: : Tlm��� Yl� �O�t� AB = BA AnRr� An�±
c+ e = c

d+ f = c+ d

f = e+ f

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

Solving the system, we find e = 0 and c = f then, all the matrices B are of the form:

B =

(
c d

0 c

)
.

Exercise N°− 5 − ��C �§rm�

T�wfOm�� ¤ T�¤d`� ry� Tyqyq�  �d�� b ¤ a �kt�

Let aandb be non-zero real numbers and the matrix

A =

(
a b

0 a

)

.AB = BA ©� ,A �� � Abt�  � Ahnkm§ ¨t�� B ∈M2(R) �A�wfOm�� �� d�¤�

Find all the matrices B ∈M2(R) that can interchange with A, i.e. AB = BA.

Solution : �þþ���

Let �kt�

B =

(
c d

e f

)
then, we have An§d� ¢n�¤

AB =

(
ac+ be ad+ bf

ae af

)
, BA =

(
ac bc+ ad

ae be+ af

)
.

: Tlm��� Yl� �O�t� AB = BA AnRr� An�±
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1 Matrices T�wfOm��

because we assume AB = BA, we get the system:


ac+ be = ac

ad+ bf = bc+ ad

af = be+ af

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

Solving the system, we find e = 0 and c = f , and then, all the matrices B are at the form:

B =

(
c d

0 c

)
.

Exercise N°− 6 − ��C �§rm�

.BA ̸= 0 ¤ AB = 0 : �y�M2(R) �� B ¤ A d��

Find A and B fromM2(R) where: AB = 0 and BA ̸= 0.

Solution : �þþ���

: �� b ̸= 0 ¤ a ̸= 0 �¤d`� ry� ¨qyq�  d� �� ��� �� ®��

For example, for each non-zero real number a ̸= 0 and b ̸= 0, then:

A =

(
0 a

0 0

)
, B =

(
b 0

0 0

)
Note that  � ^�®�

AB =

(
a 0

0 0

)(
0 b

0 0

)
=

(
0 ab

0 0

)

and ¤

BA =

(
0 b

0 0

)(
a 0

0 0

)
=

(
0 0

0 0

)
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Matrices T�wfOm��Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

Exercise N°− 7 − ��C �§rm�

Let the matrix T�wfOm�� �kt�

A =


0 1

1 0

1 1


.

.B T�wfOm�� T�y} �A¡ ,�`n� 
�w���  A�  � ?AB = I3 �y� B ∈M2,3(R) T�wfO� d�w� �¡ (1

Is there a matrix B ∈M2,3(R) where AB = I3? If yes, give the matrix formula of B.

.C T�wfOm�� T�y} �A¡ ,�`n� 
�w���  A�  � ?CA = I2 �y� C ∈M2,3(R) T�wfO� d�w� �¡ (2

Is there a matrix C ∈M2,3(R) where CA = I2? If yes, give the matrix formula of C.

Solution : �þþ���

:¨�At�� �kK�� Yl� 	tk� B ∈M2,3(R) �kt�

Let B ∈M2,3(R) be written in the following form:

B =

(
a b c

d e f

)
.

So the product of AB is equal to ©¤As§ AB º�d��� ¢n�¤

AB =


d e f

a b c

a+ d b+ e c+ f

 .

¨¡¤ .a + d = 0 ¤ a = 0 ¤ d = 1 Yl� QwO��� ¢�¤ Yl� �O�ns� ,AB = I3 An§d�  A� �Ð�

.Tly�ts�

In particular, if we have AB = I3, we get d = 1, a = 0, and a+ d = 0. It is impossible.

:¨�At�� �kK�� Yl� 	tk� C ∈M2,3(R) �kt�

Let C ∈M2,3(R) be written in the following form:

C =

(
a b c

d e f

)
.
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1Matrices T�wfOm��

So the product of CA is equal to :©¤As§ CA º�d��� ¢n�¤

CA =

(
b+ c a+ c

e+ f d+ f

)
.

: A� �Ð� Xq�¤ �Ð� CA = I2 An§d�

We have CA = I2 if and only if: 
b+ c = 1

a+ c = 0

e+ f = 0

d+ f = 1

the solution of the system is :w¡ Tlm��� ��
a = −c
b = 1− c

e = −f
d = 1− f

:�A�m�� �ybF Yl� ,C TbFAn� T�wfO� d��  � �km§ ��@�

So we can find a suitable matrix C, for example:

C =

(
0 1 0

1 0 0

)
.

Exercise N°− 8 − ��C �§rm�

Let the following matrices as: : Ty�At�� �A�wfOm�� �kt�

A =

(
1 −1
−1 1

)
, B =

(
1 1

0 2

)
.

.n ≥ 1 �� ��� �� An �� �tntF� �� .A3 ,A2 	s�� (1

Calculate A2, A3. Then deduce from An for every n ≥ 1.

.B T�wfOm�� ��� �� ��¥s�� Hf� Yl� 	�� (2

Answer the same question for the matrix B.
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Matrices T�wfOm��Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

Solution : �þþ���

An§d� .Ty¶Ahn�� T�yO�� �ym�� T�¤A�m� An
þ� Y�¤±�  ¤d��� 
As�� �dbnF

We’ll start by calculating the first terms of An to try to guess the final formula. we’ve got

A2 =

(
2 −2
−2 2

)
, A3 =

(
4 −4
−4 4

)
.

: n ≥ 1 ��� ��  � ���rt�A� b�� ��

Then we prove by induction that for n ≥ 1:

An =

(
2n−1 −2n−1

−2n−1 2n−1

)
.

2n−1 + 2n−1 = 2n Yl� TVAsb� dmt`§¤ ,T§A�l� Xys� ���rt�A� �Ab�³�  �

The induction proof is very simple, it simply depends on 2n−1 + 2n−1 = 2n

:B þ� Tbsn�A� ¢sf� º¨K�� �`f�

We do the same for B:

B2 =

(
1 3

0 4

)
, B3 =

(
1 7

0 8

)
.

: n ≥ 1 ��� ��  � ���rt�A� b�� ��

Then we prove by induction that for n ≥ 1 :

Bn =

(
1 2n − 1

0 2n

)
.

Exercise N°− 9 − ��C �§rm�

T�wfOm�� 
wlq� ,Tq��rm�� T�wfOm�� Tq§rV �� Qw� Tq§rV �Am`tF�� 	s��

Calculate using the submerged method and then the conjugate matrix method, the inverse of the

matrix

A =


1 1 2

1 2 1

2 1 1

 .
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1Matrices T�wfOm��

Solution - �þþ���

:Ez`m�� T�wfOm�� ,Qw� Tq§rV �Am`tFA� A T�wfOm�� 
wlq� 
As� (1

Calculating the inverse of the matrix A using the Gauss method. The augmented matrix is:

(A | I) =


1 1 2 1 0 0

1 2 1 0 1 0

2 1 1 0 0 1


L1

L2

L3

:�¤±�  wm`�� ¨� rh\§ 0 �`��

We make 0 appear in the first column:
1 1 2 1 0 0

0 1 −1 −1 1 0

0 −1 −3 −2 0 1

 L2←L2−L1

L3←L2−2L1

then ��
1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 −4 −3 1 1


L3←L3−L2


1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 1 3
4
−1

4
−1

4


L3←−1

4
L3

1 1 0 −1
2

1
2

1
2

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−2L3

L2←L2+L3

and finally ry�±� ¨� ¤
1 0 0 −1

4
−1

4
3
4

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−L2

: �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

Thus, the inverse matrix of A is the matrix obtained on the right:
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Matrices T�wfOm�� Exercise series N° 1 ��C �§CAmt�� TlslF .1.1

A−1 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4
3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1
3 −1 −1


 d�m�� 	s�� :Tq��rm�� T�wfOm�� Tq§rV �m`ts� (2

We use the adjoint matrix method: we calculate the determinant

A =


1 1 2

1 2 1

2 1 1

 =⇒ det (A) = −4

We calculate the adjoint matrix Tq��rm�� T�wfOm�� 	s��

A∗ =



+

∣∣∣∣∣ 2 1

1 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣
−

∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣
+

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 1

1 2

∣∣∣∣∣


=


1 1 −3
1 −3 1

−3 1 1



Calculate the transpose of the adjoint matrix Tq��rm�� T�wfOm�� �wqn� 	s��

(A∗)T =


1 1 −3
1 −3 1

−3 1 1


T

=


1 1 −3
1 −3 1

−3 1 1


:d�� ,
wlqm�� 
As�� T§r\n�� �bW�

Applying the theorem to calculate the inverse, we find:

A−1 =
1

det (A)
(A∗)T =

1

−4


1 1 −3
1 −3 1

−3 1 1

 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4
3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1
3 −1 −1
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Exercise series N° 1 ��C �§CAmt�� TlslF .1.1Matrices T�wfOm��

Exercise N°− 10 − ��C �§rm�

Prove that  � b��

D =

∣∣∣∣∣∣∣∣
1 + a a a

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ = 1 + a+ b+ c.

Solution : �þþ���

Annkm§ 1 + a + b + c ��  wkt§ rWF Yl� �O�� .�¤±� rWs�� ¨� Ah`S�¤ rWF±� �� �m��

:¨l� �O�� ©� , d�m�� �� Ah}®�tF�

We sum all the lines and put them on the first line. We get a line consisting of 1 + a+ b+ c that

we can extract from the determinant, that is we get:

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 1 1

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ .
:Yl� �O�� C3 ←− C3 −C1, C2 ←− C2 −C1 :dm�±� Yl� ¨�At�� �§w�t�A� �wq� ��

Then we do the following transformation on the columns: C2 ←− C2 − C1 , C3 ←− C3 − C1 we

get:

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 0 0

b 1 0

c 0 1

∣∣∣∣∣∣∣∣ .
 d�m�� ¢n�¤ .1 A¡rW� r}An� ,TylfF Ty�l�� T�wfO�  d�� Yl� �O��

We get the determinant of the lower triangular matrix, elements of diagonal 1. Then de determi-

nant is:

D = 1 + a+ b+ c.
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¨�A��� �Of��

Matrix diagonalization T�wfO� ryWq�

Exercise series N° 2 ��C �§CAmt�� TlslF 1.2

Exercise N°− 1 − ��C �§rm�

: ¨l§Am� T�r`m�� M3(R) �� T�wfO� A �kt�

Let A be a matrix of M3(R) defined as follows:

A =


0 1 0

−4 4 0

−2 1 2

 .

Is the matrix A diagonalizable? ? ryWqtl� Tl�A� A T�wfOm�� �¡ (1

.An �tntF� .n ∈ N �� ��� �� (A− 2I3)
n �� (A− 2I3)

2 	s�� (2

Calculate (A− 2I3)
2 then (A− 2I3)

n for each n ∈ N. Deduce An.

Solution - �þþ���

.A T�wfOml� zymm��  ¤d��� ry�� 
As� (1

17



Exercise series N° 2 ��C �§CAmt�� TlslF .1.2 Matrix diagonalization T�wfO� ryWq�

We compute the characteristic polynomial of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
−X 1 0

−4 4−X 0

−2 1 2−X

∣∣∣∣∣∣∣∣ = (2−X)(X2 − 4X + 4) = (2−X)3.

,2.I3 T�wfOml� Th�AK�  wkts� ,T§rW�  A� �Ð� 2 ¨¡ d��¤ Ty��Ð Tmy� �bq� A T�wfOm��

.ryWqtl� Tl�A�  wk�  � �km§ ¯ ��@� , �A��� w¡ Hy� �@¡¤ 2I3 þ� T§¤As�  wktF ��@�

The matrix A accepts a single eigenvalue is 2. If it were a diagonal, it would be similar to the

matrix 2.I3, so it would be equal to 2I3 which is not the case, so it cannot be diagonalizable.

we have :An§d� (2

(A− 2I3)
2 =


−2 1 0

−4 2 0

−2 1 0



−2 1 0

−4 2 0

−2 1 0

 =


0 0 0

0 0 0

0 0 0

 ,

So (A− 2I3)
0 = I, ,(A− 2I3)

0 = I ¨�At�A�¤

(A− 2I3)
1 =


−2 1 0

−4 2 0

−2 1 0


.(A− 2I3)

n = 0 An§d� n ≥ 2 ��� �� ¤

and for n ≥ 2 we have (A− 2I3)
n = 0.

2 Tmyql� ¨��@�� ¨�A`K�� ºASf��  � ^�®�

We note that the eigen-vectorial space associated to 2

Eλ=2 =
{
(x, y, z) ∈ R3 : 2x− y = 0

}
=

{
(x, 2x, z) : x, y ∈ R3

}
= ⟨(1, 2, 0) , (0, 0, 1)⟩

: R3
ºASf�� d`� �� �lt�§ d`� ¤Ð

It has a dimension different from the space dimension of R3 :

dim (Eλ=2) = 2 ̸= 3
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.ryWqtl� Tl�A� ry� A T�wfOm��  � AS§� d�¥§ A� �@¡¤

This also confirms that the matrix A is not diagonalizable.

¤®� .n ≥ 2 ��� �� Bn = 0 �y� A = A − 2I3 + 2I3 = B + 2I3 An§d�¤ B = A − 2I3 �S�

��@� ,T� Abt� 2I3 ¤ B �A�wfOm�� , ��Ð Yl�

We put B = A − 2I3 and we have A = A − 2I3 + 2I3 = B + 2I3 where Bn = 0, for n ≥ 2.

Furthermore, the matrices B and 2I3 are interchangeable, therefore:

An = (B + 2I3)
n =

n∑
k=0

Ck
nB

k(2I3)
n−k

: �§d��� ��Ð ��wy� �®�A`� ¨¡ Ck
n �y�

where Ck
n are Newton’s binomial coefficients:

Ck
n =

n!

k!(n− k)!
.

,n ≥ 2 ��� �� Bk = 0 An§d� k ≥ 2 ��� �� , ��Ð ��¤

However, for k ≥ 2 we have Bk = 0, for n ≥ 2,

An = C0
nB

0(2I3)
n + C1

nB
1(2I3)

n−1

= 2nI3 + 2n−1nB

= 2nI3 + 2n−1n(A− 2I3)

= 2n(1− n)I3 + 2n−1nA.

then ¢n�¤

An = 2n(1− n)I3 + n2n−1A.

= 2n(1− n)


1 0 0

0 1 0

0 0 1

+ n2n−1


0 1 0

−4 4 0

−2 1 2



=


− (n− 1) 2n n2n−1 0

−n2n+1 (n+ 1) 2n 0

−n2n n2n−1 2n
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Exercise N°− 2 − ��C �§rm�

Let the matrix T�wfOm�� �kt�

A =


3 0 −1
2 4 2

−1 0 3


.A T�wfOml� zymm��  ¤d��� ry�� d�¤� (1

Find the characteristic polynomial of the matrix A.

TFwk`�� P Cwb`�� T�wfO�¤ T§rWq�� D T�wfOm�� d�¤� �� ryWqtl� Tl�A� A T�wfOm��  � b�� (2

.A = PDP−1 �y�

Prove that the matrix A is diagonalizable and then find the diagonal matrix D and the

invertible transit matrix P where A = PDP−1.

.n ∈ N ��� �� An 	s�� (3

Calculate An for n ∈ N.

Solution - �þþ���

.A T�wfOml� PA zymm��  ¤d��� ry�� 
As� (1

Compute the characteristic polynomial PA of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
3−X 0 −1

2 4−X 2

−1 0 3−X

∣∣∣∣∣∣∣∣ = (4−X)

∣∣∣∣∣3−X −1
−1 3−X

∣∣∣∣∣
= (4−X)(X2 − 6X + 8)

= (4−X)(X − 4)(X − 2)

= (2−X)(4−X)2

Tmy� λ1 = 2 �yty��Ð �ytmy� �lm� A T�wfOm�� ¢n�¤ �§C@� �bq§ PA zymm��  ¤d��� ry�� (2

. Tf�AS� Ty��Ð Tmy� λ2 = 4 ¤ TWys� Ty��Ð
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The characteristic polynomial PA accepts two roots, of which the matrix A has two eigen-

values λ1 = 2 simple eigenvalue and λ2 = 4 a double eigenvalue.

�ky� .Tq��rm�� Ty��@�� Ty�A`K�� ��ºASf��  d�n�

Let’s define the associated eigen-vectorial spaces. So let

E1 = {V = (x, y, z) : AV = 2V }

We solve the system: :Tlm��� ��� �wq�
3x− z = 2x

2x+ 4y + 2z = 2y

−x+ 3z = 2z

⇐⇒

{
z = x

y = −2x

.e1 = (1,−2, 1) w¡ ¢hy�w� �A`J �yqts� w¡ 2 Ty��@�� Tmyql� ���rm��E1 ¨��@�� ¨�A`K��ºASf��

The eigen-vectorial space E1 associated to the eigenvalue 2 is a straight line whose directional

vector e1 = (1,−2, 1).

Let �ky�

E2 = {v = (x, y, z) : Av = 4v}

We solve the system: :Tlm��� ��� �wq�
3x− z = 4x

2x+ 4y + 2z = 4y

−x+ 3z = 4z

⇐⇒ z = −x

z = −x :T� A`m�� ¤Ð ©wtsm�� w¡ 4 Ty��@�� Tmyql� ���rm�� E2 ¨��@�� ¨�A`K��ºASf��

.e3 = (1, 0,−1) ¤ e2 = (0, 1, 0) T`J±� �b� �� �A�m�� �ybF Yl� , AhFAF� ºAW�� �t§ ¨t��

The eigen-vectorial space E2 associated to the eigenvalue 4 is the plane with the equation:

z = −x whose basis is given, for example by the vectors e2 = (0, 1, 0) and e3 = (1, 0,−1).

TWb�r� ¨��Ð �A`J w¡ e⃗2 �A`K��  � Tqyq� ,A T�wfOm�� �� rJAb� º�rq�� Annkm§ ¢�� ^�¯

.4 Ty��@�� Tmyq�A�
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Note that we can read directly from the matrix A, the fact that the vector e⃗2 is an eigenvector

associated with the eigenvalue 4.

ºASf�� ,¨y�At�A�¤ Tq��rm�� Ty��@�� �yq��  d`� ©¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`��

.ryWqtl� Tl�A� A T�wfOm��¤ Ty��@�� T`J±� xAF� �bq§ R3

The dimensions of the sub-eigen-vectorial spaces are equal to the multiplicity of the associated

eigenvalues. Thus, the space R3 accepts the basis of the eigenvectors and the matrix A is

diagonalizable.

:¢n�¤ ,Cwb`�� T�wfO� P �S�

We put P as the transit matrix, from which:

P =


1 0 1

−2 1 0

1 0 −1


Ah� Tq��rm�� D T§rWq�� T�wfOm�� ¤

and the associated diagonal matrix D

D =


2 0 0

0 4 0

0 0 4

 ,

We have the relationship: :T�®`�� An§d�

A = PDP−1 =


1 0 1

−2 1 0

1 0 −1



2 0 0

0 4 0

0 0 4




1
2

0 1
2

1 1 1
1
2

0 −1
2

 .

.n ∈ N ��� �� An

As� (3

Compute An for n ∈ N.

¤ An = PDnP−1 ,n ∈ N ��� �� ¢n�¤ A = PDP−1 An§d� ��As�� ��¥s�� ��

From the previous question we have A = PDP−1, then for n ∈ N, An = PDnP−1 and

Dn =


2n 0 0

0 4n 0

0 0 4n

 ,
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 � �l`�¤ .P−1 
As� Anyl� Yqb§

We are left with the calculation of P−1 and we know that

P−1 =
1

detP
(P ∗)T

where �§�

detP = −2, P ∗ =


−1 −2 −1
0 −2 0

−1 −2 1

 ¤ P−1 = −1

2


−1 0 −1
−2 −2 −2
−1 0 1

 .

then, we have: :An§d� ¢n�¤

An = −1

2


1 0 1

−2 1 0

1 0 −1



2n 0 0

0 4n 0

0 0 4n



−1 0 −1
−2 −2 −2
−1 0 1



= 2n−1


2n + 1 0 1− 2n

2n+1 − 2 2n+1 2n+1 − 2

1− 2n 0 2n + 1

 .

Exercise N°− 3 − ��C �§rm�

Let the matrix A : A T�wfOm�� �kt�

A =

(
0 1

1 0

)

.A T�wfOm�� rW�� (1

Diagonalize the matrix A.

.Ah��CAs� �FC�¤ Ty��@�� T`J±� d�A� ¨� X ′ = AX TylRAft�� Tlm��� �wl� �� rb� (2

Express the solutions of the differential system X ′ = AX in the eigenvector rule and draw

their paths.

Solution - �þþ���

University of Mohamed Kheidar, Biskra23Brahim Brahimi-Jihane Abdelli



Exercise series N° 2 ��C �§CAmt�� TlslF .1.2 Matrix diagonalization T�wfO� ryWq�

.A T�wfOm�� ryWq� (1

Diagonalization of the A matrix.

zymm��  ¤d��� ry��

characteristic polynomial

PA(X) =

∣∣∣∣∣−X 1

1 −X

∣∣∣∣∣ = X2 − 1 = (X − 1)(X + 1).

.ryWqtl� Tl�A� ¨h� ¢n�¤ �ytflt�� �yty��Ð �ytmy� �bq� A T�wfOm��

The matrix A accepts two different eigenvalues, therefore it is diagonalizable.

.A þ� ¨��@�� xAF±�  A�§�

Finding the eigen-basic vectors of A.

,u = (x, y) ∈ R2
�ky�

Let u = (x, y) ∈ R2,

Au = u ⇐⇒ x = y ¤ Au = −u ⇐⇒ x = −y.

¤ 1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u1 : �y� , u2 = (−1, 1) ¤ u1 = (1, 1)  � ^�®�

R2
þ� AFAF�  ®kKy� �@� ,AyW�  ®qts� Am¡ −1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u2

�y� A = PDP−1 An§d� ¨�At�A�¤

Note that u1 = (1, 1) and u2 = (−1, 1), where: u1 eigenvector of eigenvalue 1 and u2

eigenvector of eigenvalue −1 are linearly independent, so they form the basis of R2 and thus

we have A = PDP−1 where

P =

(
1 −1
1 1

)
and D =

(
1 0

0 −1

)

 Ð� An§d� PY = X �y� Y �ky� (2

Let Y where PY = X then we have

X ′ = AX ⇐⇒ PY ′ = APY ⇐⇒ Y ′ = P−1APY ⇐⇒ Y ′ = DY.

.Y ′ = DY Tlm��� �wl� ¨¡ (u1, u2) Ty��@�� T`J±� xAF� ¨�X ′ = AX TylRAft�� Tlm��� �wl�

¤ x(t) = aet ¨¡ Tlm��� �wl� ¨�At�A� y′(t) = −y(t) ¤ x′(t) = x(t) An§d� Y = (x, y)  A� �Ð�

�� CAb� (u1, u2) ¨��@�� xAF±� ¨� Ah��CAs�  wk�¤ .Tyqyq� ��w� b ¤ a �y� y(t) = be−t

.d¶�z�� �wWq�� �� �¤r� c ∈ R �� y = c/x T� A`m�� ��Ð �Ayn�n�
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The solutions of the differential system X ′ = AX in the eigenvector (u1, u2) are the solutions

of the system Y ′ = DY . If Y = (x, y) we have x′(t) = x(t) and y′(t) = −y(t) then the

solutions to the system are x(t) = aet and y(t) = be−t where a and b are real constants, and

their trajectories in the eigenvalue (u1, u2) are curves of the equation y = c/x with c ∈ R
branches of hyperboles.

Exercise N°− 4 − ��C �§rm�

Let the matrix A : A T�wfOm�� �kt�

A =


3 2 4

−1 3 −1
−2 −1 −3


.T�wfOml� Ty��@�� �yq�� d�¤� �� ���w� º�d� Y�� A þ� zymm��  ¤d��� ry�� �l� (1

Factorize the characteristic polynomial of A and then find the eigenvalues of the matrix.

.A þ� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf�� d�¤� (2

Find the sub-eigen-vectorial spaces of A.

?ryWqtl� Tl�A� A T�wfOm�� �¡ (3

Is the matrix A diagonalizable?

Solution - �þþ���

An§d� :���w� º�d� �kJ Yl� A T�wfOml� zymm��  ¤d��� ry�� T�At� (1

Writing the characteristic polynomial of the matrix A as a product of factors: We have

PA(X) =

∣∣∣∣∣∣∣∣∣∣
C1 C2 C3

3−X 2 4

−1 3−X −1
−2 −1 −3−X

∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣
C1 ←− C1 − C3

−1−X 2 4

0 3−X −1
1 +X −1 −3−X

∣∣∣∣∣∣∣∣∣∣
L1

L2

L3

=

∣∣∣∣∣∣∣∣
−1−X 2 4

0 3−X −1
0 1 1−X

∣∣∣∣∣∣∣∣ L3 ←− L3 + L2

= (−1−X)(X2 − 4X + 4) = −(X + 1)(X − 2)2

.Tf�AS� Ty��Ð Tmy� λ2 = 2 ¤ TWys� Ty��Ð Tmy� λ1 = −1 ¨¡ A T�wfOml� Ty��@�� �yq��

The eigenvalues of A are λ1 = −1 a simple eigenvalue and λ2 = 2 multiplicative eigenvalue.

.A T�wfOml� Ty¶z��� Ty��@�� Ty�A`K�� ��ºASf��  A�§� (2

Find the eigen-sub-vectorial spaces of the matrix A.

�r`m�� E−1 ¨¶z��� ¨�A`K�� ºASf�� �ky� −1 Ty��@�� Tmyql� Tbsn�A�

For the eigenvalue −1 let the sub-vectorial space E−1 be defined as

E−1 = {u ∈ R3, Au = −u}.

let u = (x, y, z) ∈ R3, ,u = (x, y, z) ∈ R3
�ky�

u ∈ E−1 ⇐⇒


4x+ 2y + 4z = 0

−x+ 4y − z = 0

−2x− y − 2z = 0

⇐⇒

{
2x+ y + 2z = 0

x− 4y + z = 0

w¡ ¢hy�w� �A`J �yqts� w¡ E−1 ºASf��

The space E−1 is a straight line whose directional vector

u1 = (1, 0,−1).

�r`m�� E2 ¨�A`K�� ºASf�� 2 Tmyql� ���rm�� ¨¶z��� ¨�A`K�� ºASf��

The sub-vectorial space associated with the value 2 is the vectorial space E2 defined by

Brahim Brahimi-Jihane Abdelli26University of Mohamed Kheidar, Biskra



Matrix diagonalization T�wfO� ryWq� Exercise series N° 2 ��C �§CAmt�� TlslF .1.2

E2 = {u ∈ R3, Au = 2u}.

let u = (x, y, z) ∈ R3 u = (x, y, z) ∈ R3
�ky�

u ∈ E2 ⇐⇒


x+ 2y + 4z = 0

−x+ y − z = 0

−2x− y − 5z = 0

⇐⇒

{
x+ 2y + 4z = 0

x− y + z = 0

¢hy�w� �A`J �yqts� w¡ E2 ºASf�� (3

The space E2 is a straight line whose directional vector

u2 = (2, 1,−1).

.ryWqtl� Tl�A�sy�A T�wfOm�� ¢n�¤ ,1 d`� ¤ÐE2 ¨¶z��� ¨�A`K�� ºASf��

The sub-vectorial space E2 is of dimension 1, then the matrix A is not diagonalizable.

Exercise N°− 5 − ��C �§rm�

 A� �Ð�¤ T�¤d`� ¤� Tb�w� Tyqyq�  �d�� Ah�®�A`� �A� �Ð� Ty¶�wK� A ∈Mn(R) T�wfO� ¨ms�

.1 ©¤As§ A¡rWF� �� �� �®�A`� �wm��

We call a matrix A ∈Mn(R) random if its coefficients are positive or null real numbers and

if the sum of the coefficients of each of its rows is 1.

.|λ| ≤ 1  �� A T�wfOml� Ty��Ð Tmy� λ ∈ C �A� �Ð� ¢�� b�� (1

Prove that if λ ∈ C is an eigenvalue of A then |λ| ≤ 1.

.¢� ���rm�� ¨��@�� �A`K�� d�¤� �� Ty��Ð Tmy� 1  � b�� (2

Prove that 1 is an eigenvalue and then find its eigenvector.

Solution - �þþ���

�ky� .Ty��@�� Tmyql� ���r� ¨��Ð �A`J z �ky�¤ A T�wfOml� Ty��Ð Tmy� λ ∈ C  � |rf� (1

�q�� Az T�wfOm�� �Ay��d�� �� i ��C  wm`�� |zi| = maxj=1,...,n |zj|. �y� i ∈ {1, . . . , n}
�O�� Ty�®��� d�Aq�� ��d�tF�¤ TqlWm�� Tmyq�� @��� .λzi ©¤As§  � 	�§ �@¡¤

∑n
j=1 ai,jzj

Yl�
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Let λ ∈ C be an eigenvalue of the matrix A and let z be an eigenvector of the eigenvalue.

Let i ∈ {1, . . . , n} where |zi| = maxj=1,...,n |zj|. be column number i from the coordinates of

the matrix Az, make
∑n

j=1 ai,jzj and this should equal λzi. By taking the absolute value

and using the triple rule, we get

|λ||zi| ≤
n∑

j=1

ai,j|zj| ≤
n∑

j=1

ai,j|zi| ≤ |zi|

|zi| ̸= 0  ± |λ| |zi| ≤ |zi| . Yl� AnlO�� d� ¢n�¤ .
∑n

j=1 ai,j = 1 ¤ ai,j ≥ 0 AS§� �m`ts� �y�

.|λ| ≤ 1  � ¨n`§ �@¡ (�¤d`m�� �A`K��  wk§ z ¯�¤)

We also use ai,j ≥ 0 and
∑n

j=1 ai,j = 1. Then, we get |λ| |zi| ≤ |zi| . because |zi| ≠ 0

(otherwise z is the zero vector). This means that |λ| ≤ 1.

Enough take @�� ¨fk§ (2

z =


1
.
.
.

1


.1 Ty��@�� Tmyql� ���r� ¨��Ð �A`J z  wk§ ¨�At�A�¤ .Az = z  � ^�®� ¨�

To note that Az = z. So z is an eigenvector associated to the eigenvalue 1.

Exercise N°− 6 − ��C �§rm�

Explain without calculating why the : Ty�At�� T�wfOm�� ryWq� Ty�Ak�� �d� 	bF 
As�  ¤d� �rJ�

following matrix diagonalization is not possible:

A =


i 1 1

0 i 1

0 0 i

 .

Solution - �þþ���

�Ð� .i ¨¡ d��¤ Tmy� ¨� Tl�mtm�� A¡rW� r}An� ¨¡ Ty��@�� Ahmy� T§wl� Ty�l�� A T�wfOm��

:�q�� P ∈ GL3(C) TFwk� T�wfO�  A�§� �yWts� Amt�� ryWqtl� Tl�A� A T�wfOm�� �A�
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The matrix A is an upper triangular matrix whose eigenvalues are the elements of a single value i

of diagonal. If the matrix A is diagonalizable then we can find an invertible matrix P ∈ GL3(C)
check:

A = P (iI3)P
−1.

: �� �A�wfOm�� �ym� �� Ty� Ab� I3 T�wfOm��  ±¤ �k�

However, because the matrix I3 is commutative with all matrices, then:

A = iI3PP−1 = iI3 =


i 0 0

0 i 0

0 0 i

 .

.ryWqtl� Tl�A� ry� A T�wfOm��  �� �@h� �A��� w¡ Hy�¤

this is not the case, so the matrix A is not diagonalizable.

Exercise N°− 7 − ��C �§rm�

:¨l§ Am� ¨�w�Aq�� xAF±� ¨� AW`m�� A T�wfOm�� ¤Ð R3 Yl� ¨��Ð ��AK� f ¨qyq�  d� m �ky�

Let m be a real number and f endomorphism of R3 with matrix A given in canonical basis as

follows:

A =


1 0 1

−1 2 1

2−m m− 2 m

 .

? f �ybWtl� Ty��@�� �yq�� d�¤� (1

Find the eigenvalues of f?

? ryWqtl� ��A� ¨W��� �ybWt��  wk§ Yt� m �y� ¨¡A� (2

What are the values of m for a linear application to be diagonalizable?

.k ∈ N �� ��� �� Ak 	s�� .m = 2  � |rf� (3

Suppose that m = 2. Calculate Ak for each k ∈ N.

Solution : �þþ���
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.A T�wfOml� zymm��  ¤d��� ry��  A�§� (1

Find the characteristic polynomial of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
X − 1 0 −1

1 X − 2 −1
m− 2 2−m X −m

∣∣∣∣∣∣∣∣ =C1+C2→C1

∣∣∣∣∣∣∣∣
X − 1 0 −1
X − 1 X − 2 −1

0 2−m X −m

∣∣∣∣∣∣∣∣
=L2−L1→L2

∣∣∣∣∣∣∣∣
X − 1 0 −1

0 X − 2 0

0 2−m X −m

∣∣∣∣∣∣∣∣ = (X − 1)

∣∣∣∣∣ X − 2 0

2−m X −m

∣∣∣∣∣
= (X − 1)(X − 2)(X −m).

.�yty��Ð �ytmy� Xq� �bq§ f  �� 2 ¤� m = 1 A�@�� �Ð� QA� �kK� 2 ¤ 1 ¨¡ f þ� Ty��@�� �yq��

The eigenvalues of f are 1 and 2 in particular if we take m = 1 or 2 then f accepts only two

eigenvalues.

: Tflt�� Ty��Ð �y� �®� �bq§ ©@�� R3
�� ¨��@�� ��AKt�� f  �� m ̸= 2 ¤ m ̸= 1  A� �Ð� (2

.(1−X)2(2−X) w¡ f þ� zymm��  ¤d��� ry��  �� m = 1  A� �Ð� ¤ ryWqtl� ��A� f An¡  wk§

1 Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� d`�  A� �Ð� Xq� ryWqtl� ��A� f  wk§¤

u = (x, y, z) ��� �� .(m = 1  � r�@�) Ty¶z��� Ty�A`K�� ��ºASf�� ¢�A¡ �� ��bn� .2 ©¤As§

:An§d�

If m ̸= 1 and m ̸= 2 then f is an endomorphism of R3 which has three different eigenvalues:

here f is diagonalizable and if m = 1. The characteristic polynomial of f is (1−X)2(2−X),

and f is diagonalizable only if the dimension of the eigen-sub-vectorial space of eigenvalue 1

is 2. Let’s find these eigen-sub-vectorial space (remember that m = 1). For u = (x, y, z) we

have:

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

x− y = 0

⇐⇒


x = x

y = x

z = 0

T�wfOm�� ¢n�¤ : 1 ̸= 2 ¨��@�� ºASf�� d`u� .(1, 1, 0) �A`K�� Ker(f − I) ºASfl� xAF�� @���

��� �� An§d� .Ker(f − 2I) ºASf�� d`u� �� ��b� .m = 2  �  µ� |rf� .ryWqtl� Tl�A� ry�

:u = (x, y, z)
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We take as a basis for the space Ker(f − I) the vector (1, 1, 0). eigen-sub-vectorial space

dimension is 1 ̸= 2 : of which the matrix is not diagonalizable. Now let m = 2. We are

looking for the dimension of space Ker(f − 2I). We have for u = (x, y, z):

f(u) = 2u ⇐⇒


−x+ z = 0

−x+ z = 0

0 = 0

⇐⇒


x = x

y = y

z = x

ºASf�� d`u� QA� �kK� .(0, 1, 0) ¤ (1, 0, 1) �y�A`K�� Ker(f − 2I) ºASfl� xAF�� @���

.ryWqtl� ��A� An¡ f ¤ 2 w¡ Ker(f − 2I)

We take as a basis for the space Ker(f − 2I) the vectors (1, 0, 1) and (0, 1, 0). Specifically

the space dimension of Ker(f − 2I) is 2 and f here is diagonalizable.

(m = 2) 1 Ty��@�� Tmyq�� ��� �� .2 Ty��@�� Tmyql� Tbsn�A� ¨��Ð xAF� Aq�AF A�d�¤ .f rWqn� (3

: u = (x, y, z) ��� �� An§d�

Let’s diagonalize f . We previously found an eigenvector for the eigenvalue 2. For the

eigenvalue 1, (m = 2) we have for u = (x, y, z) :

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

z = 0

⇐⇒


x = x

y = x

z = 0

.w = (1, 0, 1) ¤ v = (0, 1, 0) ,u = (1, 1, 0) �ky� .(1, 1, 0) �A`K��Ker(f−I) ºASfl�xAF�� @���

:¨¡ f T�wfO� xAF±� �@¡ ¨� f þ� ¨��Ð xAF� (u, v, w) ¢n�¤

We take as a basis for the space Ker(f −I) the vector (1, 1, 0). Let u = (1, 1, 0), v = (0, 1, 0)

and w = (1, 0, 1). From which (u, v, w) is an eigenvector of f . In this basis, the matrix f is:

D =


1 0 0

0 2 0

0 0 2

 .

P T�wfOm�� .(u, v, w) xAF±� Y�� R3
ºASfl� ¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �kt�

:þ� �AW`m��
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Let P be the transit matrix of the canonical basis of space R3 to the base (u, v, w). The

matrix P is given by:

P =


1 0 1

1 1 0

0 0 1


:d�� .P−1 	s��  � 	�§ .A = PDP−1 An§d�¤

We have A = PDP−1. We have to calculate P−1. We find:

P−1 =


1 0 −1
−1 1 1

0 0 1

 .

:An§d� T§rW� D T�wfOm��  ± ¤ �k� .Ak = PDkP−1  � ���rt�A� �tnts� A = PDP−1 ��

From A = PDP−1, we conclude bu induction that Ak = PDkP−1. But since the matrix D

is diagonal, we have:

Dk =


1 0 0

0 2k 0

0 0 2k

 .

After the calculations we find in the latter ry�±� ¨� d�� �A�As��� d`�

Ak =


1 0 2k − 1

1− 2k 2k 2k − 1

0 0 2k

 .
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Linear equations TyW��� �¯ A`m��

Exercise series N° 3 ��C �§CAmt�� TlslF 1.3

Exercise N°− 1 − ��C �§rm�

:Qw� Tq§rV �Am`tFA� Ty�At�� TyW��� �m��� ��

Solve the following linear system using the Gauss method:
x +y +2z = 3

x +2y +z = 1

2x +y +z = 0

,


x +2z = 1

−y +z = 2

x −2y = 1

.

Solution - �þþ���

:	tk� ,Y�¤±� Tlm�l� Tbsn�A� ,Qw� Tq§rV ��d�tF��

Using the Gauss method for the first system, we write:


x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

33
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⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1

⇐⇒


x+ y + 2z = 3

y − z = −2
−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1
y = 0

z = 2

.(x, y, z) = (−1, 0, 2) ¨¡ Tlm��� �wl� ¢n�¤

The solutions to the system are (x, y, z) = (−1, 0, 2).
:Tq§rW�� Hfn� rys� ,Ty�A��� Tlm�l� Tbsn�A�

For the second system, we proceed in the same way:
x+ 2z = 1 L1

−y + z = 2 L2

x− 2y = 1 L3

⇐⇒


x+ 2z = 1

−y + z = 2

−2y − 2z = 0 L3 ← L3 − L1

⇐⇒


x+ 2z = 1

−y + z = 2

−4z = −4 L3 ← L3 − 2L2

⇐⇒


x = −1
y = −1
z = 1

.(x, y, z) = (−1,−1, 1) ¨¡ Tlm��� �wl� ¢n�¤

The solutions of the system are (x, y, z) = (−1,−1, 1).

Exercise N°− 2 − ��C �§rm�

	lq� ,Qw�� T§Cw�m�� Tq§rW�A� , {§w`t�A�) Tflt�� �rV ��C�� Ty�At�� Tlm��� �wl� d�¤� (1

:(r��r� T�y} ��d�tFA� ¤ �®�A`m�� T�wfO�
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Find the solutions to the following system in four different ways (by substitution, by the

pivot-Gauss’s method, by matrix inversion coefficient and by using Cramer’s method):{
2x + y = 1

3x + 7y = −2

:Ty�At�� �m��� �wl�  A�§³ a �yq� Aq�¤ ,���� ¨� �rF±� Ah�� �� ¤db� ¨t�� Tq§rW�� rt�� (2

Choose the method that seems to be the fastest to solve, according to the values of a, to

find solutions to the following system:{
ax + y = 2

(a2 + 1)x + 2ay = 1

{
(a+ 1)x + (a− 1)y = 1

(a− 1)x + (a+ 1)y = 1

Solution - �þþ���

Substitution method {§w`t�� Tq§rV (1.1

T� A`m�� ¨� y Tmy� |w`� .y = 1 − 2x ¨�At�� �kK�� Yl� Y�¤±� T� A`m�� T�At� �yWts�

d�� Ty�A���

We can write the first equation as y = 1 − 2x. Substituting the value of y into the second

equation, we get:

3x+ 7y = −2 =⇒ 3x+ 7(1− 2x) = −2 =⇒ 11x = 9 =⇒ x =
9

11
.

: y �tnts�

We get y :

y = 1− 2x = 1− 2
9

11
= − 7

11

.( 9
11
,− 7

11
) :Ty¶An��� ¨¡ Tlm��� £@¡ �wl� ¢n�¤ .

The solutions to this system is the pair: ( 9
11
,− 7

11
).

Gauss’s method Qw� Tq§rV (2.1

Tlm��� d�� 2L2 − 3L1 rWs�A� L2 rWs�� �Rw� ry��¤ ¢�Ak� L1 �¤±� rWs�A� ^ft��

: Ty�At�� Ty�l�m��
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We keep the first line L1 in its place and change the position of the line L2 in the line

2L2 − 3L1 we find the following trigonometric system:

{
2x + y = 1

3x + 7y = −2
⇐⇒

{
2x + y = 1

11y = −7

.x = 9
11

d�� �¤±� rWs�� �� ¢n�¤ y = − 7
11

�tnts�¤

and we deduce y = − 7
11
, then from the first line we find x = 9

11
.

Matrix inverse method T�wfOm�� 
wlq� (3.1

:¨l§ Am� ¨�wfOm�� �kK�� Yl� Tlm��� 	tk�

The system is written in matrix form as follows:

AX = Y a A =

(
2 1

3 7

)
X =

(
x

y

)
Y =

(
1

−2

)

:T�wfOm�� 	lq� Tlm��� �� d��

We find the solution to the system by the matrix inverse:

X = A−1Y.

:¨l§ Am� 	s�§ 2✕2 Tb�r�� �� T�wfO� 
wlq�

The inverse of a matrix of order 2✕2 is calculated as follows:

A =

(
a b

c d

)
 �� A−1 =

1

ad− bc

(
d −b
−c a

)
 d�m��  � d��t�� ©C¤rS�� ��¤

It is necessary to ensure that the determinant

detA =

∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad− bc

It differs from 0. .0 �� �lt�§

we find d��

A−1 =
1

11

(
7 −1
−3 2

)
¤ X = A−1

(
1

−2

)
=

1

11

(
9

−7

)
=

(
9
11
−7
11

)

Cramer’s method r��r� Tq§rV (4.1

�bW�A� �q�§  d�m��  A� �Ð� ¨�At�� w�n�� Yl� �yt� A`� �� TyW� Tlm�� r��r� �y}  wk�

: ad− bc ̸= 0
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Cramer’s formulas for a linear system of two equations are as follows, if the determinant of

course satisfies ad− bc ̸= 0 :

{
ax + by = e

cx + dy = f
=⇒ x =

∣∣∣∣∣e b

f d

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
¤ y =

∣∣∣∣∣a e

c f

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
which gives us: : AnyW`§ ©@��

x =

∣∣∣∣∣ 1 1

−2 7

∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣
=

9

11
¤ y =

∣∣∣∣∣2 1

3 −2

∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣
= − 7

11

 A� �Ð� Xq�¤ �Ð� T�A��� ¨¡ £@h� ,dy�¤ �� �An¡  A� �Ð� A� T�r`� Y�� �lWt� ,ºd� ©Ð ¹ A� (2

:w¡  d�m��  �� ,Y�¤±� Tlm�l� Tbsn�A� .A�¤d`� Hy�  d�m��

Firstly, we look to see if there is a unique solution, which is the case if and only if the

determinant is not null. For the first system, the determinant is:

∣∣∣∣∣ a 1

a2 + 1 2a

∣∣∣∣∣ = a2 − 1

.a ̸= ±1  A� �Ð� Xq�¤ �Ð� dy�¤ �� �An¡ ��@�

So there is only one solution if and only if a ̸= ±1.
,{§w`t�� Tq§rV �Am`tFA� �A�m�� �ybF Yl`� ,T�ytn�� Hf� Y�� © ¥� �rW�� �� �bW�A�

d�� ¨�A��� rWs�� ¨� {§w`t�A�¤ ,y = 2 − ax :�kK�� Yl� �¤±� rWs�� T�At� �§rV ��¤

.(a2 + 1)x+ 2a(2− ax) = 1

Of course, all methods lead to the same result, for example by using the substitution method,

and by writing the first line in the form: y = 2− ax, and by substituting in the second line

we find (a2 + 1)x+ 2a(2− ax) = 1.

 �� a ̸= ±1  A� �Ð� ¢�� �tnts�

We conclude that if a ̸= ±1 then

x =
4a− 1

a2 − 1
¤ y =

−2a2 + a− 2

a2 − 1
.
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: �kK�� @��� Tlm���  �� a = 1  A� �Ð� .a �y� 	s� T}A��� �¯A��� �� ��A`t�  µ�

Now we deal with the special cases according to the values of a. If a = 1, then the system

takes the form:

{
x + y = 2

2x + 2y = 1

.�wl� d�w� ¯ ¢n�¤ .x + y = 1
2
¤ x + y = 2 Yl� �w�� Hf� ¨� �O�t�  � �yWts� ¯ �k�

But we cannot have x+ y = 2 and x+ y = 1
2
at the same time then, there are no solutions.

: �kK�� @��� Tlm���  �� a = −1  A� �Ð�

If a = −1, then the system takes the form:{
−x + y = 2

2x − 2y = 1

and there are no solutions. .�wl� d�w� ¯ ¤

here the determinant  d�m�� An¡∣∣∣∣∣a+ 1 a− 1

a− 1 a+ 1

∣∣∣∣∣ = (a+ 1)2 − (a− 1)2 = 4a.

w¡ r��r� T�y} �Am`tFA� ®�� .(x, y) dy�w�� ���� ¢n�¤ a ̸= 0  A� �Ð�

If a ̸= is0 then the only solution is (x, y). For example using Cramer’s formula is

x =

∣∣∣∣∣1 a− 1

1 a+ 1

∣∣∣∣∣
4a

=
1

2a
¤ y =

∣∣∣∣∣a+ 1 1

a− 1 1

∣∣∣∣∣
4a

=
1

2a
.

.�wl� d�w� ¯ a = 0  A� �Ð�

If a = 0 there are no solutions.
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Exercise N°− 3 − ��C �§rm�

: Ty�At�� Tlm��� �wl� d�¤�

Find solutions to the following system:

(S) =


3x +2z = 0

3y +z +3t = 0

x +y +z +t = 0

2x −y +z −t = 0

Solution - �þþ���

We start by simplifying the system: :Tlm��� Xysbt� �db�

Qw� Cw�� £CAbt��¤ �¤±� rWs�� Y�� L3 rWs��  Ak� ry�� •

We change the position of the line L3 to the first line and consider it a Gauss’s axis

�O�n� �`f�A� TWysb�� rWF±� ��  AftF®� y, t, x, z :¨�At�� 	y�rt�A� ��ry�tm�� 	y�r� dy`� •
.Tlm��� Yl�

We rearrange the variables in the following order: y, t, x, z to take advantage of the already

simple lines, and we get the system.


y + t + x + z = 0 L1

3y + 3t + z = 0 L2

−y − t + 2x + z = 0 L3

3x + 2z = 0 L4

: Ty�At�� �®§w�t�A� Qw� Tq§rV �db�

We start with a Gauss method with the following transformations:
y + t + x + z = 0

− 3x − 2z = 0 L2 ← L2 − 3L1

3x + 2z = 0 L3 ← L3 + L1

3x + 2z = 0

:¸�Ak� Tlm��� ¢n�¤ T§¤Ast� ry�±� T�®��� rWF±�  � d��
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We find that the last three lines are equal, and then, the system is equivalent to:

{
y + t + x + z = 0

3x + 2z = 0

¨¡ Tlm��� �wl� ¢n�¤ .t = −x−y−z = 1
2
x−y ¤ z = −3

2
x ¢n�¤ XyFw� y ¤ x CAt��

We choose x and y as arguments, of which z = −3
2
x and t = −x− y − z = 1

2
x− y. Then, the set

solutions is

H (S) =

{(
x, y,−3

2
x,

1

2
x− y

)
| x, y ∈ R

}

Exercise N°− 4 − ��C �§rm�

Solve the following system: : Ty�At�� Tlm��� ��
3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

Solution : �þþ���

�O�tn� L3 ← 3L3 − L1 ¤ L2 ← 3L2 + L1 Ty�At�� �®§w�t�A� �wq� ,Qw� Tq§rV Yl�  Amt�³A�

: Yl�

Depending on the Gauss’s method, we perform the following transformations L2 ← 3L2 + L1 and

L3 ← 3L3 − L1, so we get:


3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

⇐⇒


3x − y + 2z = a

5y − 7z = 3b+ a

7y + z = 3c− a

: Ty�l�m�� Tlm��� AnyW`§ ©@�� L3 ← 5L3 − 7L2 �§w�t�� ��
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Then the transformation L3 ← 5L3 − 7L2 which gives us the trigonometric system:


3x − y + 2z = a

5y − 7z = 3b+ a

54z = 5(3c− a)− 7(3b+ a)

:�wl��� Yl� �O�t� {§w`t�A� �� z = 1
54
(−12a − 21b + 15c) : d�� ry�±� T� A`m�� ��

From the last equation, we find: z = 1
54
(−12a − 21b + 15c) Then, by substituting, we get the

solutions:


x = 1

18
(8a+ 5b− c),

y = 1
18
(−2a+ b+ 7c),

z = 1
18
(−4a− 7b+ 5c).

Exercise N°− 5 − ��C �§rm�

:r��r� Tq§rV �Am`tFA� Ty�At�� �m��� ��

Solve the following systems using Cramer’s method:

1)


x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

2)


x+ 2z = 1

−y + z = 2

x− 2y = 1

Solution - �þþ���

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (1

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det


1 1 2

1 2 1

2 1 1

 = −4 ̸= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤
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then, the system is Cramer’s system, its solutions are of the form:

x =

∣∣∣∣∣∣∣∣
3 1 2

1 2 1

0 1 1

∣∣∣∣∣∣∣∣
−4

=
4

−4
= −1

y =

∣∣∣∣∣∣∣∣
1 3 2

1 1 1

2 0 1

∣∣∣∣∣∣∣∣
−4

=
0

−4
= 0

z =

∣∣∣∣∣∣∣∣
1 1 3

1 2 1

2 1 0

∣∣∣∣∣∣∣∣
−4

=
−8
−4

= 2

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (2

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det


1 0 2

0 −1 1

1 −2 0

 = 4 ̸= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤

then, the system is Cramer’s system, its solutions are of the form:

x =

∣∣∣∣∣∣∣∣
1 0 2

2 −1 1

1 −2 0

∣∣∣∣∣∣∣∣
4

=
−4
4

= −1

y =

∣∣∣∣∣∣∣∣
1 1 2

0 2 1

1 1 0

∣∣∣∣∣∣∣∣
4

=
−4
4

= −1
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z =

∣∣∣∣∣∣∣∣
1 0 1

0 −1 2

1 −2 1

∣∣∣∣∣∣∣∣
4

=
4

4
= 1

Exercise N°− 6 − ��C �§rm�

TlO�� ¨t�� T�ytnl� ¨Fdnh�� rysft�� A�¤ TFwk`m�� T�wfOm�� Tq§rV �Am`tFA� Ty�At�� Tlm��� ��

Solve the following system using the inverse matrix method, and what is the geometric ?Ahyl�

explanation for the result that you get?{
x+my = −3
mx+ 4y = 6

Solution - �þþ���

of the system form Tlm��� �kJ ��{
x+my = −3
mx+ 4y = 6

we get :d��

det

(
1 m

m 4

)
= 4−m2

tehn :¢n�¤

4−m2 = 0 =⇒ m = 2 ∨m = −2

.�wl� Ah� Hy� Tlm���¤ .0 = 12 �bO� Ty�A��� T� A`m��  �� m = 2  A� �Ð�

If m = 2 then the second equation becomes 0 = 12, and the system has no solutions.

©� �wl��� �� ¢tn� ry�  d� �bq� Tlm��� An¡¤ 0 = 0 �bO� Ty�A��� T� A`m�� m = −2  A� �Ð�

If m = −2, the second equation becomes 0 = 0, and here the system accepts an infinite number

of solutions, i.e.
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x+my = −3⇔ x = −3−my.

The set of solutions is: :¨¡ �wl��� T�wm��

S = {(−3−my, y); y ∈ R}.

:@��� m ̸= 2 ∨m ̸= −2,  A� �Ð�

If m ̸= 2 ∨m ̸= −2, we take:

M =

(
1 m

m 4

)
Tysk`�� T�wfOm�� 
As�� �wq�

We calculate the inverse matrix

M−1 =
(M∗)T

det (M)
=

(
4 −m
−m 1

)T

4−m2
=

(
4 −m
−m 1

)
4−m2

=

 − 4

m2 − 4

m

m2 − 4
m

m2 − 4
− 1

m2 − 4


�kK�� ��  wk� Tlm��� �wl� ¢n�¤

then the system solutions are of the form

X = M−1

(
−3
6

)
=

(
− 4

m2−4
m

m2−4
m

m2−4 − 1
m2−4

)(
−3
6

)
=

(
6

m−2

− 3
m−2

)
i.e.: :©�

x =
6

m− 2
, y = − 3

m− 2

:A�� �¡ mx+ 4y = 6 ¤ x+my = −3 �ymyqtsm��  � �AtntF� Annkm§ , AyFdn¡

Geometrically, we can conclude that the two lines x+my = −3 and mx+ 4y = 6 are either:

.m ̸= (2,−2) T�A� ¨�  A`VAqt� •
They intersect in the case of m ̸= (2,−2).

.m = 2 T�A� ¨� A�Am�  A§E�wt� •
They are perfectly parallel if m = 2.

.m = −2 T�A� ¨� �yy`t�� Yl� ¯¤ •
Not on appointment in the case of m = −2.
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Exercise N°− 7 − ��C �§rm�

:Tlm��� �wl� a ∈ R XyFw�� Tmyq� Aq�¤ L�A�

Discuss according to the value of the intermediate a ∈ R solutions to the system:
3x +y −z = 1

x −2y +2z = a

x +y −z = 1

Solution - �þþ���

The determinant of the system is :w¡ Tlm���  d��∣∣∣∣∣∣∣∣
1 1 −1
1 −2 2

1 1 −1

∣∣∣∣∣∣∣∣ = 0

�®§w�t�� �Am`tFA� ¢n�¤ �� d�w§ ¯ ¤� �wl��� �� ¢tn� ry�  d�  w�¤ �� �d§ A� �¤d`�

:d�� T��A���¤ Y�¤±� �y� � Ab� �y� �¯ A`m�� 	y�r� ryy�� Ah�¤� ¤ ,Ty�At��

is equals to zero. What indicates the existence of an infinite number of solutions or that there is

no solution, and then, using the following transformations, the first of which is changing the order

of the equations, as we exchange between the first and the third one, we find:


3x +y −z = 1

x −2y +2z = a

x +y −z = 1

⇔


x +y −z = 1

x −2y +2z = a

3x +y −z = 1

L1

L2

L3

=⇒


x +y −z = 1

−3y +3z = a− 1

−2y +2z = −2

L1

L2 ← L2 − L1

L3 ← L3 − 3L1

=⇒

{
y −z = 1−a

3

y −z = 1

:a �y�  wk�  � 	�§ �wl��� �� ¢tn� ry�  d� �bq� Tlm��� ¨k�
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In order for the system to accept an infinite number of solutions, the values of a must be:

1− a

3
= 1 =⇒ a = −2.

That is, in the case of a = −2, we find: :d�� a = −2 T�A� ¨� ©�

=⇒

{
x +y −z = 1

y −z = 1
=⇒

{
x = 1− y + z

z = y − 1
=⇒


x = 0

y = y

z = y − 1

then, the set of solutions are: :¨¡ �wl��� T�wm�� ¢n�¤

S = {(0, y, y − 1) , y ∈ R}

If a ̸= −2 then the system has no solution. .�� Ah� Hy� Tlm���  �� a ̸= −2  A� �Ð�
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���r�� �Of��

�®�Akt�� 
As� ¤  ¤d�m�� rKn��

Limited Expansion and Integrals calculus

Exercise series N° 4 ��C �§CAmt�� TlslF 1.4

Exercise N°− 1 − ��C �§rm�

.T¶z�t�A� ��Akt�� �§rV �� Ty�At�� �®�Akt�� 	s��

Compute the following integrals by integration by parts.

1)

∫
x2 lnx dx. 2)

∫
x arctanxdx.

3)

∫
lnxdx then

∫
(lnx)2 dx. 4)

∫
cosx expx dx.

Solution - �þþ���

∫
x2 lnx dx •

.v′ = x2
¤ u = lnx �y� T¶z�t�A� ��Akn�

Let’s integrate by parts where we put u = lnx and v′ = x2.

.v = x3

3
¤ u′ = 1

x
¢n�¤
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then u′ = 1
x
and v = x3

3
.

∫
lnx · x2 dx =

∫
uv′ =

[
uv
]
−
∫

u′v =

[
lnx · x

3

3

]
−
∫

1

x
· x

3

3
dx

=

[
lnx · x

3

3

]
−
∫

x2

3
dx =

x3

3
lnx− x3

9
+ c.

∫
x arctanx dx •

.v = x2

2
¤ u′ = 1

1+x2 ¢n�¤ .v′ = x ¤ u = arctanx �y� T¶z�t�A� ��Akn�

Let’s integrate by parts where u = arctanx and v′ = x. These include u′ = 1
1+x2 and v = x2

2
.

∫
arctanx · x dx =

∫
uv′ =

[
uv
]
−
∫

u′v

=

[
arctanx · x

2

2

]
−
∫

1

1 + x2
· x

2

2
dx

=

[
arctanx · x

2

2

]
− 1

2

∫ (
1− 1

1 + x2

)
dx

=
x2

2
arctanx− 1

2
x+

1

2
arctanx+ c

=
1

2
(1 + x2) arctanx− 1

2
x+ c

∫
(lnx)2 dx then

∫
lnx dx •

¤ u′ = 1
x
¢n�¤ .v′ = 1 ¤ u = lnx �y� T¶z�t�A� ��Akt�� �Am`tF��

∫
lnx dx : ��Akt�� ��� ��

.v = x

In order to integrate:
∫
lnx dx using integration by parts, where u = lnx and v′ = 1. Then

u′ = 1
x
and v = x.
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∫
lnx dx =

∫
uv′ =

[
uv
]
−
∫

u′v

= [lnx · x]−
∫

1

x
· x dx

= [lnx · x]−
∫

1 dx

= x lnx− x+ c

¤ u′ = 2 1
x
lnx ¢n�¤ .v′ = 1 ¤ u = (ln x)2 �y�

∫
(lnx)2 dx 
As�� T¶z�t�A� ��Akt�� �m`ts�

.v = x

We use integration by parts to calculate
∫
(lnx)2 dx where u = (lnx)2 and v′ = 1. Of which

u′ = 2 1
x
lnx and v = x.

∫
(lnx)2 dx =

∫
uv′ =

[
uv
]
−
∫

u′v

=
[
x(lnx)2

]
− 2

∫
lnx dx

= x(lnx)2 − 2(x lnx− x) + c

.Aq�AF 
ws�m�� ��Akt�� An�d�tF� , ry�±� rWs�� Yl� �wO�l�

To get the last line, we used the previously computed integral.

.I =
∫
cosx expx dx �S� •

: Ð� .v = sin x ¤ u′ = exp x ¢n�¤ .v′ = cos x ¤ u = exp x �y� T¶z�t�A� ��Akt�� �m`ts�

We use the integral by parts where u = expx and v′ = cosx. Then, u′ = expx and v = sinx.

So:

I =

∫
cosx expx dx =

[
sinx expx

]
−
∫

sinx expx dx

:Yl� �O�� An��� J =
∫
sinx expx dx : � AnRr� �Ð�
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If we assume that: J =
∫
sinx expx dx, then we get:

I =
[
sinx expx

]
− J

�@¡ .v′ = sinx ¤ u = expx �� «r�� r� T¶z�t�A� ��Akt�� �Am`tF� dy`� J 
As� ��� ��

:AnyW`§

In order to calculate J we use integration by parts again with u = expx and v′ = sinx. This

gives us:

J =

∫
sinx expx dx =

[
− cosx expx

]
−
∫
− cosx expx dx =

[
− cosx expx

]
+ I

:Ty�A� T� A`� An§d�  Ð�

So we have a second equation:

J =
[
− cosx expx

]
+ I

:d�� Tq�As�� T� A`m�� ¨� Ahtmyq� J |w`�

Substituting J for its value in the previous equation, we find:

I =
[
sinx expx

]
− J =

[
sinx expx

]
−
[
− cosx expx

]
− I

where �y�

2I =
[
sinx expx

]
+
[
cosx expx

]
:��Akt�� 
As�� An� �ms§ A� �@¡¤

This allows us to calculate the integral:

I =
1

2
(sinx+ cosx) expx+ c.

Exercise N°− 2 − ��C �§rm�

:r�±� �z� �Ð� ��Akt�� �§r`� �A�� d§d�� �� ,Ty�At�� �®�Akt�� 	s��
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Calculate the following integrals, specifying the integral domain definition if is necessary:

1)

∫
sin8 x cos3 xdx. 2)

∫
cos4 xdx. 3)

∫
cos2003 x sinxdx.

4)

∫
1

sinx
dx. 5)

∫
1

cosx
dx. 6)

∫
1

7 + tan x
dx.

Solution - �þþ���

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
sin8 x cos3 xdx =

1

9
sin9 x− 1

11
sin11 x+ c

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
cos4 xdx =

1

32
sin 4x+

1

4
sin 2x+

3

8
x+ c

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
cos2003 x sinxdx = − 1

2004
cos2004 x+ c

The integral is defined at ]kπ, (k + 1) π[. ]kπ, (k + 1) π[ Yl� �r`� ��Akt�� •∫
1

sinx
dx =

1

2
ln

∣∣∣∣1− cosx

1 + cos x

∣∣∣∣+ c = ln
∣∣∣tan x

2

∣∣∣+ c

(Change the variable u = cosx or u = tan x
2
). .(u = tan x

2
¤� u = cosx ry�tm�� ryy��)]

−π
2
+ kπ, π

2
+ kπ

[
Yl� �r`� ��Akt�� •

The integral is defined at
]
−π

2
+ kπ, π

2
+ kπ

[
∫

1

cosx
dx =

1

2
ln

∣∣∣∣1 + sin x

1− sinx

∣∣∣∣+ c = ln
∣∣∣tan(x

2
+

π

4

)∣∣∣+ c

.(u = tan x
2
¤� u = sinx ry�tm�� ryy��)

(Change the variable u = sinx or u = tan x
2
).

R \
{
arctan (−7) + kπ , π

2
+ kπ , k ∈ Z

}
�A�m�� Yl� �r`� ��Akt�� •

The integral is defined at R \
{
arctan (−7) + kπ , π

2
+ kπ , k ∈ Z

}∫
1

7 + tan x
dx =

7

50
x+

1

50
ln |tanx+ 7|+ 1

50
ln |cosx|+ c

.(u = tanx ry�tm�� ryy��)

(Change the variable u = tanx ).
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Exercise N°− 3 − ��C �§rm�

.ry�tm�� ryy�� �§rV �� Ty�At�� �®�Akt�� 	s��

Calculate the following integrals by changing the variable.

1)

∫
(cosx)1234 sinx dx. 2)

∫
1

x lnx
dx.

3)

∫
1

3 + exp (−x)
dx. 4)

∫
1√

4x− x2
dx.

Solution - �þþ���∫
(cosx)1234 sinx dx •

Yl� �O�� du = − sinx dx ¤ x = arccosu An§d� u = cosx ry�tm�� ryy�� �S�

We put the variable change u = cosx we have x = arccosu and du = − sinx dx we get:

∫
(cosx)1234 sinx dx =

∫
u1234(−du) = − 1

1235
u1235 + c = − 1

1235
(cosx)1235 + c

This primitive function is defined at R. .R Yl� T�r`� Tyl}±� T��d�� £@¡∫
1

x lnx
dx •

: 	tk� du = dx
x

¤ x = expu An§d� u = lnx ry�tm�� ryy�� �ky�

Let the change of variable u = lnx, then we have x = expu and du = dx
x

we write:

∫
1

x lnx
dx =

∫
1

lnx

dx

x
=

∫
1

u
du = ln |u|+ c = ln |lnx|+ c

Tbsn�A� �lt��  wk§ d� �A���) ]1,+∞[ Yl� ¤� ]0, 1[ Yl� T�r`� Tyl}±� T��d�� £@¡

.(�y�A�ml�

This primitive function is defined as ]0, 1[ or ]1,+∞[ (the constant may be different for the

two intervals).

∫
1

3+exp(−x)dx •

.dx = du
u

AS§� 	tk§ ©@�� du = exp x dx ¤ x = lnu ¢n�¤ .u = expx ry�tm�� ryy�� �ky�
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Let the variable be changed to u = expx. Including x = lnu and du = expx dx which also

writes dx = du
u
.

∫
dx

3 + exp (−x)
=

∫
1

3 + 1
u

(
du

u

)
=

∫
du

3u+ 1
=

1

3
ln |3u+ 1|+ c =

1

3
ln (3 expx+ 1) + c

.R Yl� T�r`� Tyl}±� T��d�� £@¡

This primitive function is defined at R. ∫
1√

4x−x2dx •

¨� ¨`y�r� C@�� rs� An¡ An§d� .�¤r`� º¨J Y�� ¢��zt�� w¡ ry�tm�� ryy�� �� |r���

��Ak� �y� w¡ ¢�r`� A� .2 T�Cd�� ��  ¤d� ry�� C@��� ��¤ �Aqm��

The purposed of changing a variable is to reduce it to something known. Here we have a

fraction with a square root in the denominator and under the root a polynomial of degree 2.

What we know is how to integrate

∫
du√
1− u2

= arcsinu+ c,

w¡¤ arcsin(t) T��d�� TqtK� �r`� An�±

Because we know the derivative of the function arcsin(t) which is

arcsin′(t) =
1√

1− t2
.

�kK�� Yl� 4x− x2
C@��� �� A� T�At� �¤A�n� .¢y��  w`�� �¤A�nF ��@�

We will try to get back to it. Let’s try to write under the radical 4x− x2 in the form

1− t2 : 4x− x2 = 4− (x− 2)2 = 4

(
1−

(1
2
x− 1

)2)
.

¤ 4x − x2 = 4(1 − u2) : wk§ ¢l�� �� u = 1
2
x − 1 ry�tm�� ryy�� T�r�� ¨`ybW�� �� ��@�

.dx = 2du

So it is natural to experiment with changing the variable u = 1
2
x − 1 for it is: 4x − x2 =

4(1− u2) and dx = 2du.

∫
dx√

4x− x2
=

∫
2du√

4(1− u2)
=

∫
du√
1− u2

= arcsinu+ c = arcsin

(
1

2
x− 1

)
+ c

.x ∈ ]0, 4[ Yl� T�r`� Tyl}±� T��d�� £@¡u ∈]−1, 1[ Yl� �AqtJ²� Tl�A�¤ T�r`�arcsinu T��d��
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The function arcsinu is defined and is differentiable on u ∈]− 1, 1[. This primitive function

is defined on x ∈ ]0, 4[.

Exercise N°− 4 − ��C �§rm�

�¯ A`m�� �Ayn�nm�  d�m�� TqWnm�� T�As� 	s��

Calculate the area of the region bounded by the curves of the equations

y =
x2

2
and y =

1

1 + x2
.

Solution - �þþ���

�ymFr�� �Fr� .xr��� Yn�n� y = 1
1+x2 T��d�� Yn�n� ¤ , ¸�Ak� �W� w¡ y = x2/2 T��d�� Yn�n�

.Ah�As�� �wqnF ¨t�� TqWnm��  Ayn�nm��  �@¡  d�§ A`� .�yy�Ayb��

The graph of the function y = x2/2 is a parabola, and the graph of the function y = 1
1+x2 is a

bell curve. Draw the two graphs. Together, these two curves define the area that we are going to

calculate.

��Ð �ym�� �km§ : x = −1 ¤ x = +1 Ty��d�³� ªAq� dn�  Ayn�nm��  �@¡ �VAqt§ , ºd� ©Ð ¹ A�

.
x2

2
= 1

x2+1
T� A`m�� �� �§rV �� ¢n� �q�t�� �� ¨�Ayb�� �Fr�� Yl�

Firstly, these two curves intersect at the coordinate points x = +1 and x = −1 : this can be

guessed on the graph and then verified by solving the equation x2

2
= 1

x2+1
.

f(x) = x2/2

g(x) = 1
1+x2

1−1
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We will calculate two areas: :�yt�As� 	s�nF

T� A`m�� CwWF �y�¤ Ty��d�³� Cw�� �w�¤ , ¸�Akm�� �Wq�� �� TqWnml� A1 T�Asm�� •
: ¢n�¤ .(x = +1) ¤ (x = −1)

The A1 area of the region under the parabola, above the ordinate axis and between the lines

of the equation (x = −1) and (x = +1). Including:

A1 =

∫ +1

−1

x2

2
dx =

[
x3

6

]+1

−1
=

1

3
.

T� A`m�� ªwW� �y�¤ �Ay��d�³� Cw�� �w�¤ , xr��� �� T`��w�� TqWnml�A2 T�Asm�� •
:¢n�¤ .(x = +1) ¤ (x = −1)

The area A2 for the area under the bell, above the ordinate axis and between the equation

lines (x = −1) and (x = +1). Including:

A2 =

∫ +1

−1

1

x2 + 1
dx = [arctanx]+1

−1 =
π

2
.

:©¤As� ¸�Akm�� �Wq�� �w�¤ xr��� �� A T�Asm�� •

The area A under the bell and above the parabola is:

A = A2 −A1 =
π

2
− 1

3
.

Exercise N°− 5 − ��C �§rm�

.Tyl}±� ��¤d�� d�¤� �� Ty�At�� Cwsk�� �l�

Factorize the following fractions and then find the primitive functions.

1)
1

a2 + x2
. 2)

1

(1 + x2)2
. 3)

x3

x2 − 4
.

4)
4x

(x− 2)2
. 5)

1

x2 + x+ 1
. 6)

1

(x2 + 2x− 1)2
.

7)
3x+ 1

(x2 − 2x+ 10)2
. 8)

3x+ 1

x2 − 2x+ 10
. 9)

1

x3 + 1
.
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Solution - �þþ���

.�§r`t�� T�wm�� �� �A�� �� ¨� T��A} �¶Atn��

The results are valid in every interval of the definition set.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

x2+a2
•

A simple form of which the primitive function is:∫
dx

x2 + a2
=

1

a
arctan

(x
a

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

(1+x2)2
•

A simple form of which the primitive function is:∫
dx

(1 + x2)2
=

1

2
arctanx+

x

2(1 + x2)
+ k.

:T�At� �km§ •
We can write:

x3

x2 − 4
= x+

2

x− 2
+

2

x+ 2
.

:¨¡ Tyl}±� T��d�� ¢n�¤

Then, the primitive function is:∫
x3

x2 − 4
dx =

x2

2
+ ln(x2 − 4)2 + k.

:¨¡ Tyl}±� T��d�� .
4x

(x−2)2 = 4
x−2 +

8
(x−2)2 •

the primitive function is: ∫
4x

(x− 2)2
dx = 4 ln |x− 2| − 8

x− 2
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ ryhJ �kJ
1

x2+x+1
•

A popular form, including the primitive function is:∫
dx

x2 + x+ 1
=

2√
3
arctan

(
2x+ 1√

3

)
+ k.
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:¨�At�� �yl�t�� An§d� •
We have the following factorization:

1

(x2 + 2x− 1)2
=

1

8(x+ 1 +
√
2)

2 +

√
2

16(x+ 1 +
√
2)

+
1

8(x+ 1−
√
2)

2 +
−
√
2

16(x+ 1−
√
2)

:¨¡ Tyl}±� T��d�� .

the primitive function is:∫
dx

(x2 + 2x− 1)2
= − x+ 1

4(x2 + 2x− 1)
+

√
2

16
ln

∣∣∣∣∣x+ 1 +
√
2

x+ 1−
√
2

∣∣∣∣∣+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

(x2−2x+10)2
•

From the form is derived on the function, from which the original function is:∫
3x+ 1

(x2 − 2x+ 10)2
dx = − 3

2(x2 − 2x+ 10)
+

2(x− 1)

9(x2 − 2x+ 10)
+

2

27
arctan

(
x− 1

3

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

x2−2x+10
•

From the form is derived on the function, from which the original function is:∫
3x+ 1

x2 − 2x+ 10
dx =

3

2
ln(x2 − 2x+ 10) +

4

3
arctan

(
x− 1

3

)
+ k.

:T�At� �km§ •
We can write:

1

x3 + 1
=

1

3(x+ 1)
− x− 2

3(x2 − x+ 1)
.

:¨¡ Tyl}±� T��d��

the primitive function is:∫
dx

x3 + 1
=

1

3
ln |x+ 1| − 1

6
ln(x2 − x+ 1) +

1√
3
arctan

(
2x− 1√

3

)
+ k.

Exercise N°− 6 − ��C �§rm�

.Ty�At�� T§rsk�� ��¤dl� �®�Akt�� 	s��

Calculate the integrals for the following rational functions.

1)

∫ 1

0

dx

x2 + 2
. 2)

∫ 1/2

−1/2

dx

1− x2
. 3)

∫ 3

2

2x+ 1

x2 + x− 3
dx.

4)

∫ 2

0

x dx

x4 + 16
. 5)

∫ 0

−2

dx

x3 − 7x+ 6
. 6)

∫ 3

2

4x2

x4 − 1
dx.

University of Mohamed Kheidar, Biskra 59 Brahim Brahimi-Jihane Abdelli



Exercise series N° 4 ��C �§CAmt�� TlslF .1.4Limited Expansion and Integrals calculus �®�Akt�� 
As� ¤  ¤d�m�� rKn��

Solution - �þþ���

: ¢n�¤ �S�� xw� T��dl� ryhJ �tK�
1

x2+2
•

1
x2+2

is a well-known derivative of the arctangent function, including:

∫ 1

0

dx

x2 + 2
=

1√
2
arctan

(
1√
2

)
.

:rsk�� �l�n� •
Let’s decompose the fraction:

1

1− x2
=

1/2

x+ 1
− 1/2

x− 1
.

:��Akt�� 	s�� ��

Then we calculate the integral: ∫ 1/2

−1/2

dx

1− x2
= ln 3.

 �� x2 + x− 3 T��d�� �tK� ¨¡ 2x+ 1  ± •
Because 2x+ 1 is the derivative of the function x2 + x− 3, then∫ 3

2

2x+ 1

x2 + x− 3
dx = ln

∣∣x2 + x− 3
∣∣]3

2
= ln 3.

:Xysb�� �kK�A� rsk�� �yl�� �yWts� •
We can analyze the fraction in the simplest way:

x

x4 + 16
=

√
2/8

x2 − 2x
√
2 + 4

−
√
2/8

x2 + 2x
√
2 + 4

,

:d�� .x2 = u ry�tml� ryy�� �S�  � Xs�±� �k�

But the simplest thing is to change the variable x2 = u. We find:

∫ 2

0

x dx

x4 + 16
=

1

2

∫ 4

0

du

u2 + 16
=

π

32
.
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:d�� �yl�t�A� •
By factorization, we find:

1

x3 − 7x+ 6
=

1

20(x+ 3)
− 1

4(x− 1)
+

1

5(x− 2)
.

:��Akt�� ¢n�¤

Then the integral: ∫
dx

x3 − 7x+ 6
=

1

20
ln
∣∣∣(x− 2)4(x+ 3)

(x− 1)5

∣∣∣+ C

�y�

∫ 0

−2

dx

x3 − 7x+ 6
=

1

10
ln(27/4).

:d�� �yl�t�A� •
By factorization, we find:

4x2

x4 − 1
=

2

x2 + 1
− 1

x+ 1
+

1

x− 1
.

:��Akt�� ¢n�¤

Then the integral: ∫
4x2

x4 − 1
dx = ln

∣∣∣x− 1

x+ 1

∣∣∣+ 2arctanx+ C

where �y�∫ 3

2

4x2

x4 − 1
dx = ln

(
3

2

)
+ 2arctan

(
1

7

)
.

Exercise N°− 7 − ��C �§rm�

¨�At�� ��Akt�� �y� xC �

Study the values of the following integral

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

for every n > 0.

0 ≤ In+1 ≤ In  � b�� −1
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Prove that 0 ≤ In+1 ≤ In

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � b�� −2
Prove that In ≤ ln n+1

n
and then conclude that limn→+∞ In.

��Akt�� Tmy� 	s�� −3
Calculate the value of the integration.

lim
n→+∞

nIn.

Solution - �þþ���

,sin(πx) ≥ 0 ¤ 0 < x+ n ≤ x+ n+ 1 An§d� ,0 ≤ x ≤ 1 �� ��� �� : 0 ≤ In+1 ≤ In  � �Ab�� −1
d�� , ¢n�¤

Prove that 0 ≤ In+1 ≤ In : For every 0 ≤ x ≤ 1, we have 0 < x + n ≤ x + n + 1 and

sin(πx) ≥ 0, then we find

0 ≤ sin(πx)

x+ n+ 1
≤ sin(πx)

x+ n

.��Akt�� Ty�A�§� Ty}A� �ybWt�

applying the property of positive integration.

An§d� 0 ≤ sin(πx) ≤ 1 �®� �� −2
Through 0 ≤ sin(πx) ≤ 1 we have

sin(πx)

x+ n
≤ 1

x+ n

we find d��

0 ≤ In ≤
∫ 1

0

1

x+ n
dx = [ln(x+ n)]10 = ln

n+ 1

n
→ 0.

Calculate the value of integration ��Akt�� Tmy� 
As� −3

lim
n→+∞

nIn.

u′(x) = − 1

(x+ n)2
¢n�¤ v′(x) = sin(πx) ¤ u(x) =

1

x+ n
�S� �y� ,T¶z�t�A� ��Ak� ©r�n�

d�� v(x) = − 1

π
cos(πx) ¤
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Let’s do an integration by parts, where we put u(x) =
1

x+ n
and v′(x) = sin(πx) and from

there u′(x) = − 1

(x+ n)2
and v(x) = − 1

π
cos(πx). We find

nIn = n

∫ 1

0

1

x+ n
sin(πx) dx

= −n

π

[
1

x+ n
cos(πx)

]1
0

− n

π

∫ 1

0

1

(x+ n)2
cos(πx) dx

=
n

π(n+ 1)
+

1

π
− n

π
Jn

Tmy�  A�§� An� Yqb§

It remains for us to find a value

Jn =

∫ 1

0

cos(πx)

(x+ n)2
dx.

∣∣∣n
π
Jn

∣∣∣ ≤ n

π

∫ 1

0

| cos(πx)|
(x+ n)2

dx ≤ n

π

∫ 1

0

1

(x+ n)2
dx

=
n

π

[
− 1

x+ n

]1
0

=
n

π

(
− 1

1 + n
+

1

n

)
=

1

π

1

n+ 1
→ 0.

then :¢n�¤

lim
n→+∞

nIn = lim
n→+∞

n

π(n+ 1)
+

1

π
− n

π
Jn =

2

π
.
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H�A��� �Of��

Differential equations TylRAft�� �¯ A`m��

Exercise series N° 5 ��C �§CAmt�� TlslF 1.5

Exercise N°− 1 − ��C �§rm�

TylRAft�� T� A`m�� ��  d�

Determine the solution to the differential equation

3y′ + 4y = 0

.y (0) = 2 ¨¶�dt�³� ªrK�� �q�§ ©@��

which satisfies the initial condition y (0) = 2.

�þþ���

¨�At�� �kK�� Yl� 	tk� T� A`m�� £@¡

This equation is written in the following form

y′ = −4

3
y

w¡ ¨¶�dt�³� ªrK�� �q�§ ©@�� ����  Ð�

So the solution that satisfies the initial condition is

y (x) = y (0) e−
4
3
x

65



Exercise series N° 5 ��C �§CAmt�� TlslF .1.5Differential equations TylRAft�� �¯ A`m��

then :©�

y (x) = 2e−
4
3
x.

Exercise N°− 2 − ��C �§rm�

:Ty�At�� TylRAft�� T� A`m�� �kt�

Let the differential equation be:

y′ + 2xy = x. (E)

.Ts�A�tm�� TylRAft�� T� A`m�� �wl� d�¤� (1

Find the solutions to the homogeneous differential equation.

.y(0) = 1 �q�� ¨t�� (E) T� A`m�� �wl� d�¤� (2

Find the solutions to the equation (E) which satisfies y(0) = 1.

�þþ���

¢n�¤ .¨fy� �A� w¡ k ∈ R �y� A(x) = x2/2 + k ��¤d�� ¨¡ a(x) = 2x T��dl� Tyl}±� ��¤d��

:�kK�� �� R Yl� T�r`m�� ��¤d�� �� ¨¡ E Ts�A�tm�� T� A`m�� �wl�

The primitive functions of a(x) = 2x are the functions A(x) = x2/2+k where k ∈ R is a arbitrary

constant. Hence, the solutions to the homogeneous equation E are all functions defined on R of

the form:

y(x) = ce−x
2

.¨fy� �A� c ∈ R �y�

where c ∈ R is an arbitrary constant.

:�kK�� �� E þ� QA��� ���� ��  µ� ��b�

Now we look for the particular solution of E of the form:

yp(x) = c(x)e−x
2

: An§d� .��w��� ryy�� Tq§rV �Am`tF��

using the variable constants method. We’ve got :

y′p(x) + 2xyp(x) = c′(x)e−x
2

.
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.x ∈ R �� ��� �� c′(x) = xex
2
:  A� �Ð� Xq�¤ �Ð� E þ� �� w¡ yp ¢n�¤

Of which yp is a solution to E if and only if: c′(x) = xex
2
for each x ∈ R.

: �A�m�� �ybF Yl� xex
2
T��dl� Tyl}±� ��¤d�� �y� �� c(x) T��d�� �kt�

Let the function c(x) be among the primitive functions of the function xex
2
, for example:

c(x) =
1

2
ex

2

.

then the function yp where �y� yp T��d�� ¢n�¤

yp(x) =
1

2
ex

2

e−x
2

=
1

2

: �kK�� �� ��¤d�� �� ¨¡ E T� A`m�� �wl� ,¢yl�¤ .E þ� �� ¨¡

is a solution to E. Therefore, the solutions to the equation E are all functions of the form:

y(x) = ce−x
2

+
1

2
; c ∈ R.

.c = 1/2 : ¸�Ak§ y(0) = 1 ªrK�� An¡ ,E1 T� A`ml� �� y �y�

where y is a solution to equation E1, here the condition y(0) = 1 is equivalent to: c = 1/2.

Exercise N°− 3 − ��C �§rm�

:Ty�At�� TylRAft�� T� A`m�� �wl� d�¤�

Find the solutions to the following differential equation:

y′ + 2y = −4, y(1) = −3.

�þþ���

Ty�At�� TylRAft�� T� A`m�� ��n�

Let’s solve the following differential equation

y′ + 2y = −4

Ts�A�tm�� T� A`m�� ���

We solve the homogeneous equation

y′ + 2y = 0

��¤d�� ¨¡ Ah�wl� ¨t��

whose solutions are the functions

t 7→ Ce−2t, C ∈ R.
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T� A`m�� �wl�  �� ¨�At�A�¤ .QA� �� ¨¡ y(t) = −2 Tt�A��� T��d��  � ^�®� ,QA� �� �� ��b�

��¤d�� ¨¡

We are looking for a particular solution and we notice that the constant function y(t) = −2 is

solution. The solutions of the equation are therefore the functions

y(t) = −2 + Ce−2t.

Then we have : :An§d�  Ð�

y(1) = −3 =⇒ −2 + Ce− 2 = −3 =⇒ C = −e2.

w¡ TF¤Cdm�� TlkKml� dy�w�� ���� ,¾�ry��

Finally, the only solution of the considered problem is

y(t) = −e2−2t − 2.

Exercise N°− 4 − ��C �§rm�

:TylRAft�� T� A`ml� ]0,∞[ ¨� �km� �A�� rb�� Yl� ��Akt�� �rtq�

We propose to integrate over the largest possible interval in ]0,∞[ of the differential equation:

y′(x)− y(x)

x
− y(x)2 = −9x2 (E).

.(E) T� A`ml� y0 QA� �� y(x) = ax �y� a ∈]0,∞[ d�¤� (1

Find a ∈]0,∞[ where y(x) = ax is a particular solution y0 of equation (E).

:TylRAft�� T� A`m�� Y�� (E) T� A`m�� �w�§ y(x) = y0(x)− 1
z(x)

: T��d�� ryy��  � b�� (2

Prove that changing the function: y(x) = y0(x)− 1
z(x)

. Converts the equation (E) to the

differential equation:

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

.]0,∞[ Yl� (E1) �wl� d�¤� (3

Solve (E1) by ]0,∞[.

.]0,∞[ Yl� T�r`m�� (E) T� A`m�� �wl� �� d�¤� (4

Find all solutions to the equation (E) defined on ]0,∞[.
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�þþ���

Ty�At�� TylRAft�� T� A`m�� ��n�

Let’s solve the following differential equation

y′(x)− y(x)

x
− y(x)2 = −9x2.

 ±¤ ,T� A`ml� QA� ��  wk§ y0(x) = ax �y� a ∈]0,∞[ Yl� ��b� (1

We are looking for a ∈ [0,∞[ where y0(x) = ax is a special solution to the equation, and

because

y′0(x)−
y0(x)

x
− y0(x)

2 = −a2x2,

.a = 3 �ky� ¤ .a = ±3  A� �Ð� Xq�¤ �Ð� �� w¡ y0

y0 is a solution if and only if a = ±3, we take a = 3.

�S� ,�d`n� ¯¤ C1 �nO�� �� T�� z �A� �Ð� (2

If z is a function of class C1 and does not null, we set

y(x) = 3x− 1/z(x).

:  A� �Ð� Xq�¤ �Ð� �� y ¢n�¤

of which y is a solution if and only if:

z′(x)

z(x)2
+

1

xz(x)
− 1

z(x)2
+

6x

z(x)
= 0.

�q�§ z  A� �Ð� Xq�¤ �Ð� Tq�As�� T� A`ml� �� y Yl� �O�� z(x)2 ¨� 
rS�A�

Multiplying by z(x)2 we get y is a solution to the previous equation if and only if z satisfies

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

T��d�� x 7→ 6x + 1/x T��dl� Tyl}� T�� @��� .]0,∞[ �A�m�� Yl� (E1) T� A`m�� ��n� (3

x 7→ 3x2 + ln(x)

:T��d�� ¨¡ Ts�A�tm�� T� A`m�� �wl� ¢n�¤

Let’s solve the equation (E1) over the interval ]0,∞[. We take a primitive function of

x 7→ 6x + 1/x the function x 7→ 3x2 + ln(x). Then, the solutions of the homogeneous

equation are the function:
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x 7→ Ae−3x
2−ln(x).

�kK�� �� (E1) T� A`ml� QA� �� �� ��bn�

Let’s find a special solution to the equation (E1) of the form

zp(x) = α(x)e−3x
2−ln(x)

 A� �Ð� �� w¡ zp ¢n�¤

Hence, zp is a solution if

α′(x)e−3x
2−ln(x) = 1

.α(x) = e3x
2
/6  A� �Ð� �A�m�� �ybF Yl� α′(x) = xe3x

2
 A� �Ð� ©�

: ¨¡ (E1) T� A`m�� �wl�

i.e. for example if α′(x) = xe3x
2
and α(x) = e3x

2
/6. The solutions to the equation (E1) are:

z(x) =
1 + Ae−3x

2

6x
, where A ∈ R.

.]0,∞[ �A�m�� Yl� T�r`m�� (E) �wl�  µ� �tntsnF (4

We will now derive the solutions of (E) defined on the interval ]0,∞[.

Yl� y(x) > 3x  � Ay¶db� |rfn�¤ .]0,∞[ �A�m�� Yl� �r`� C1 �nO�� �� �� y �ky�

¢n�¤ .�km� Cd� rb��� ,I ⊂]0,∞[ �wtfm�� �A�m��

Let y be a solution of class C1 defined on the interval ]0,∞[. Let’s assume that y(x) > 3x is

on the open interval I ⊂ [0,∞[], as large as possible. Then

y(x) = 3x− 1/zI(x)

: � C¤rS�A� An§d� , ��As�� ��¥s�� 	s� .I Yl� C1 �nO�� �� zI < 0 ��¤d�� {`� ��� ��

For some functions zI < 0 of class C1 on I. According to the previous question, we necessarily

have that:
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zI(x) =
1 + AIe

−3x2

6x

�Ð� 1 > AIe
−3x2

 ± I ̸=]0,+∞[ �k� AI < 0  �� zI < 0  ±¤ .AI ∈ R �A��� ��� ��

.J Yl� y(x) < 3x  wk§ �y�� J �wtf� �A�� d�w§ ,¨�At�A�¤ .¨fk§ Am� ryb� x  A�

for the constant AI ∈ R, and because zI < 0 thenAI < 0 but I ̸=]0,+∞[ because 1 > AIe
−3x2

if x is big enough. Thus, there is an open interval J such that y(x) < 3x over J .

��¤d�� {`b� y(x) = 3x− 1/zJ(x) ,J ¨�  � ¤ . Ak�³� Cdq� ryb� J  � «r�� r� |rtf�

,��As�� ��¥s�� �� «r�� r� . C1 �nO�� �� zJ > 0

We assume again that J is as large as possible and that in J , y(x) = 3x− 1/zJ(x) for some

functions zJ > 0 of class C1 . Again from the previous question,

zJ(x) =
1 + AJe

−3x2

6x

.�A� AJ �y�

where AJ is a constant.

y �y��� ��Ð @n�¤ ,YO�±� d���  wk§  � |rtfm�� ��  A� J =]a, b[ �wtfm�� �A�m��  ±

�Ð� º¨K�� Hf� ¤ y(a) = 3a  �� a > 0  A� �Ð� ]0,+∞[ �A�m�� Yl� ¢f§r`� �t§  � |rtf§

�A�m�� Yl� y(x) < 3x An§d�  wk§ y T��d�� T§C�rmtFA� �k§ ��  � ¢�± ,y(b) = 3b ,b <∞  A�

A�dn� zJ(x) → +∞  A� �Ð� ¨��wt�� Yl� Xq� �km� �@¡ .ry�} ϵ > 0 ��� �� ]a − ϵ, b + ϵ[

: � Anl� dq� �k� .x→ b A�dn� zJ(x)→ +∞ ¤� x→ a

Because the open interval J =]a, b[ was supposed to be the maximum, and since y is assumed

to be defined on the interval ]0,+∞[ if a > 0 then y(a) = 3a and the same if b < ∞,

y(b) = 3b, because if it weren’t for the continuity of the function y we would have y(x) < 3x

over ]a − ϵ, b + ϵ[ for small ϵ > 0. This is only possible respectively if zJ(x) → +∞ when

x→ a or zJ(x)→ +∞ when x→ b. But we have said that:

zJ =
1 + AJe

−3x2

6x
,
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.(b = 0 ¤ a = 0 ¨��wt�� Yl�  A� �Ð� ºAn�tFA�) �®V³� Yl� �km� ry� �@¡ ��@�

So this is not possible at all (except if respectively a = 0 and b = 0).

£@¡ ¨� ]0,+∞[ �A�m�� Yl� y(x) < 3x �ky�¤ ]0,+∞[ �A�m�� Yl� y(x) = 3x �ky� ¢n�¤

: 	tk§¤ ]0,+∞[ �A�m�� Yl� �r`� z(x) = 1/(3x− y(x)) ,ry�±� T�A���

So, let y(x) = 3x over the interval ]0,+∞[ and let y(x) < 3x over ]0,+∞[ in this last case,

z(x) = 1/(3x− y(x)) defined on the interval ]0,+∞[ and write:

z(x) = [1 + Ae−3x
2

]/6x.

: �� �� y  A� �Ð� ¢n�¤ .A ≥ −1 C¤rS�A� ,z > 0  ±

Because z > 0, is necessarily that A ≥ −1. Hence, if y is a solution, then:

y(x) = 3x ¤� y(x) = 3x− 6x

1 + Ae−3x2 �y� A ≥ −1.

,]0,∞[ �A�m�� Yl� C1 �nO�� �� ¤ �r`� y  �� ,�r`� y  A� �Ð� , ��Ð �� Hk`�� Yl�

.�� ¢�� �� �q�t�� Annkm§¤

Conversely, if y is defined, then y is defined and of class C1 on the interval ]0,∞[, and we

can verify that it is a solution.

Exercise N°− 5 − ��C �§rm�

Ty�At�� TylRAft�� T� A`m�� �kt�

Let the following differential equation

y′′ + 2y = 0

Solve this equation. .T� A`m�� £@¡ �� (1

¤ f (0) = 1 :Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� d�¤� (2

.f ′ (0) = −2
Find the function f that solves the previous differential equation and that satisfies the

following conditions: f (0) = 1 and f ′ (0) = −2.
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�þþ���

: �kK�� �� T� A`m�� 	tk� (1

Write the equation in the form:

y′′ +
(√

2
)2

y = 0

:�kK�� @��� ¨t�� R Yl� T�r`m�� ��¤d�� ¨¡ Ah�wl� ¢n�¤

and its solutions are the functions defined on R that take the form:

α cos
√
2x+ β sin

√
2x, α, β ∈ R

¤ f (0) = 1 :Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� (2

:�y� α, β ∈ R d�w§ ©� f ′ (0) = −2

The function f that achieves a solution to the previous differential equation and that fulfills

the following conditions: f (0) = 1 and f ′ (0) = −2, i.e. there is alpha, β ∈ R where:

f (x) = α cos
√
2x+ β sin

√
2x =⇒ f (0) = α = 1

¤

f ′ (x) =
√
2β cos

√
2x−

√
2α sin

√
2x =⇒

√
2β = −2 =⇒ β = −

√
2

:¨¡ �yVrK�� �q�� ¨t�� T��d�� ©�

Which function satisfies both conditions is:

f (x) = cos
√
2x−

√
2 sin

√
2x.

Exercise N°− 6 − ��C �§rm�

:Ty�At�� TylRAft�� �¯ A`m�� �wl� d�¤�

Find the solutions to the following differential equations:

1) y′′ − 3y′ + 2y = ex.

2) y′′ − y = −6 cosx+ 2x sinx.

3) 4y′′ + 4y′ + 5y = sinxe−x/2.

University of Mohamed Kheidar, Biskra73Brahim Brahimi-Jihane Abdelli



Exercise series N° 5 ��C �§CAmt�� TlslF .1.5 Differential equations TylRAft�� �¯ A`m��

�þþ���

:T� A`m�� �kt�

Let the equation:

y′′ − 3y′ + 2y = ex.

:zymm��  ¤d��� ry��

the characteristic polynomial is

f(r) = (r − 1)(r − 2)

:��¤d�� �ym� ¨¡ Ts�A�tm�� T� A`m�� �wl�  �� ¨�At�A�¤

So the solutions to the homogeneous equation are all functions:

y(x) = c1e
x + c2e

2x
�y� c1, c2 ∈ R.

: w¡ P Yl� (∗) ªrK�� (ıı) T�A��� ¨� ��� yp(x) = P (x)ex �kK�� �� QA� �� �� ��b�

.�q�� P (x) = −x ¤ P ′′ − P ′ = 1

We are looking for a special solution of the form yp(x) = P (x)ex. We are in the condition (ıı) (∗)
over P is : P ′′ − P ′ = 1 and P (x) = −x verifies:

:�kK�� �� ��¤d�� ¨¡ T� A`m�� �wl�  �� ��@�

Therefore, the solutions to the equation are functions of the form:

y(x) = (c1 − x)ex + c2e
2x where c1, c2 ∈ R.

An¡ .y′′ − y = −6 cosx+ 2x sinx

:�kK�� �� �wl� Ah� Ts�A�tm�� T� A`m�� 0 = (r − 1)(r + 1)

Here 0 = (r − 1)(r + 1) the homogeneous equation has solutions of

the form:

y(x) = c1e
x + c2e

−x where c1, c2 ∈ R.

T� A`ml� y1 ��  A�§� Anyl� ��@� ,y′′ − y = −6 cosx : T� A`m�� �q�� 3 cosx T��d��  � ^�®�

 � ^�®� ,�@h� .TF¤Cdm�� T� A`ml� ¾®�  wkyF yp(x) = 3 cos x + y1(x)  ± y′′ − y = 2x sinx

.y′′ − y = 2xeix : T� A`ml� z1 ��  A�§³ £®�� T�Rwm�� Tq§rW�� �d�ts�¤ 2x sinx = Im(2xeix)

An§d� .f(i) = −2 ̸= 0  ± 1 T�Cd�� ��  ¤d��� ry�� ¨¡ P �y� P (x)eix �kK�� Yl� z1 �� ��b�

.P (x) = −x− i �§r`t�� d`� ¨W`§ ©@�� 2iP ′(x)− 2P (x) = 2x : ¢n�¤ P Yl� (∗) ªrK�� f ′(i) = 2i

¢n�¤
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We note that the function 3 cosx satisfies the equation: y′′ − y = −6 cosx, so we need to solve y1

for the equation y′′ − y = 2x sinx because yp(x) = 3 cosx+ y1(x) will be a solution to the studied

equation. For this, we note that 2x sinx = Im(2xeix) and we use the above method to solve z1

for the equation: y′′ − y = 2xeix. We are looking for z1 of the form P (x)eix where P . It is a

polynomial of degree 1 because f(i) = −2 ̸= 0. we’ve got f ′(i) = 2i condition (∗) on P , from

which: 2iP ′(x)− 2P (x) = 2x which gives the definition dimension P (x) = −x− i. Then

y1(x) = Im((−x+ i)eix) = −x sinx− cosx.

:��¤d�� ¨¡ �wl���  �� ¨�At�A�¤

So the solutions are functions:

y(x) = c1e
x + c2e

−x + 2 cosx− x sinx where c1, c2 ∈ R.

y1(x) = A(x) sinx+B(x) cosx�kK�� ������ ����b� : y′′−y = 2x sinx þ� ��  A�§³«r�� Tq§rV

�bW�¤ y′′1 ,y′1 	s�� zymm�� T� A`m�� C@� Hy� i  ± 1 T�Cd�� ��  ¤d��� ��ry�� ¨¡ A,B �y�

: ªrK�� Yl� �O�t� . . . y1 Yl� TF¤Cdm�� T� A`m��

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

:  A� �Ð� �q�t§ ©@��

Another way to solve for y′′ − y = 2x sinx : We look for the solution from the form y1(x) =

A(x) sinx + B(x) cosx where A,B are polynomials of degree 1 because i is not the root of the

characteristic equation. We calculate y′1, y
′′
1 and apply the studied equation to y1 . . . we get the

condition:

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

which is achieved if:

{
A′′ − A− 2B′ = 2x

B′′ −B − 2A′ = 0
.

.y1  d�§ ©@�� b = c = 0 ,a = d = −1 : �O�� d§d�t�� d`� ,B(x) = cx+ d � A(x) = ax+ b :	tk�¤
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And we write: A(x) = ax + b et B(x) = cx + d, after defining we get: a = d = −1, b = c = 0

which defines y1.

.4y′′ + 4y′ + 5y = sinxe−
x
2

:¨¡ Ts�A�tm�� T� A`m�� �wl�¤ r2 = r1 ¤ r1 = −1
2
+ i  Ab�r�  �C@� Ah� zymm�� T� A`m��

The characteristic equation has two complex roots r1 = −1
2
+ i and r2 = r1. The solutions to the

homogeneous equation are:

y(x) = e−x/2(c1 cosx+ c2 sinx) where c1, c2 ∈ R

An§d�

sinxe−
x
2 = Im(e(−

1
2
+i)x),

T� A`m�� C@� w¡ −1
2
+ i  ± .e(−1/2+i)x

d§d��� ¨�A��� �rW�� �� T� A`m�� �� zp �� �� ��b�A� �db�

:�� ��b� , zymm��

we’ve got

sinxe−
x
2 = Im(e(−

1
2
+i)x),

We start by finding the solution to the zp of the equation with the new second side e(−1/2+i)x.

Because −1
2
+ i is the root of the characteristic equation, we look for:

zp(x) = P (x)e(−
1
2
+i)x

: P Yl� (∗) ªrK�� ¨�At�A�¤ .1 T�Cd�� �� P �y�

Where P is of degree 1. Hence the condition (∗) on P :

4P ′′ + f ′(−1/2 + i)P ′ + f(−1/2 + i)P = 1

Writes : 	tk§

8iP ′ = 1(P ′′ = 0 f(−1

2
+ i) = 0 ¤ f ′(−1

2
+ i) = 8i)

:¨ly�t�� ºz��� An¡ ��¤ zp(x) = − i
8
xe(−

1
2
+i)x

¤ P (x) = −i/8x @���  � Annkm§ ��@�
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So we can take P (x) = −i/8x and zp(x) = − i
8
xe(−

1
2
+i)x Hence the imaginary part is:

yp(x) = Im(− i

8
xe(−

1
2
+i)x) =

1

8
x sinxe−

x
2

: �kK�� �� ��¤d�� �ym� ¨¡ �wl���  �� ��@� .Ant� A`� �� w¡

is the solution to our equation. So the solutions are all functions of the form:

y(x) = e−
x
2 (c1 cosx+ (c2 +

1

8
x) sinx) where c1, c2 ∈ R.

University of Mohamed Kheidar, Biskra77Brahim Brahimi-Jihane Abdelli




